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Abstract: This paper deals with the Robust Fault Detection (RFD) problem for multilinear
affine uncertain systems and proposes an approach to solve it. Convex Minkowski
combinations are used to compute as precisely as possible uncertainty sets according to
the parameters variations in a fault-free context. Faults to be detected are characterized
either by a parameter change outside its definition interval or by an additive term.
The proposed approach leads to generate not only a residual function but also an
optimal threshold. The detection filter associated to the residual generation is such that
it minimises the effects of both parametric uncertainties and unknown input disturbances
on residua while maximizing fault sensitivity. Copyright©2005 IFAC
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1. INTRODUCTION

Fault detection problems are more and more often
based on an accurate representation of the physical
systems. Now, solving a RFD problem with a lin-
ear model representation implies that several kinds of
model uncertainties and unknown inputs have to be
considered. A fundamental part of a model-based di-
agnosis system is the residua generator, which needs
to fulfill two requirements: have good fault sensitivity
properties and be insensitive to uncertainties. During
the last two decades, many approaches have been de-
veloped to improve the efficiency of residual genera-
tors (Gertler (1998); Chen and Patton (1999); Sauter
and Hamelin (1999); Patton et al. (2000)). However, it
is now admitted that a structured form of model uncer-
tainty does not allow to take into account alarge class
of model errors, and so leads to an approximate rep-
resentation of reality. In this context, this paper gives
a new formulation of the RFD problem for systems
depending on parametric uncertainties (Hamelin and
Sauter (2000)). The latter are represented by multilin-

ear affine systems with the motivation of Tan (2002).
Comparatively to the ellipsoidal uncertainty, which is
classically used in RFD synthesis, one may obtain
considerably less conservative fault detection results
using the description developed here for plants with
physical parameter uncertainties. Furthermore, inter-
val algebra has been developing several methods for
the diagnosis of linear interval systems (Hamelin et al.
(1999); Puig et a. (2002)). This feature alows us to
detect any fault characterized by a parameter change
outsideits definition interval or by additive terms.
The paper is organized as follows. after section
2, which is devoted to the problem formulation,
Minkowski combinations and Kharitonov polynomi-
als are used to describe sets of uncertainty values in
sections 3 and 4. These mathematical tools help us
to determine more precisely the variation domain of
aresidual functionin asafety context. In section 5, we
detail the synthesis of a detection filter. Finally some
perspectives are given in section 6.



2. PROBLEM STATEMENT

The residual generator discussed hereafter involves
the classica model-based methodology. In this con-
text, a problem of a prime importance in the design
of a F.D.I. scheme is its robustness with respect to
parameters uncertainties and model plant mismatches
which are unavoidable in practical situations. In or-
der to make easier the understanding of the proposed
approach, a S.1.S.0. model represented by a transfer
function form is considered:

y(s) = Gyu(s,0u)u(s) + Gya(s,bq)d(s) (1)

where y represents the output, « denotes the control
input and d represent fault-free unknown input. Trans-
fer functions G, (s, 6.,) and Gy4(s,0q) characterize
the effect distribution of the different inputs acting
on the output. They depend on unknown vectors 6,
and 6, which allow to take into account the paramet-
ric uncertainties or variations. Therefore, 6, and 6,
represent arbitrary vectors in some bounded region
of the parametric space and belong to the polytopes
described by the following sets:

Oui = {fud € R, 00a < 0ua < Oua} @

A multilinear affine system corresponds to an uncer-
tain transfer function whose numerator and denomi-
nator polynomials are multilinear affine polynomials:

Gyu(sv Ou) = Ggu(S)G;},u(& 9;) s Ggﬁi(& 93“)

_ Ngu(S)N;u(Svai)Ng;(szezu) (3)
Dgu(s) Déu(&a}l) e Dg"a(svagu)

Gya(s,0a) = Gy 4(5)G4(s,07) - G4 (s,05%)

ND,(s) Ny (s,63) - Nja(s,09%) 4)

_ y

B ng(s) D;d(s, 9[11) T DZ?;(& qu)

If P(s, 0} ;) indifferently represents N[, (s,6}),
Dy, (s,08), NF,(s,05) or DE,(s,0F), it is then
assumed that coefficients f;(6% ;) depend lin-
early on unknown vector 0% , i.e. P(s, 0k ) =
Yo fi(03; )5
Furthermore, al the coefficients of the multilinear
affine polynomials are supposed to be independent. In
this respect, 97’37 4 Must be disjoint parameters vectors.
Next, the presence of a fault is characterized either
by a change of vector 0, ¢ ©, or by additive term
Gyy(s,07)f(s). The model of the system in faulty-
case is then represented by the following equation:

yr(s) = Gyuls, 0] )u(s) + Gya(s, 0a)d(s)
+Gyp(s,05)f(s)
withef = {0 e .0f <0f < o[} 7 0,

According to the definition of transfer functions
Gyu(s,0,) (3), and Gyq(s,0q) (4), a complete set of
external residuals is generated as follows:

©)

eext(jwvgu) =
0 /- . ey “ .
Dy, (jw) Dy, (jw, ©y) - - - D (jw, 0% )y(jw) (6)
0 /- 1 /. 1 s “ .
_Nyu(]w)Nyu(]w7 Gu) T N;(yzu (]wﬂ 93 )U(Jw)

Referring to EQ. (1) and considering parametric un-
certainties, the expression describing the disturbances
response in the residua set (called the internal form
eint (Jw, ©4,q) Of the residual generator) is given by:

eint(jwv eu,d) = Dgu(jw)Dqllu(jwv 9111,) o

. : : ()
Dy (jw, 0 )Gya(jw, Oq)d(jw)
In the case where polytopes O, 4 are reduced to

one point (Bua = 0Ouaq) then eei(jw,0,) =
eint (jw, ©4,4) When no fault occurs on the system. On
the other hand, if we consider uncertain parameters
such that 6,4 < 0,4 then we cannot state equality
Cext (Jw, ©y) = €int (Jw, Oy q) evenin fault-free case.
Indeed, if no fault occurs on the system, we can only
clamthat eext (jw, ©u) N €int (jw, Ou.a) # 0.

Consequently, a simple way for detecting a fault
consists in testing the intersection between sets
Cext (Jw, ©y) and ey (jw, Oy q). If this intersection
is reduced to the empty set then a fault affects the
system, otherwise it is impossible to conclude about
a fault occurrence because it exists particular vec-
tors 9;@ such that: eext(jw,0r) = eint(jW79;7d)-
In this respect, we have to evaluate or to compute
SEtS eexi (jw, Oy) aNd €iny (Jw, Oy q) 8S precisely as
possible. Indeed, if we use too wide approximations
for bounding these two sets, we will obtain an ineffi-
cient detection scheme since it won't be able to detect
low amplitude faults. At this stage, it is important to
notice that set ejn (jw, ©,.q4) corresponds to a disc
of radius max |eint(jw, @%d)f if it is assumed that

Fu,d

|d(jw)| < 1. Furthermore, in practical terms, the shape
of set ecxt(jw, ©,) depends on the on line estima-
tion of spectra u(jw) and y(jw). It results that the
study of the intersection between sets eext(jw, )
and eint (jw, O©,,.4) can be reduced to:

e the on line generation of residua 7 (jw):
1 (]w) = G:y (7(“-)) glll(} ‘eext (jwa eu)| (8)
where transfer function G (s) is determined in

Ty
order to handle fault detection while ensuring the

achievement of robust performances;
o the evaluation of r;(jw) by means of threshold
Th(jw):

Th(jw) = |G:y(jw)| rélai( |eint(jw, @u,d)| 9
A faultisthen declared if 71 (jw) > Th(jw), whichis
equivaent to ey (jw, ©,) N eint (jw, Oy.a) = 0.
The two following sections explain in detals
the computation of gax\eim(jw,@u,d)] and

w,d

glin|eext(jw,@u)|. To achieve this, we use
Ou,d

conjointly Minkowski combinations and Kharitonov
polynomials.

3. COMPUTATION OF MAX | Eiyr(Jw, O0,p)|
U, D

This problem can be reduced to a simple form if we
refer to the Minkowski geometric algebra (Farouki



et al. (2001)), which provides the natural extension
of rea interval arithmetic (Moore (1979)) to set of
complex numbers.

3.1 Minkowski combinations(Farouki et al. (2001))

Given set operands .4 and 13, the Minkowski sum and
product are the basic operations to the Minkowski
geometric algebra. They are defined asfollows:

A B={a+blac Aandbe B} (10)

A@B={axblac Aandbe B} (11)

The Minkowski operations & and ® are commu-
tative and associative but the distributive law does
not hold. Furthermore, a set A does not have
generaly a multiplicative inverse. Indeed, even if
Minkowski division operation is defined as. A @ B =
{a +bla € Aand b € B}, @ isnot the inverse opera-
tionto® since (A® B) o B # A

3.2 Kharitonov polynomials (Kharitonov (1979))

Due to the linear dependance of P(jwo,a’;,d) upon
0% 4 value set P(juwy, ©F ;) iswritten as:

@gl ]wo ud

with g; (jwo) = a;(jwo) + ]bi(]wo)-
If a;(jwo)b;(jwo) = 0 foral i € [0, ], then the con-
tour of the set P(jwo, ©F ;) consists of a rectangle.
The coordinates of the cornersare calculated by means
of the four Kharitonov polynomials:

Ki 4(jwo) =Bo+jBrwo — Pawi — j Baws +
K, d(]wo) Bo+iBiwo— Bawg —j Bawis+
3 a(jwo) = Bo+jBrwo — Bawl — jBawi +
( jwo) = Bo+ i Biwo — Powi — jBswi +
with 3; = (07 ) and 3; = 29k .
Bi ok Hélgk, fi(0 u,d) Bi ekﬂleaéfhf( i)

u,d u,d u,d

jw()v u, d (12)

(13)

3.3 Computation of P(jwg, ©F ) inthe general case
According to definition (12), let us now assume
that a;(jwo)b;(jwo) # 0 for some i € [0,a]. In
this case, it is not sufficient to consider the four
Kharitonov polynomials for computing the contour
of set P(jwo, ©F ;). It is necessary to make use of
the following lemma to determine exactly the convex
octagon vertices P(jwo, O} ;).

Lemmal. Let us consider affme polynomial

P(]LUO, ud Zf’b 'u,d on Zgl JWO ud)
=0 i=1

:i (ai(jwo) + jbi(jwo)) (eﬁ,d)i

i=1

with 0 , < oF, < 0F,
P(jwo,©% ;) describes the interior of a convex
polygon composed of a finite number of edges.
The coordinates of the polygon’'s vertices can be
determined as follows:

1. Forali € [0,a], let usdefine:

. In the complex plane,

[e4w0) @,0)s ax(i0)@E 1] it au (o)

(8% )i =1 [a:w0) @ 1)e as(w0)(0%,0)e] if as(ivn)

[(957,,1)1' (@)1} if a;(jwo)=0

2. P(jwo,®©F ;) is rewritten in accordance with
notation ©F : ai (jwo)#0

3 )
Plian, 68 = €D (1+5 2025 ) (B0

D\ )
«

B sbiliwo)©F ),

i=B+1 (14
a;(jwo)=0
3. After  factorization by (1 + ja((;szg)

P(jwo, OF ,) isfinally given by:

é (1 L WO)) hi(OF )

P(jw ,éﬁ =
(.7 0 7d) N a’l(JwO)

@jhwﬂ(ék a)

@ bi(jwo)(

i=p0+1

4. Convex polygon P(jwo,@ﬁ’d) is composed of
2~ edges if a = (3; in the contrary casg, it has
2(y + 1) edges. Later on, indices: € [1,~] are

ordered in ascending order of ﬁ The carte-

sian coordinates K % a(jwo) of verticeswherethe
sides meet are given by solving the following
recursive equation for ¢ € [1,]:

= Ahi(0} ;) x sign(a;(jwo)) % gi(jwo)
+ci—1

with Ahi(éﬁ,d) =max hz(éﬁd) —min h; (@u 2)
and ¢y = 0. If the convex polygon is composed
of 2(y+1) verticesthen the recursion ended with
Cyt1 = ]Ah’)"’rl(@u ) ey
5. The coordinates of the fi rst v (resp. v + 1 for
2(7 + 1) vertices) points K, ;(jwo) arranged in
a anticlockwise order are given by:
ki (s c . *
K(jwo) = ¢ — 55 + P (jwo, 07,)  (16)
with 057, = 0.5 (0% , + 05 ;) and & = (resp.
v+ 1). -
The coordinates of the last - (resp. v + 1) points
K f:;( jwo) arranged in aanticlockwise order are
given by:

K (jwo)

(15

with 7,41 (©

= Ky Gwo)+eims1—cis (17)

>0

<0



Elements of proof:

We won't present the proof of lemma 1 as it is based
on simple Euclidean geometry techniques and is not of
great interest for the sequel of the paper. O
It follows from results in lemma 1 that only the right
side of relationship (7) cannot be evaluated due to
uncertainty in d(s). However, it is possible to evaluate
the maximal effect of d(jw) on ey (jw).

3.4 Disturbance effects on ejp (jwo)

Since it is assumed that |d(jwo)| < 1 for al wy then,
according to definition (7), eint (jwo) isin value set :
qu

® yu .]w()) ® ]Wo,@d

k=0 ®D(0,1)

® Dy y(jwo, ©F)
k=0

with D(0, 1) the closed unit disc and
@O _ [90 DO (jw()v@()):Dgu(ij)
{@z 19 Nyq(jwo).-
= [69 .
yd(]wo)

= N (]WO, ed)
Thus, |eint (jwo )| isbounded in fault-free case by:

0,
0]

o g

Dyd(J‘UOa @d) =

qd
(_)k € k H |Dyu ]wo’ )| H ‘Nll/id(jwmes)‘
o k=0

w,d =)

qdad
min [T [D}a(iwo, 05)]
05€95 1.0 Y 7

From Lemmal, |ej,(jwo)| can be majored by:

(jwo ) Hmax’

k (- k
Q{Télgz kl_[O |Dyd(.7w0a 9d)|

qu

{5
=0

on)’

(18)

To evaluate this expression, it is necessary to

determine the minimal distance from polygon

Dy 1(jwo, ©}) to the origin in the complex plane.

According to the denominator of (18), it is useful to

differentiate between nin, |D’;d(jwo,9§)] =0 and
G

£n1n | Dy (jwo, 05) ]7&0 Th|s point in polygon
05

(PI P) problem is to determine whether the origin lies
inside, outside, or on the boundary of a polygon.
Lemma 2 is helpful in solving this problem. But be-
fore presenting concrete details of this lemma, let us
introduce integer ig, 1 < ip < 26 such that:

arg (Djy(jwo, 05) — K52 (jwo))
> arg (Dy(jwo, 05)) (19)
> arg ((Dlaljwo, 057) — KI5 (jwo)

with 65+ =0.5(05+05 ), K520 (o) = K5 (jen)
and the coordinates of the 26 vertices of D, (jwo, ©%)
given by K’Z,;d (Jwo) = vi + jw.

Lemma 2. min |D (jwo, %) ‘#0 iff area SDk
0k @

of convex polygon Dy (jwo, OF) is smaller than
area S’p of polygon P defined by the set of poi nts
{Kp!, (wo), - K5 (jwo), 0, K5 ™ (jwo), - -

K ’gff“(ywo)}. This property implies that:
Vip Wip+1 < WigVip+1

Proof of lemma 2. The lemma can be proved
using the geometric structure of convex polygone
D’;d(jwo,@fj). On the one hand, if the origin lies

K0
[ 3

ki),
=5

.
Ky ()

R2je

.
K

Fig. 1. Distance between O and D, (jiwo, 05).

outside polygon Dyd(on,@s) then, according to
figure 1, P is another polygon and is such that
P D Dfy(jwo,0F) = Sp > Sps,- On the other

hand, if the origin lies inside polygon D, (jwo, ©F)
then P has any shape with angles higher than 180°
and is so aconcave polygon. Inthiscase, P isaproper
subset of DY, (jwo, ©F), that implies Sp < Spe -

Finally, if the origin is on the boundary of
D¥y(jwo, ©F) then P = DF,(jwo, ©F) =
Sp =325 Dk, From these properties,
eimcf)ld ’Dyd (jwo,05)] # 0 iff Sp > SDSd' The
problem of determining the area of a polygon can be
solved by summing the areas of a series of triangles
generated by connected all the edges of the polygon
to a single point. It can be shown using Green's
Theorem that QSDk = Z?il(’l}iwi+1 — vi+1wi)

and 257) = Zz 1, 175'Lo(viwi+1 — vi+1w,~). Thus,
SP>SDk = Vi Wig+1< Wiy Vi +1- O
At this stage, if there is no wp such that

0{111({)1 ’Dyd jwo,ed)| # 0 Vk € [0,q4] then

|elnt (]w0)| cannot be bounded. Indeed, there always
exists a particular value of 6% in ©% such that
leint (jwo)| is infinite. In this case, it is impossible
to synthesize a fault detection method avoiding false
alarms. That is why, let us assume that there exists
band of frequencies on which |e;, (jwo)| is bounded
for al 6% in ©%. The minimal value of denominator



(18) can be computed using lemma 3. From convexity
property, the closest point to the origin of polygon
Dy (jwo, ©}) is unique. To determine it, we define

index i, and vertex K% 2‘”2(

{1 =arg min ]‘f(k’zd(jwo)‘

Jjwo) as:

i€[2,26+1

k,26+2 (20)
KD?/d (

jewo) = K352 (o)

Lemma 3. According to definitions (20), minimal dis-
tance min ]Dﬁd(jw@ 0%)| between origin O and
0 €6 i

pongon Dyd(on, OF) equals:

2 (S’P - SDk:d)
Rp5iwo) = K5 (wo)|

°

. i1— . - = 7 . ™
if (Kg’y; l(jwo)’Kgy{li(ij)70) < 3
2 (S’P - SDkd)
° - ~y) —
K55 (o) = K5 ()|

. ~ ki . - = i iy
if (O,KkD’y;(jwo) Kk 1+1(jw0)) < 5

° otherwise.

R (juwo)

Proof of lemma 3. The proof of thislemmais straight-
forward. |
According to (18), maximal value of |ej,(jwo)| can
be estimated by means of the results of lemma 3 when

{nln | DYy (jwo, 65)| # 0 is bounded (lemma 2). Let
05

us now focus on the determination of eqy (jw, ©.,).

4. DETERMINATION OF MIN |Eext(Jw,00)|
u,D

To compute mln |eext (jw, ©)], it is possible either

to determine the closest point to origin O on polygon
eext (Jw, ©,) or to calculate the minimal distance be-
tween N, (jw) N}, (jw, OL)- - Nga (jw, O3 Ju(jw)
and DO o w) Dy, (jw, 0y) - - DZ;‘L(Jw, 0% )y(jw).
The second approach is preferred because it takes
considerably less calculation time. However, even if
P(jwo, ©F) is easy to determine using the results of
section 3, the two-dimensional geometric shape result-
ing from the multiplication of polygonsis complex.
To make easy the determination of this shape, circular
complex arithmetic can be used. Indeed, asimple way
to compute the Minkowski product P(jwo, ©F) @
®P(jwo, ©F~1) consistsin approximating each poly-
gon P(jwo,©F) by circumcircle CX(Z* RE). The
latter by definition is the smallest circle which con-
tains the polygon completely within it. Center Z* of
this circumcircle is known as the polygon’s circum-
center. It corresponds to the centroid (the center of
mass or center of gravity) of the polygon. Circumra-
dius R% of circumcircle C¥(Z* R%) is equa to the

polygon radius and is defined as the maximum half
distance between any two points of the polygon.
According to these definitions and (16), coordinates of
centre Z¥ and radius R¥ are given by:

o _ Kb () + RS (jen)
Y _— 21

ot [RERGw) = Rhs gy &
v 2

with (ig,i3) = arg max ‘f(fj’i(jwo) - f(ff’j(jwo)’.
1<J

When all the polygons P(jwo,©F) are approx-
imated by circumcircles C*(ZF REF), it can be
shown that the Minkowski product of two circles
is the area between the two loops of a Carte-
sian ova (Farouki and Pottmann (2002)). Instead of
computing the exact Minkowski product of circles
CF(Zk REYCEH1(Zk+1 REFL) itisuseful to usean-
other approach based on the definition of a bounding
disk with center Z* and radius R* such that:

ZNk — ZkZ,k+1
{ Rk |Zk|Rk+1+|Zk+1|Rk+RkRk+l

By extension, let CNW( WRNW)
and Cp,.(Zp,..Rp,,) be the bounding
disks which  correspond to the products

(;wo)cl (Z}V ,Rl DI Cq“' (Z}{;‘ ,Rq” Jand
DO (]Wo)cl (ZD ,Rl ) Cqu (un un )
r%pectlvely ‘With ‘these’ notat|ons the” m|n|mal
distance between O and eqy (jwo, O, ) With respect
to ©,, can be estimated by:

6“)| = |ZNz/uu(jw0) - ZDyuy<jW0)|

RN, [u(jwo)| = Rp,, ly(jwo)l  (22)
The previous development shows us that the com-
plexity of the fault detection method depends on
the kind of representation used to account polygons
Nf, (jwo,©%) and DF, (jwo,©%). In the particular
case where the interval plant family G, (s, ©,,) can
be represented by a linear affine system of the form:

N9, (5) Nju (5, 01)
D0, (5) D}, (5.6%)

yu

—_—
min |eex (jwo,
Ou.d

Gyu(s,0,) = (23)

the externd residual eex (jwo,

ecxt(jWOaGu) = Dgu(JWO)Dl (]WOaG )y(]wO)
=Ny, (jwo) Ny, (jwo, O )u(jwo)

According to this simple definition, it appears
that it is not necessary to consider circumcir-
ces Cy, . (2n,..Ry,,) ad Cp (Zh Rb, )
to represent convex polygons N,,(jwo,©,,) and
D,,,(jwo, ©,,). Indeed, even if the calculation of the
minimum distance between two polygons is rather
complex, it can be recast as a configuration space
problem (Cameron and Culley (1986)) or it can be
determined in studying anti-podal pairs between the
polygons. According to these geometric methods, the
minimal translational distance between two convex

©,,) (6) isgiven by:



polygons can be computed and the determination of
gin |eext (jwo, ©4)| only needs an estimation of the
w,d

spectray(jwo) and u(jwp) in reatime.

5. RESIDUAL GENERATOR

Let us consider the system modelled by Eq. (5). In
order to minimize the energy of residua r;(jw) in
fault free case and to maximize its sensitivity to ad-
ditive faults, Gy, (s) is synthesized according to per-
formanceindex J; (Gry, ©q,5):

—3

Gy (jw)Gya(jw, ©4)|dw

J1<Grya@d,f):20 R
’GT'y(jW)Gyf(jw7@f)|dW

0o (24)
Gry(jw)| | €int (jw, Ou.a) |dw

O

Gry(jw) || etautt (jw, O, p ) |dw

]
)

with e, (jwa ®U7f) =

Detection filter G, (s) corresponds to the solution of
the following optimisation problem:
Gry(w) = min max Jy(Gry, Oay) - (25)

It can be computed using lemma 4 which generalizes
the solution given by Sauter and Hamelin (1999) with
parametric uncertainties.

Lemma 4. Optimal detection filter G, (jw) solution
of problem (25) is defined by the relation:

G7y(Jw) = 6(jwg) (26)

where 0(jwg) is such that for any transfer function
H(s) (with H(jwg) # 0), we have:

e 16w H (jug) |2 # 0
O/|5(Jw°)| o=t and{|6(jw§)H(jw)|2:O,Vw7éw§

and wg minimises the cost function:

x| Gyalje, ©4)|
= (27)

%in ‘Gyf(jwv @f)’
f

6. CONCLUSION

In this paper, the RFD problem is analyzed for mul-
tilinear affine systems. Parametric uncertainties are
considered and represented by a polytopic rectangular
description. It isassumed that all the parameters of the
system belong to an interval. The presented approach
allows us to detect either a change in the values of
these parameters outside their definition intervals or
additive faults. The synthesis is based on an accurate
description of the uncertain transfer functions in the

complex plane. The Minkowski geometric algebra is
referred to provide the natural extension of rea in-
terval arithmetic to set of complex numbers. Accord-
ing to these value sets, aresidual is generated in or-
der to maximize fault sensitivity and robustness with
respect to parameters uncertainties. Further develop-
ments concern the application of this methodology to
real processin order to detect and isolate variationsin
physical parameters.
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