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Abstract: A control-Lyapunov approach is used to develop an adaptive optimizing
control allocation algorithm for over-actuated mechanical systems where the
actuator model is affine in the uncertain parameters. Uniform global (asymptotic)
stability is guaranteed by the control allocation defined by the dynamic update
laws in combination with an exponentially stable controller. Copyright© IFAC
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1. INTRODUCTION

Consider the system
&= f(t,z,7) = fi(t,x) + g(t, )7 (1)
T =h(t,z,u,0) = O(t,z,u)d (2)

where t > 0,z € R*, u € R", 7 € R?%, § € R™,
and m < d < r. The constant parameter vector
f contains parameters of the control allocation
model (actuator and effector model), that will be
viewed as uncertain parameters to be adapted. As-
sume there exist a virtual control 7. = k(¢, z) that
uniformly exponentially stabilizes the equilibrium
of (1). Introducing an instantaneous cost function
J(t, 2z, u), the minimization problem

min J(t,z,u) st T.—®tz,u)=0 (3)
u

defines the nonlinear static control allocation

problem. Since # is an unknown parameter the

idea is to use an indirect certainty equivalence
adaptive control approach based on the estimate

0. The cost function J incorporates objectives
such as minimum power consumption and input
constraints (implemented as barrier functions).

Optimizing control allocation solutions have been
derived for certain classes of over-actuated sys-
tems, such as for aircraft and marine vessels,
(Enns, 1998), (Buffington et al., 1998), (Sgrdalen,
1997), (Bodson, 2002) and (Hérkegérd, 2002). The
control allocation problem is generally viewed as
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a static or quasi-dynamic problem that is solved
independently of the dynamic control problem
considering non-adaptive linear models 7 = Gu.
The main advantage of this is modularity and the
ability to handle redundancy and constraints.

In the present work we consider dynamic non-
linear adaptive optimal control allocation. Non-
adaptive nonlinear control allocation has been
recently studied using conventional nonlinear pro-
gramming methods (Johansen et al., 2004).

In (Johansen, 2004) a control Lyapunov func-
tion is used to derive an exponentially conver-
gent dynamic update law for u (similar to a
gradient/Newton-like optimization) such that the
control allocation problem (3) is solved dynam-
ically. It is shown that it is not necessary to
solve the optimization problem (3) exactly at each
time instant. It is shown that convergence and
asymptotic optimality of the dynamic control al-
location in combination with a uniform globally
exponentially stable trajectory-tracking nonlinear
controller guarantees uniform boundedness and
uniform global exponential convergence of the
system. One advantage of this approach is com-
putational efficiency, since the optimizing control
allocation algorithm is implemented explicitly as a
dynamic nonlinear controller. Solving (3) explic-
itly at each sampling instant requires a compu-
tationally more expensive numerical solution of
a nonlinear program to guarantee optimality. In
the present work we extend the results and ideas
in (Johansen, 2004) with the introduction of set-
stability and adaptation in the control allocation
model.



2. PARAMETER ADAPTATION IN THE
ALLOCATION EQUATION

The first order optimality conditions for the La-
grangian

I(t,z,u, )\,é) = J(t, z,u) + (1. — @(t7x,u)é)TA

defines local solutions to the optimizing control
allocation problem (3). The design of the opti-
mizing control allocation and adaptation laws are
based on the following adaptive optimizing control
Lyapunov function (aoclf)

. 1~ ~ 1
Vi(t,x,€e,0,u,\) = aVi(t, ) + §9TQ99 + §6TQ66

L oy
2\ Ou Ou O\ O\
where

e=x—1 (5)

53' = fl(tax) + Ae(x - ‘%) +g(t7x)¢(taxvu)é (6)

o > 0 is an arbitrary constant, # = 6 — 0 and
the design matrices satisfies A, = AT > 0, Qy =
QY > 0and Q. = QT > 0. The first term in (4)
contains the Lyapunov function inherited from the
exponential stable virtual controller:

Assumption 1. There exists a differentiable func-
tion Vp : [0,00) x R™ — R and positive constants
c1, Co, 3, ¢4 such that V¢t >0

allzl® < Vo(t,z) < ez ||

8V0 8V0T 2
Y <
o (10) + G () (Lo bt x)) < —es o]
Vi
Sz (b 2)| el

The last term in (4) incorporates the first or-
der optimality condition for the Lagrangian as in
(Johansen, 2004). The second term is standard ex-
tension of the Lyapunov function for the certainty
equivalence approach (Krstic et al., 1995), while

the third term is introduced to make 7 = ®6 — T,
such that 7 — 7. which will be shown to support
the convergence of 6 — 0 as t — oo. The time
derivative of V; along the trajectories of the sys-
tem is given by

. oV ovVE

Vi=o (8150(15735) + 83(3 (t,z)f(t, z, k(tx)))

+aTiu+BTA+6 —TQ.Acc

oIt 92 oIt 921 ~
(3u dzdu + (’9)\8:5(‘3)\) 9t 2) (¢ @, u)6
+ eTQEg(t, x)P(t, x, u)é + éTQeé
+o 8.%‘ (t7 :L')g(t, x)(q)(tv €, u)g - TC) (7)
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We will show that optimization and adaptation
laws can be designed by the aoclf. For system (1-

2) we propose the following parameter update law

(10)

0=Q, e5ry (11)
or o aT o oV
Fe‘(auaxau O deon T Qete ax)

Dy = g(t,z)P(t, z,u)

the certainty equivalent control allocation update
laws

= -Ta+ ¢+ (12)
A= W3S+ ¢+ o (13)

with I =TT >0, W = WT > 0. ¢ and ¢ satisfy
the algebraic equation

T¢C+pBTp+6=0 (14)

where dg = 6 + aT¢y + 8T ¢o, and (o and ¢y are
defined by

<<o;¢o>:—H1(82l~ 52[) (15)

otou’ dtoX
0% 0P - +
— (50
where H = %&) . u . For the pur-
7(6—0) 0

pose of analyzing the prospects of the above con-
trol allocation, we write the closed loop dynamics
in the compact form

z2=F(2) (16)
where F(z) is given by (1-2), (5), (11-13), p = 1,
po = to, 2z = (p;x;€;0;u; M), (;) is a column-

stacking operator and p is the time-state. By
introducing the optimal set

A={z€eR?|G(z) =0} (17)
where, G(z) = (m; e 0; g—i; %) , the set-stability

analysis can be done in the same way as for a
time-invariant model.

We present the concept of set-stability through
definitions 1-6 from (Teel et al., 2002).

Definition 1. The distance from a point z € R? to
the set A CRY? is defined by

|z| 4 = inf {d (2,y) |y € A} (18)

where d(z,y) can be any metric.

Definition 2. The system (16) is said to be for-
ward complete if, for each zg € R? the solution
z(t, z9) is defined on [0, c0).

Definition 3. A nonempty closed set A CRY is
a forward invariant set for (16) if the system
is forward complete and Vzy € A the solution
Z(t,Z()) S .A, Vi 2 0.

Definition 4. The system (16) is said to be finite
escape time detectable through |-| 4, if a solution

2(t, zo) is right maximally defined on a bounded
interval [0,T), then lim; -7 |2(t, z0)| 4 = o0.



Definition 5. For the system (16), the closed set A
is Uniformly Globally Stable (UGS) if the system
(16) is forward complete and there exists p € Koo
such that, V zy € R?

|2(t, 20)| 4 < P(I20] 1), YE =0

Definition 6. For the system (16), the closed set
A is Uniformly Globally Asymptotically Stable
(UGAS) if it is UGS and for each R,e > 0 there
exists a T(R,e) > 0 such that, V zp € R?

|20l 4 <R, t>T = |2(t,20)|4 < €

Definition 7. A smooth Lyapunov function for
(16) with respect to a non-empty, closed forward
invariant set A CRY is a function V : R? — R
that satisfies: i) there exists two Ko functions
oq and s such that for any z € R?, ay(|2]4) <

) < (2] 4). ii) There exists a continuous and
posmve semldA ﬁmte function a3 such that for any

z € RINA: G0 F(2) < —as(|z] 4)-

Theorem 1. Assume system (16) is finite escape-
time detectable through |z|,. If there exists a
smooth Lyapunov function for the system (16)
with respect to a nonempty, closed, forward in-
variant set A, then A is UGS with respect to (16).

Definition 7 and Theorem 1 are found in (Skjetne,
2005).

Assumption 2. There exists constants g2, 01 > 0
such that Vi, x and u.

(I)(t T, u)——

0 ooT
ou

ou (t x u) < QQId (19)

01dg <

Assumption 3. The function f is differentiable and
satisfies f(¢,0,0) = 0. Moreover, it is globally
Lipschitz, uniformly in ¢ with Lipschitz constants
L, and L, in z and 7. The function ® is twice
differentiable and globally Lipschitz, uniformly in
t, with ®(¢,0,0) = 0 and Lipschitz constant Lo
in x and u. The function k is differentiable and
Lipschitz in z, uniformly in ¢, with k(¢,0) = 0.

Assumption 4. The cost function J is twice differ-
entiable.

Assumption 5. There eXistAs constants ko > k1 >0
such that V ¢, z, u, )\ and 6
2] .
kI, < o ol (t, T, U, A, 9) < kol, (20)
Assumption 6. For all t,x,u, A\ and 9, the set
{u, N e R+ |(L; BL) (2) = 0} is bounded.

Claim 1. The set A is a closed and forward
invariant set for the system (16).

Proof. From Proposition 1.1.9 b) in (Bertsekas
et al., 2003) we have that G : R? — RI¢ is
continuous iff G71(U) is closed in RY for every
closed U in RY¢. From the definition of A, U =
{0}, and since G is continuous (by assumption 2-
5), A is a closed set. The set is forward invariant

if at 1, G(z (t1)) = 0 and XEEOD — gy > ¢,
with respect to (16). We have G(z(t1)) = 0 =

(n'c,é,é) = 0, by assumption 3 and equations

(1-2, 5 and 11), and (e, 8,(,¢) = 0 from (10-
9). Tt remains to prove (dal 'd—al) = 0 We

dtou’ dtox
ol 9%l B . 821
get Zox = ax t 613)\x + auaA“ + aea,\e and

dol _ 9%l 2%l
dtou — otou T aza,\x t B auu + a,\au)‘ + Z50m 9
thus from the arguments above

dol  dol ‘ 0%l 9%
S Y —H (e A I S
<dt8u’ dt@)\> (#:4) + (atau’ mm)
then by inserting control law (12-13) we get
(d‘glu;%) = 0 and G(z(t,2(t1))) = 0 for all

t > t1, which proves the claim. g

Claim 2. The system (16) is finite escape-time
detectable through |z| .

Proof. G=1(0) is bounded by assumption 6 and
16]| .. < o0, and since all states except the time-
state p are represented linearly in (17), the system
(16) is finite escape time detectable through |z] 4.
]

Claim 8. There exist positive constants k1, ko such

that
. (||a|2 T et W)

arar ot ol oy
< (== 4L = =
- (au 8u+ O 8)\+9 Qe@)

<o <||a||2 3+ \\@\\2) (21)

Proof. The result follows by applying the same
procedure as in proof of Proposition 1 in (Johansen,
2004). o

The main results are summarized in the following
propositions.

Proposition 1. Consider the system (1-2), with
the update-laws (11-13), then

i) The algebraic equation (14) is always solvable,
and there exists a unique solution for ¢ and ¢.

ii) There exists class Ko, functions a; and «y s.t
a1 (2] 1) < Vi(z) < aa([z]4)

iii) The set A is rendered UGS and (x € gi, gi) —
Oast— o0

Proof. i) This follows from (« = 0 and § = 0) <=
(6o = 0) by lemma 1 and 2 in (Johansen, 2004).
ii) This follows from claim 3 and assumption 1.

iii) By inserting the update laws (11-13) and the
algebraic equation (14) into (7), we get

Vi=o (aVO (t,z) oV T(t x)f(t,z,rc))

ot ox
—aTTa—BTWpE — Q. Ace
VOT ~
B (t,2)g(t, x)(P(t,z,u)0 — 1)  (22)

then by following the same procedure as in
(Johansen, 2004)

2 _ _oMy e
~ (Amin(T) . ) e

M
= Quin (W) = Z2) 1817 = Amin (@A) el

Vi < —o(es — Mp) |||



Lr L‘I’sz) thus g > 0

and o > 0 can be chosen such that there exist
positive constants ks, k4, k:5 and kg satisfying

ol ol
O\ du

where M = rnax(Lfgf’c4

)

Vi < —ks |lzl|” — ka — ks —k6H€||2

= —as(|z]4) <0 (23)

With V; as the Lyapunov function candidate
Theorem 1 is satisfied and the UGS property is
established. Thus G(z(t)) € L. The convergence

result follows from
\Ads<hm/ ~Vi(2(s))ds

hm/ as(]
< Vi(z(to)) <oo  (24)

oot anNT ol al
and (z;e; 955 9L)" (276 95 8L) < Kag(|z]4) =
ol . ol _ 1
(x & axno au) € Ly where K = min (ks k1,kske) *
By the assumptions we also have G € L, since

z € Lo. Thus according to Barbalat’s lemma,

(ac e,gi,gl)ﬁ()astﬁoo..

Definition 8. A piecewise continuous signal ma-
trix ® : R — R™*™ ig Persistently Excited (PE)
if there exists constants v, A > 0, such that

t+A
sl

Claim 4.1imy o0 [} 07 (@7 ®p — B L) Ot <
oo Yup > 0.

)dT > Ymxm, VYt > 1o (25)

Proof. From Proposition 1 we have € € L9 and

/éTédt: eTé—i—/eTAEedt—/eT(bgédt

+ / TPy Q, TTY dt (26)
t
thm QeTAEédt < o0 (27)
hm/ [|e" ®o0f Qeery|dt<oo (28)

Integral (28) follows by inequality

2[|e" @e®gQ, 'T5 || < [|€"Po®5 Qy " Qce|

|, 2% 2+ oir o2 |* ||ait 9 |
P & &

Ou Ox0u OX OxO\

In addition to the integrals from above we will use

. 1 .. T .
T < T T T
/e byfdt < 2Ml/(e $odfc) di-+ . /9 ddt

which follows from Young’s inequality, Vi1 > 0.

lim 9T¢>Tq>99dt

t—o0 to
t
=lim [ ("e+2e"Acé+€"e)dr

t—oo to

t
1 .. JU—.
< lim <2€Tq>9<1>§e+“219T9> dr + K.
t

t—o0o 1751

where K, > 0 defined by (27-28), thus

t
lim [ 67 («pg - ﬂlmxm) ddt
to

t—oo 2

1 t ..
< lim (echgcbg,”e) dr + K. < 0
2/1/1 t—o00 to

since Cbg € L, the claim is proved. g

Proposition 2. If ®(t) is PE and the results from
Proposition 1 holds, then A is UGAS.

Proof. From Proposition 1 and definition 5, we
have

|2(t, z0)| 4 < p(l20] 1), VE = o (29)
where p € Ko. Fix R > 0 and € > 0. Define
Q=p(R), w=min {Q,p~*(e)} and
£(2) = G(2)TG(2)—0TG+47 (@g% - %Imm) 7

Note from claim 2 and Proposition 1, that

to+T t
/ £(x(r, 20))dr < lim / £(o(r 20))dr < B

to t—oo [,
(30)
where B is given by w and 2. Define T' = 721517

where wy and -y, are specified later, and assume
that V|z|, < R there exists t' € [to,T] such
that |z(t, zo)|A g p~t(e). Thus [z(t,z0)] 4 <

2(t',20)] ) < plp~t(e)) = € for |20, < R
and t > f’ + to, which satisfies definition 6.
Suppose this assumption is not true, i.e., there
exists |z0| , < R such that |z(t’,z0)|A > p_l(e)
Vt' € [to, T]. Thus

w < |2t 20)| 4 < QVE € [to, T

which from (21) imply that there exist positive
constants wy, and €21 such that

w1 <Gzt 20) G2t 20)) < Q1 Y € [to, T)
By introducing M = {1,2,..,q}, and Z(ts) =
arg max; |G (ts,20))|, we can construct a new
vector G, by GE") (2(ty, 20)) = GTE) (2(t, 20))
and G )( (ts,20)) = 0. We use i = Z(ts)
and since [|G(2(t', 20)) [l = /%t V' € [to, T] we

have |GL(z(ts,20))| >

continuous, there is a positive constant ¢ (\/%T)
such that

[GEa(te20)) = Gila(t.20))| < \f5h Vi > o
and Vt > to with |t —t] < t5+1(\/%>1). Hence,
Vit € [ts,ts + ts1] we have

L. Since G is uniformly

|GL(2(t, 20))| _
= [GL(2(t, 20)) — GL(2(ts, 20)) +G§(?(ts,ZO))\
= |G§ 5720))| - |G ( (t,ZO)) - Gé(z(t5720))|
w1 w1 - ﬂ
0 ViV oy

which implies that



/t et 20))dt

s

— /tSJrl <G(z(t,zo))TAcG(z(t,zo)) - MIZT§> dt

Ls

tst1
> / (G5<z<t,20>>TAch<z<ta 20))dt = mzﬂ ) a
ts

1 . Q
> <4qwl min (’Ya 1) - M121> (ts+1 - ts) (32)

12n><2n 0 0
where Ag = ( 0 o, 0 ) V1=
0 0 Iotdyx(rta)

w1y min(~,1)
4q -
strictly positive. Thus

‘“291> and py is chosen to keep 71

to+T totT
/ £(2(t,20))dt > > mwi (tes —t) = 2B
to s=to

which is a contradiction to (30). Since £(z(¢, 20))
— 0 uniformly then from (21) we have that A
is uniformly globally attractive, and consequently
by applying the UGS property from Proposition
1, Ais UGAS. g

Remark 1. If 7 is known (e.g. measured using
accelerometers), the 6 can be estimated directly
from the allocation model 7 = ®(¢, z, u)f.

_ (al" 9% ot 9% T
Remark 2. If 'y = (W ocou T ox dzox T € Qe)
is used in the update law, then

Vi < —cso||z|* —a’Ta— BTWS — "' Q. Ace

+20Lcq ||z

ﬂ
o\
+20Lrcq ||| (Lo ull + Las [|2]) HéH (33)

and some local stability properties, dependent
on the system and virtual controller, may be
concluded (the proof is not included in this paper,
but the result is shown in the simulation example)

Remark 3. The matrices I' > 0 and W > 0 may
be time-varying, without changing any theoreti-
cal properties, provided they are bounded away
from zero. Newton-like methods can therefore be
implemented by taking

(u; }\) —y (HTH + el,4) " (o5 8)
+(G0)T + (Cosb0)” (34)

where v > 0, ¢ > 0 and (o; 8) = H(%? %) are
time-varying.

3. SIMULATION EXAMPLE

The low-speed manoeuvring of an over-actuated
ship example, that is presented with non-adaptive
control allocation in (Johansen, 2004) is con-
sidered for the simulation studies in this work.
This example is based on (Lindegaard and Fos-
sen, 2003) and the scaled-model ship dynamics are
given by

7:76 = R('(/J)V
v=-M"'Dv+M 1 +b) (35)
T =®(u)d

and the augmented integral action & = n.. The
position ne = (ze¢; Yei e) = (2 — a3y —ya; P — Ya)
is the north, east positions and compass heading
deviations. Subscript d denotes the desired state.
v = (u;v;r) is the body-fixed velocities, surge,
sway and yaw, 7 is the generalized force vector,
b = (by1;bae; b3) is a bias due to wind and current
and R(1) the rotation matrix function between
body fixed and earth fixed coordinate frame. In
the considered model there are five actuators; the
two main propellers aft of the hull, in conjunc-
tion with two rudders, and one tunnel thruster
going through the hull of the vessel. w; denotes
the propeller velocity and §; denotes the rudder
deflection. ¢ = 1,2 denotes the aft actuators, while
1 = 3 denotes the tunnel thruster. This model can
be rewritten in the form (1) and (2):

z = (&ne;v),0 = (01;02)
T = (T1;72;73) , u = (W1; Wa; w3; 015 d2)

Xi1+Xs O
@(u)(lerYQ Y3 )
Q13 l3,Y3
D3 = 11y X1+ 1 Y1 — 1oy Xo+12,Yo
Xi=Ti—Di, Yi=1L;

where the propulsion forces are defined by

70 krpwl wi20
v k'Tn,- |w1| w; wy < 0

I — { Ti(1 + kpp,w;)(krsi, + krse,
70

0i])0; ,w; >0
,w; <0

D, — 4 il + kpp,wi)(kps1, ;] + kps2,07) ,w >0
' 0 ,w<0

The unknown parameter vector 6 represents
thrust loss. Ay is also related to the parameters
krp, and krp, in a multiplicative way. This sug-
gest that the estimate of 05 gives a direct estimate
of the tunnel thruster parameter. A virtual con-
troller 7. that stabilizes the system (35) uniformly,
globally and exponentially for some physically
limited yaw rate is proposed in (Lindegaard and
Fossen, 2003) and given by

7o = —KiR" ()¢ — K,RT (¢)ne — Kqv (36)

The cost function used in this simulation is the
same as was used in (Johansen, 2004)
2

3
J(u) = Zkz |wi|w? + Zqi(siz
1=1 =1

lwi| <18Hz, |6;] < 35deg
ki = ke =0.01, k3 =0.02,

Consider a wind disturbance vector b = 0.05(1;1; 1),
the design matrix A, = Igx9, the true parame-
ter vector § = (1;1)7, its update gain matrix
Qo = diag(1;1) and the e error weight Q. =
diag(a,10°;2-10%;2-10%), a = 103 (1;1;1; 1515 1) ,
and the parameter update law from remark 2. The
implementation of I' and W was done according
to remark 3 where v = 1 and ¢ = 107°. The
simulation results are presented in the Fig. 1-4.
At t; = 200 and to ~ 400 the parameter update

@1 = g2 =500



law are excited and the estimated parameters
converges to the true values. For different initial

conditions, it can be shown that 6 — 6, since ®
may not be PE over a sufficient timespan for the
reference signals. With white noise perturbations
or harmonic references, ® can be shown to be
PE for all ¢t such that # — 6. This is verified
by simulations.
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Fig. 1. Simulation results - the solid lines repre-
sents positions while the dashed lines repre-
sents references
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Fig. 2. Simulation results - computed propeller
velocities by the allocation algorithm

20

—~ 10
(@]
(0]
o 0
)
—
© -10
20 ; ; ; ; ;
0 100 200 300 400 500 600
30 T T T
(2]
O 10
o
~ D\;
N
T ot |
20 ; ; ; ; ;
0 100 200 300 400 500 600

t

Fig. 3. Simulation results - computed rudder de-
flection by the allocation algorithm
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Fig. 4. Simulation results - the parameter adap-
tion
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