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Abstract: This paper presents a Model Predictive Control scheme in connection with the
Mixed Logical Dynamical framework, which tackles the modelling and optimal control
problem of supermarket refrigeration systems. The latter are hybrid systems with switched
nonlinear dynamics and discrete-valued input variables such as valves. Simulation results
indicate the potential increase in efficiency and reduced wear with respect to traditional
control schemes used nowada@epyright©2005 IFAC
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1. INTRODUCTION the fact that many of the control inputs are restricted to
discrete values, such as the opening/closing of the inlet

A supermarket refrigeration system consists of a cen-valves and the stepwise control of the compressor.
tral compressor bank that maintains the required flow Furthermore, the system features switched dynamics
of refrigerant to the refrigerated display cases locatedturning the supermarket refrigeration system into a
in the supermarket sales area. Each display case has amybrid system.
inlet valve for refrigerant that needs to be opened andMotivated by these difficulties, we present in this
closed such that the air temperature in the display casepaper a novel approach to the modelling and con-
is kept within tight bounds to ensure a high quality of troller design problem for supermarket refrigeration
the goods. systems. The refrigeration system is modelled as a
For many years, the control of supermarket refrigera- hybrid system using the Mixed Logical Dynamical
tion systems has been based on distributed control sys{MLD) (Bemporad and Morari, 1999) framework al-
tems, which are flexible and simple. In particular, each lowing one to capture the switched dynamics and the
display case used to be equipped with an independentliscrete-valued control inputs. Based on the MLD
hysteresis controller that regulates the air temperaturemodel, we propose a centralized constrained finite-
in the display case by manipulating the inlet valve. time optimal controller, specifically Model Predictive
The major drawback, however, is that the control loops Control (MPC) (Maciejowski, 2002), which accom-
are vulnerable to self-inflicted disturbances caused bymodates the multivariate nature of the refrigeration
the interaction between the distributed control loops. system, handles the constraints explicitly, and most
In particular, practice and simulations show that the important, allows for a systematic controller design.
distributed hysteresis controllers have the tendency toThe paper is structured in the following way. Section 2
synchronize (Larsen, 208% meaning that the open- describes the basic layout of a supermarket refrigera-
ing and closing actions of the valves coincide. Con- tion system, and Section 3 provides an overview of
sequently, the compressor periodically has to work the traditional control setup. Section 4 summarizes the
hard to keep up the required flow of refrigerant, which nonlinear model of the refrigeration system, the MLD
results in low efficiency, inferior control performance framework and the derivation of the MLD model. In
and a high wear on the compressor. Section 5, the control objectives are formulated and
The control problem is significantly complicated by



an objective function is set up. The proposed hybrid
MPC scheme is compared with the traditional control
approach in Section 6 through simulations. Conclu-
sions are drawn in Section 7.
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In a supermarket many goods need to be refrigerated
to ensure preservation for consumption. These goods;~T~~[~~ Tar
are normally placed in open refrigerated display cases | Evaporator
that are located in the supermarket sales area for self| Toa
service. ! = 9
A simplified supermarket refrigeration circuit is shown -~
in Figure 1. The heart of the system are the compres- [
sors. In most supermarkets, the compressors are con-i Refrigerant in l Refrigerant out
figured as compressor racks, which consist of a hum- | o

Qairfwall

ber of compressors connected in parallel. The com-
pressors supply the flow of refrigerant in the system
by compressing the low pressure refrigerant from the rig. 2. Cross section of a refrigerated display case.
suction manifold, which is returning from the display o
cases. The compressors keep a certain constant predh® evaporator, which is used to control the tempera-
sure in the suction manifold, thus ensuring the desiredtUre in the display case.
evaporation temperature. From the compressors, the
refrigerant flows to the condenser and further on to 3. TRADITIONAL CONTROL
the liquid manifold. The evaporators inside the dis-
play cases are fed in parallel from the liquid manifold The control systems used in today’s supermarket re-
through an expansion valve. The outlets of the evap-frigeration systems are decentralized as mentioned in
orators lead to the suction manifold and back to the Section 1. Each of the display cases is equipped with a
compressors thus closing the circuit. temperature controller and a superheat controller that
In Figure 2, a cross section of an open display casecontrols the filling level of the evaporator. The com-
is depicted. The refrigerant is led into the evaporator pressor rack is equipped with a suction pressure con-
located at the bottom of the display case, where the re-troller. Furthermore, the condenser is equipped with
frigerant evaporates while absorbing heat from the sur-a condenser pressure controller, and on top, various
rounding air circulating through the evaporator. The Kinds of supervisory controllers may be used that help
resulting air flow creates an air-curtain at the front of adjusting the set-points. In this paper, we will only
the display case. The fact that the air-curtain is colder consider the display case temperature controller and
than the goods leads to a heat transfer from the goodghe compressor controller.
ngodgair and - as a side effect - from the surrounding The display case temperature is controlled by a hys-
Quairload t0 the air-curtain. Inside the display cases, teresis controller that opens and closes the inlet valve.
a temperature sensor is located, which measures thdhis means that when the temperatilizg reaches a
air temperature close to the goods. This temperaturecertain upper temperature bound the valve is opened
measurement is used in the control loop as an indirectand Tyir decreases until the lower temperature bound
measure of the goods’ temperature. Furthermore, anis reached and the valve is closed again. Unfortu-
on/off inlet valve is located at the refrigerant inlet of nately, when the valve is closed, the air temperature
continues to decrease below the lower bound for two
reasons. Firstly, the remaining refrigerant contained in
the evaporator evaporates, and secondly, the thermal
capacity of the evaporator wall acts as a low-pass filter.
In the supermarket many of the display cases are alike
in design and they are working under uniform condi-
tions. As a result, the inlet valves of the display cases
Condenser Unit are switched with very similar switching frequencies.
Compressor @D Therefore, the valves have a tendency to synchronize
‘ ' Rack leading to periodic high and low flow of evaporated re-
% frigerant into the suction manifold thus creating large
Ll variations in the suction pressure.
Turning on and off the compressors in the compressor
rack controls the suction pressure. To avoid exces-
Fig. 1. A simplified layout of a supermarket refrigera- sjve compressor switching, a dead band around the
tion system. reference of the suction pressure is commonly used.
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When the pressure exceeds the upper bound, one othat this relation can be described by the following
more additional compressors are turned on to reducelinear function:

the pressure, and vice versa when the pressure falls Mref

below the lower bound. In this way, moderate changes UAwall-—ref(Mret) = UAwall-re frig max
in the suction pressure do not initiate a compressor
switching. Nevertheless, pronounced synchronization
effects lead to frequent compressor switchings causing
large fluctuations in the suction pressure and a high
wear on the compressors.

®3)

whereMret = Mret max When the evaporator is com-
pletely filled with liquid refrigerant.

The accumulation of refrigerant in the evaporator is
described by:

)
Mref,max

0 if valve= 1,
dm
4. MODELLING ref _ )~ Qe i yalve— 0 andMier > 0. (4)
0 if valve=0andMs = 0.

We start by summarizing the model of the supermar-
ket refrigeration system in continuous-time derived whereAhyq is the specific latent heat of the remain-
in (Larsen, 2008). After recalling the MLD frame- ing liquified refrigerant in the evaporator, which is a
work, we derive an MLD model of low complexity nonlinear function of the suction pressufg, is the
and sufficient accuracy to serve as a prediction modelcooling capacity that can be found by setting up the
for MPC in the next section. energy balance for the evaporator:

Qe = (Twall — Te) - UAwailref (Mret) (5)

The amount of liquid refrigerant in the evaporator
The nonlinear model of the supermarket refrigeration Mret follows a switched nonlinear dynamic governed
system is composed of individual models of the dis- by Eq. (4). It is assumed that the evaporator is filled
play cases, the suction manifold, the compressor rackinstantaneously when the valve is openeal{e= 1).
and the condensing unit. The main emphasis in theFurthermore, when the valve is closeglve= 0) and
modelling is laid on the suction manifold and the dis- all of the enclosed refrigerant has evaporatde{ =
play cases such that the dynamics relevant for control-0), thenMes = 0.
ling the compressor(s) and display cases are capturedrinally, the air temperatur®;, can be found by setting
The condensing unit is not considered here since itup the energy balance for the air-curtain.

only has minor effects on the considered control. Toir = Oairload + Tyoods UAgoods.air + Twall -UAair wal,

The Display Cases . i ) ©6) .
The dynamics in the display case can be described bywhereQairoad is @ given external heat load on the air-
three states, namely the goods’ temperalysggys the curtain.

temperature of the evaporator Wl and the mass 1,4 sy ction Manifold

of liquified refrigerant in the evaporatdvles. The 4 gynamic in the suction manifold is modelled by
model of the display case encompasses .three p'ar'tslwo states, namely the density of the refrigerant in the
namely the goods, the evaporator and the air-curtain ing,, +ion manifoldps,c and the suction pressuRc

between (see Figure 2). By setting up the energy bal-geing yp the mass and energy balance, and assuming
ance for the goods and the evaporator, the following n ideal gas, the corresponding state equations are
two state equations can be derived, assuming a lumpe btained:

temperature model.

4.1 Nonlinear Continuous-time Model

dpsuc  Min—suc— Veom p' Psuc

dT(gj(;odS: B MUAQOOé&aiF . (Tgoods_ Tar) (1) dt \_/SUC ) - (7)
goods' ~ Pgoods dPRsuc _ Rhinfsudnnfsuc— houtfsuchompOsuc’ ®)
dTwan _ UAair—wall T T dt. Cv-Vsuc
dt  Mwai -CPpwal (Tair = Tuait) ) where Veomp is the volume flow out of the suction
~ UAyail—ref (Mrer) (Tt —To) @ mr?nifolq determined by the compressor(_'a},_sucz
Mwall - C Pwall wall — Te/, Yioi M is the total mass flow from the display cases

to the suction manifoldh;,_gyc is the inlet enthalpy

where UA is the heat transfer coefficient with the . . e . -
to the suction manifold which is a refrigerant specific

subscript denoting the media between which the heatnonlinear function oPs,c and the superheat, is the

is transferredM denotes the mass ari@p the heat number of display cases, ant is the mass flow
capacity, where the subscript denotes the media the piay '

; . of the refrigerant out of th&th display case that is

parameter refers to. Moreov@t is the evaporation . o

determined by the position of the valve and the amount
temperature. of enclosed refrigerant when the valve is closed
As indicated in Eq. (2), the heat transfer coeffi- 9 '
cient between the refrigerant and the evaporator wall The Compressor
UAyai_ret is a function of the magll,e s of the liqui- In most refrigeration systems, the compressor capacity
fied refrigerant in the evaporator. It is assumed hereis discrete-valued, as compressors can be switched



only either on or off. Letg denote the total number By subsequently discretizing the model in time an
of compressors. The compressor bank is modelledMLD formulation is obtained. Choosing a suitable
using a constant volumetric efficiengy,, and the sampling intervallsampis difficult, as the switched dy-
maximal displacement volumé;. Thus, the volume  namic in the display case exhibit greatly differing time
flow Vcompi out of the suction manifold created by the constants. Specifically, the decreaseTgf when the
i'th compressor can be determined as follows valve is open is significantly faster than the increase
when the valve is closed. To avoid long prediction
. 1 i horizons (in terms of steps) in MPC, a long sampling
Veompi = COMP- 100 Mol Voo =10 (9) interval needs to be chosen. In general, however, this
implies that the valve should be opened lesstime
than the sampling interval in order to bring the temper-
more elaborate model derivation, the reader is referredature down from the upper to the lower temperature
to (Larsen, 2008). bou_nd wnhou; excessive undershpot. Thg necessary
additional flexibility is achieved by introducing the in-
4.2 MLD Framework termediate opening tingpen as a continuous-valued
) _ control input that allows one to vary the openitge
The general MLD form of a hybrid system introduced of the valve within the sampling interval. This be-
in (Bemporad and Morari, 1999) is havior is well approximated by introducingpen as
X(k+1) = Ax(k) + Byu(k) 4+ B25 (k) + Bsz(k) (10a) a variable that varies the openidggreeof the valve
y(K) = Cx(K) + D1u(K) + D23(K) + Daz(k) (10b) thus a\(oiding one add_itional nonlinearity.
Ex(K) + Esz(k) < Eax(K) + Eru(k) + Es, (10c) Summing up, each display case has the three states
- ’ Xdisp= [Tair, Tgoods Twall], @nd the inputigisp = [Ovalve,
where k € N is the discrete time-instant, ande topen/, Where dvave € {0,1} describes whether the
R" x {0,1}" denotes the stateg,c R™ x {0,1}™ valve is open or closed, afighen€ [tmin, Tsamgd denotes
the inputs andy € RP x {0,1}P the outputs, with  the opening time of the valve. The opening time is
both continuous and binary components. Furthermore,constrained to be less than the sampling interval and
0 €{0,1}" andz< R'e represent binary and auxiliary larger than some minimum opening timgi,. The
continuous variables, respectively. These variables ardatter constraint is introduced to ensure a proper fill-
introduced when translating propositional logic or ing of the evaporator whenever the valve is opened.
PWA functions into mixed integer linear inequalities. The control input to the compressor, the compressor
All constraints on states, inputs and auxiliary variables capacity, is given bgompe {0, %’, 2‘%100, ...,100}.
are sgmmarized in the inequalit_y (10c). Note t_hat the 4.4 Example Refrigeration System
equations (10a) and (10b) are linear; the nonlinearity
is hidden in the integrality constraints over the binary In the following, we focus on a supermarket refrig-
variables. eration system consisting of two display cases and
one compressor with the discrete capacitesmpe
4.3 MLD Model {0,50,100}. The input vector is defined as =

Before transforming the nonlinear model into MLD [dvaivez. topent; vaive2: topen2; AcOmBT, where

form, we simplify the model and disregard the empty- Ac0MEk) = compk) — compk —1). Note that the
ing phenomena of the evaporator in Eq. (4), meaningécompformglatlon WI" be_ needed in the next sec-
that the evaporator empties instantaneously when theion to penalize the switching of the compressor. Thus
valve closes. Instead, the emptying dynamics are ap-We need to add the state-update functoem k) =
proximated by low-pass filterind;;. Therefore Ta compﬂ_( - }) + Acqm[:(k) to the MLD mo'del. TheT

is a state in the simplified model rather thihe;. ~ S@MPling interval iSlsamp= 60sec. Assuming that it
Moreover, the density of the refrigerant in the suction 1@kes 20 sec to ensure that the evaporator is completely
manifold described by Eq.(7) is assumed constant.  fllled after opening the valve, we sigpen< [20,60].
Several nonlinearities are presentin the model, namely "€ procedure in Section 4.3 yields an MLD system
in the second term in Eq. (2), and in the Egs. (5), (7) W.It.h 8 states (7 states from the systelm and one ad-
and (8). One might approximate these nonlinearities ditional state forAcompk — 1)), 2 z-variables,4 -

by piecewise affine functions to obtain an arbitrarily variables an(52|nequa_1llty constraints. The derlvatl_on
accurate representation of the nonlinear model. How-©f theé MLD system is performed by the compiler
ever, as the control experiments in the last section HYSDEL (Torrisi and Bemporad, 2004) generating the
will show, linearizing the nonlinearities around the Matrices of the MLD system starting from a high-level
operating point yields for our control purposes a suf- €xtual description of the system.

ficiently accurate model. The resulting hybrid model 5 OPTIMAL CONTROL PROBLEM

is a switched linear system as detailed in (Larsen, '

_20043). Specifically, depending on the position of the 5.1 Control Objectives

inlet valves (open or closed) and the number of com-

pressor capacities running, different linear dynamics The control objectives are to bring the suction pres-
are active. surePs,c close to its reference value df2bar while

where comp is the i'th compressor capacity, and
Veomp = Zip:1Vcomp,i is the total volume flow. For a




fulfilling the soft constraints on the air temperatures of wear) to open or close the valves than to change the
in the display case%,r € [0,4], and while switching  compressor capacity, we set the weightsigf,e1 and

the compressors as little as possible in order to mini- dyajye2 0 01 = g3 = 188 = 1. The weights otigpenare
mize wear. Switch transitions in the inlet valves of the settog, = g4 =0.1.

display cases are by far less critical concerning wear.The soft constraints on the temperature bounds are
Furthermore in some cases, it is even desired that theaken into account by introducing slack variables for
air temperature has a zigzag behavior as experiencehe uppeSand the loweSbounds and a large penalty,
indicates that this gives a more compact icing on the e.g.p = 10%.

evaporator improving the heat transfer between the
evaporator and the surrounding air. 6. SIMULATION RESULTS

5.2 MPC

This section presents control experiments simulated
As introduced in (Tyler and Morari, 1999Model on the nonlinear model described in Section 4.1. To
Predictive Control(MPC) is well suited for finding illustrate the performance improvements that can be
control laws for hybrid systems described in the MLD achieved by using an MPC scheme, the control per-
framework. Here, an objective function is used that formance resulting from a traditional controller (as
penalizes with theo-norm over a finite horizon the described in Section 3) is compared with the MPC
following three terms. (i) the deviation of the suc- scheme. To illustrate the problems that often arise
tion pressurePy,c from its reference, (ii) the switch-  with the traditional control scheme, we have chosen
ing of the manipulated variables (the compressor anda refrigeration system with two equally sized display
valve control actions) and (iii) the violation of the cases that has a pronounced tendency for synchroniza-
soft constraints oM. The control law is then ob- tion.
tained by minimizing the objective function subject The traditional controller comprises a hysteresis based
to the evolution of the MLD model (10) and the temperature controller witfTiower, Tuppe] = [0,4] and
physical constraints on the manipulated variables. As a PI-type suction pressure controller with a dead band
we are using theo-norm, this minimization prob-  of +0.2bar around the reference of 4.2 bar. MPC uses
lem amounts to solving Mixed-Integer Linear Pro-  a horizon ofN = 10.
gram(MILP). For details concerning the set up of the The lower part of Figure 3 depicts the air temperatures
MPC formulation in connection with MLD models, in the two display cases when using the traditional
the reader is referred to (Bemporad and Morari, 1999) control scheme. Initially, the two temperatures exhibit
and (Bemporact al, 2000). Details about MPC can an offset which vanishes within the first hour due to
be found in (Maciejowski, 2002). the control actions. In other words, the valves of the
display cases get synchronized leading to large varia-
tions in the suction pressure as shown in the lower part

According to (Bemporaet al, 2000) and Section 5.1, Of Figure 4. As depicted in Figure 5, the compressor

the following optimal control problem is considered: ~controller tries in vain to suppress these variations
when they exceed the dead bandid.2 bar causing

5.3 Objective Function

N-1 . e 2
min J= P K) — 4.2112 + [lu(k) |12 excessive switching and wear. Unless something is
u(0),..,u(N—-1) kZO (” sudk) ”Ql fu )”Q2> done to de-synchronize the valves, they will remain
N-1 _ synchronized.
+p- z (§(k)+8(k)) The upper part of Figure 3 shows the temperatures
K=1

in the display cases when employing MPC. The two
subject to the evolution of the MLD model (10) over temperatures coincide in the beginning and the valves
the prediction horizomN and taking into account the are thus synchronized. However, after oBOmin, the
discrete-valued nature of some of the manipulated switching of the valves is de-synchronized, resulting
variables @yavei andAcomp. in smaller variations in the suction pressure as can
The deviation ofPy,¢ from its reference is weighted be seen in the upper part of Figure 4. These reduced
by Q:. To keep the energy consumption low, the vari- variations not only result from the de-synchronization,
ations onPsc should be kept at a minimum. There- but also from the significantly reduced undershoot in
fore, a large weight is chosen, i.Q; = 500. The the air temperaturés The traditional controller fails
weight matrix on the manipulated variables is given by to respect the lower bound as it cannot predict the
Q. = diag(qs1, 02,03, 04,05). Recall that step changes undershoot in contrast to MPC. Finally, as can be
in the compressor capacity have a magnitude of 50seen in Figure 5, the large penalty on the compressor
(compe {0,50,100}). To avoid compressor switching  switching reduces the number of switch transitions
when the suction pressure lies within a reasonableconsiderably with respect to the traditional control
dead band of-0.2 bar, we setjs to 2. Thus, switching  scheme.
parts of the compressor on or off co@s50 = 100 To solve the optimal control problem online at each
and the deviation iR, chas to amount té% =0.2bar time step,CPLEX 9.0 run on a Pentium I\V2.0 GHz
before a change in the compressor capacity is initiated.computer. Foffsamp= 1 min and a horizon oN = 10,
Assuming that it is 100 times less expensive (in terms the computation time is in average sec and always
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Fig. 3. Ty in the 2 display cases, controlled respec- Fig. 5. The compressor control inputonp using
tively with MPC and a traditional hyst. controller. respectively MPC and a traditional PI controller.

model proved to be better suited for handling the dis-
crete control actions, taking into account the interac-
tions between the display cases and the compressor,
respecting the temperature constraints, minimizing the
variations in the suction pressure, and reducing the
switching in the compressor bank. This led to a lower
wear in the compressor and a higher energy efficiency
of the supermarket refrigeration system. Most im-
portant, the design and tuning of the cost function
was easy and intuitive, and the extension of the case
study to larger refrigeration systems is expected to
be straightforward. Moreover, if needed, the explicit
piecewise affine state feedback controller might be
derived by pre-solving the optimal control problem
offline for all states.
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