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Abstract: Supply chains integrate production centers with raw materials and part suppliers
and with logistics service providers, in an integrated environment in which co-ordination
aspects as well as competitive issues may take place. In this paper, a hybrid model for the
representation of a generic production center of a supply chain is presented and discussed.
The model is characterized by inventory levels and by arrival and departure processes of
raw materials and final products. The capacity of the considered resource is an upper
bounded continuous variable. In the paper, the optimization of the dynamic behaviour of
the production center is dealt witBopyright © 2005 IFAC
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1. INTRODUCTION tralized), the design of the information flow structure,
o ) etc. A second research stream is focused on modelling

In the last years, a growing interest of different groups 4,4 analysis aspects, through the use of agent-based
of researchers has been attracted by issues concerning,qqels (Garcia-Florest al, 2000), (Wu, 2001); in
design, analysis, optimization, and management ofyhis case, attention is specially paid to the design of
complex production networks, characterized by the y,ssihle coordination mechanisms among the various
presence of a multlpllcny pf sites, where production agents, with the purpose of achieving a satisfactory
and manufacturing operations take place. Actually, @ performance of the overall system. Perhaps the most
new concept has emerged, that is, the supply chainggective approaches to model and to optimize the
model. A supply chain model is mainly characterized e rormances of supply chains are those based on the
by the presence of several production centers (usuallyzormalization and the solution of mathematical pro-
distributed over the territory), which interact with raw gramming problems (Erenguet al, 1999), (Escudero
material and part suppliers and with logistics service g 51 1999). However, the dimension of real systems,
providers, in an integrated environment in which co- 5 the need of considering optimization horizons of
ordination aspects as well as competitive issues maysignificant length make the application of such ap-
take place. Production centers, raw material and partproaches questionable for real applications. For what

suppliers, and service providers represent the “nodes’syjctly concerns the modelling of the single node of a
of the supply chain network. supply chain, it is worth observing that the complex-
The literature concerning the modelling and the man- ity of distributed production systems inevitably leads
agement of supply chains may be classified accordingto the choice of a simplified model. In this connec-
to the objectives of the research, and to the techniquetion, hybrids models have been proven their ability in
used. A first set of contributions is related to the design modelling and controlling systems in a large variety
issues at the network level (Goetschalekal, 2002),  of application areas, including manufacturing systems
(Lakhal et al, 2001); in this connection, the main (various authors, 2000).

problems addrgssed are those concerning the design of,o single node considered in the paper coincides
the supply chain as regards the number of warehousesy;it, the generic production site distributed over the

the sizing and the location of plants, the design of territory. However, the proposed model may be also
the decision structure (e.g., centralized versus decen-



applied to raw material and part suppliers and to lo- Moreover, letK be the overall work-capacity of the
gistics service providers, as they can be considered aproduction centerf(¢) be the portion of ' which
specific instances of a production center. Such a modelis assigned to the production of products, ante

is mainly characterized by inventory levels (both those the number of finite products that the site can realize
relevant to raw materials and those relevant to final (transforming raw materials) in a time unit.

products) which represent the system state variables;
such variables are assumed to be continuous. The
work-capacity of the production center is an upper
bounded continuous variable. This allows to dedicate
a fraction of such a capacity to the production of final
products.
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A significant optimization problem is proposed in this

paper. The decision variables are mainly those relevant

to the quantities of raw materials provided at each Fig. 2. The arrival process.

arrival, to the time instant at which raw materials enter

the system, to the fractions of resource capacity ded-The flow z(¢) of parts arriving from part suppli-

icated to each production activity, to the time instants €rs/upstream production centers is modelled as a finite

at which finite products exit the systems and to the (and discrete in time) sequence of arrivals (Fig. 2).

amount of finite products realized. The cost functions An arrival has to be intended as the transportation

to be minimized take into account the order costs, the from the external to the production center of a finite

inventory costs, the quadratic tardiness, and the cos@mount of parts. In the arrival procesg), I is the

due to the non-fulfilment of the external demand. considered number of raw materials arrivals, within
the considered time horizog;, i = 1,...,T is the

This_paper is orgz_anized as follows. In s_ectipn 2, the time instant at which the-th arrival takes place, and
hybrid model for single node representation in supply ©,,i = 1,...,T is the amount of raw materials enter-

chains is proposed. Three optimization problems arejng the node at time instant (that is, thei-th ordered
defined and discussed in section 3, and in SeCtionquantity).

4 the solution of a simplified version of the second
optimization problem is provided. Some concluding
remarks (section 5) end the paper.
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2. THE HYBRID SINGLE NODE MODEL

The single node of a supply chain consists of a pro-
duction center where parts arriving from either part

suppliers or upstream production centers are carried
out. One part entering the single node is processed
by a single operation in order to be transformed into
one product (that is, no assembly operation is presen
in the considered model). In the following, for the
sake of clarity, only one class of parts/products wil
be considered.

i
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Fig. 3. The departure process of finite products.
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{n an analogous way, the floy(t) of products deliv-
ered to the clients of the supply chain is represented as
| afinite sequence of departures (Fig. 3). A departure
has to be intended as the transportation of a finite
amount of products from the production center to the
external. Such process is characterized by the follow-
ing variables:N is the considered number of finite
products requests, within the considered time horizon,
ti,i = 1,..., N is the time instant at which thieth
departure of finite products occu@;,i = 1,..., N

is the amount of finite products leaving the system at
time instant;.

Fig. 1. Schematization of the single node model.

The model of the single node is mainly characterized
by the presence of inventories for parts and products.
Parts arriving from part suppliers/upstream production Moreover, let the external demand be characterized
centers are inserted into the part inventories; then,by due-date of th&-th departure of finite products,
after the processing, the resulting products are insertechamelyt?, i = 1,..., N, and by the amount of finite
into the product inventories. Such a model can be products required at, namely@;,i=1,..., N.
schematized as in Fig. 1, whergt) represents the
flow of raw materials entering the single nodgt)
represents the inventory level for raw material§;)

Then, the system state variables &f¢) and x(¢),
whereas the decision variables are

represents the inventory level for final products, and
y(t) represents the flow of products exiting from the
single node.

o51-,1‘:1,...,1",@@-,z':l,...,F,
o k(t),0 <t <T=max{or,tn},
0ti,izl,...,N,Qi,izl,...,N.



Note thatT is the considered time horizon. On the Problem 1.Given the initial condition$, = 0, ¢ty =
basis of the above introduced variables, it is possible0, £(0) > 0, andz(0) > 0, find

to d_eljlne _the state equations of the_proposed supply min ¢, =cAiclyeT

chain’s single node model. In particular, the state 8:,0i,p45,3=1,....,T

equation of the raw materials inventory is ti@si=1,.... N

k(t),0<t<T
di41 :
€(0isn) = £(51) — q/ ) dt+ 051 (1) subject to (1), (2), and
8 0<k(t)<K 0<t<T (6)
i =0,...,I' = 1, whereas the state equation of the St > 5 i—1 r—1 )
finite products inventory is = Sy
s tig1>t;  i=1,...,N—1 (8)
b ( w—00; <0  i=1,...,T (10)
1=0,...,N—1,wherej, =0, tqg = 0, and¢(0) and o .
x(0) are given initial inventory levels. pi= {01} i=1 T (11)
€H)>0  0<t<dp (12)
3. OPTIMIZATION PROBLEMS 2(t)>0  0<t<ty (13)
The optimization of the dynamic behaviour of the Qi=0 i=1,...,N (14)
production site subject to the external demand still 0,>0 i=1,...,T (15)

need the definition of a suitable cost function. An
overall optimization problem can, thus, be defined
taking into account costs due to the acquisition of parts Problem 1 is a functional optimization problem with
from part suppliers/upstream production centers, costsnonlinear cost function and nonlinear constraints,
relevant to the inventory occupancy, and costs relatedthus, it is a quite complex problem. The approach
to the non-fulfillment of external demand requisites (in here followed to face the above problem is that of
terms of tardiness and difference between the actualdecomposing it into two sub-problems:

amount of delivered products and the required one). e the first sub-problem consists in minimizing the
inventory cost for final products and the devia-
tions from the external demand with respect to
the production capacity (i.ek(t),0 < t < T)

r and to the exit process (i.e., variables: =

where is a positive number sufficiently high.

The cost due to the acquisition of parts from part
suppliers/upstream production centers can be stated
as:

Ch =" (crmi +0)) 3)

i=1

wherec; andc, are the fixed and variable unitary

order cost, respectively; and variabjesi =1...,T

1,...,Nand@Q;,i = 1,...,N), assuming to
haveunlimited available raw materials

the second sub-problem is relevant to the min-
imization of the inventory cost for raw materi-

are binary variables taking on value 1 if some raw
materials are ordered if) and 0 otherwise.

als and of order costs with respect to the ar-
rival process (i.e., variable,i = 1,...,T" and
0,,i = 1,...,T), with thefixed production ca-

Note that the binary variable; is necessary in order pacitysolution of the first sub—problem.

to avoid paying unnecessarily fixed cost when the opti-

mal value of the decision variabt; is 0, thatis, when By defining

no transportation of parts from part suppliers/upstream tN

production centers occurs. Co = P/O (t)dt+
N

The cost due to the inventory occupancy is:
51" tN
cl=m | ¢t)dt+ P/ z(t)dt  (4)
0 0 and
where H and H P are the unitary inventory costs for r ér
raw materials and finite products, respectively. Cs = > (crpi+¢©) + H ; £)dt  (17)
i=1

the first sub—problem can be stated as

N
+a ) (-t + 8 (Qi— Q) (1)
i=1 i=1

Finally the cost term relevant to the deviations from
the due-dates and from the required finite products
guantities are: Problem 2. Given the initial conditiongy = 0 and

2(0) > 0, find

N N
Ch=a) (-t +5) (Qi-Q)° (5 min G
i1 =1 t;,Qqi,i=1,...,N
k(t),0<t<T

beinga and3 suitable weighting coefficients. subject to (2), (6), (8), (13), and (14).

The overall optimization problem can then be stated

as follows. The second sub—problem is



X mathematical programming techniques yielding the
optimal control law in an open-loop form for a specific
value of the initial conditions. In this work, Problem
4 is restated as a multistage optimal control and a

t optimal feedbackcontrol law is sought by applying

4 t ts ts dynamic programming techniques. The application of
Fig. 4. Behaviour of the state variablet) in the Kuhn-Tucker conditions to the problem yields some
simplified version of Problem 2. significant properties of the optimal solution of Prob-
Problem 3. Given the initial conditionsl, = 0 and lem 4. In the following, such properties will be stated
£(0) > 0 find together with sketches of the necessary proofs.
min Cs First of all, consider the following condition (which
05,04, i=1,....T guarantees that the initial inventory level is all con-
subject to (1), (7), (9), (10), (11), (12) and (15). sumed at least during the fir3t — 1 stages):
N-1
4. A SIMPLIFIED VERSION OF PROBLEM 2 z(0) < Z Q: (19)
i=1

In this section, only the part relevant to the processing
of raw materials to produce finite products will be 144 following result holds.
considered. This means that the focus of this section

will be on Problem 2. In this context, th¥ requests  pronosition 1. If (19) holds true, in the optimal solu-

characterizing the external demand will be indicated 44 of Problem 4he inventory level at the end of the
asorders since there cannot be ambiguity with orders |54 stage is zerahat is,z(ty ) = 0. 0

t
of raw materials/parts not taken into account now. Sketch of th f Th N licati fd .
Problem 2 still is a functional optimization problem etch of the prool. The application of dynamic

with nonlinear cost function and nonlinear constraints. Pregramming allows to state the optimization problem

A simplified, but still realistic, version of such a prob- to be solved at stag¥ as:
lem is here considered in which the production capac-
ity is constant in the time intervals included between
two subsequent exit instants, that is, the production®
capacity is a piecewise constant variable defined as

Problem 5. Given the initial conditionsty_; and
(tn—1) >0, find

k 2
q NTN> 4
2

+a(ty +in_1 —th)?

min P <x(tN_1)TN +
k(t) = ki, by <t <y, i=1,...,N k7w

With this assumption the dynamic behaviour of vari-

ablex(t) can be represented as in Fig. 4 subject to
Moreover, it is imposed that the ordered quantities r(ty-1) +qhnTN — QN >0
are always satisfied, which means = Q7,¢ = v < K kx>0 >0
1,...,N. The cost function can, then, be restated as N= N = ™=
N Jr? By defining
C,=P x(ti_1)T + ) ) + k 2
4 ;( (ti-1) 2 fN:P(x(tNl)TN+(1];TJV)+
N N2
+a2(71+ti—1 —t1)° (18) ol i —ty)
=1 gn1 =2(tn—1) + kTN — QN
wherer; = t; — t;_1,% = 1,...,N. Problem 2 gvo =K —ky
becomes
The following first-order Kuhn-Tucker conditions can
Problem 4. Given the initial conditiongy = 0 and be defined for Problem 5
2(0) 2 0, find po |98\ Ogna o Ogna|
min  C, Noky "M oky TN Oky
ki,Ti,’L:l,...,N
- 0 ) 0
subject to ™ 9N AN N 9N
. . Q. >0 oTNn " OTN “ OTN
T(ti—1) +qRiTi — Qi 2
(ti-) +4 An,1lgna] =0 ANz [gn2] =0
ki <K ki >0 7 >0 3fN_ 39N,1_/\ dgn 2 -
foranyi =1,..., N. okn N0k N2k ©
Problem 4 has the structure ofraathematical pro- ofn Igna Ognez o
. . . . N1 N,2 =
gramming problenwith nonlinear objective and non- oTn 0 0

linear constraints; thus, it may be solved by standard gn1 >0 gn2 >0



kn >0 ™ >0 X(t)

AN >0 ANz >0

The decision variables included in the above condi-

tions are the problem control variablég, and p, t
together with the two multipliera ; andAy 2. Each ' ! ‘ ‘
of these four variables can be either equal to O or Ei
not, giving rise to 16 possible configurations of the
above set of equalities and inequalities. By analyzing )
in details such 16 configurations, it turns out that 4  ® IN Sub-sequences composedof> 1 stages,
cases boil down to not feasible solutions, 10 cases are ~ Production in the last — 1 stages is conducted
feasible only ifz(ty_1) > Qn , condition that can at maximum production capacity.

be easily seen as not included in the optimal solution The optimal behaviour of variable(t) can, then, be
due to the cost structure and to condition (19), and, depicted as in Fig. 5.

finally two cases are actually to be taken into account. o o
These two cases are characterized by hatiagry The determination of sub-sequences greatly simplifies

and, above all)\y ; possibly greater than zero (of the application of dynamic program.ming to the_solu-
course, the difference between the two cases stangdion of Problem 4 since it actually drives the choice of
in Aw2 = 00r \yo > 0). The fact that in both cases the problem to be solved at each stage (of course as
AN .1 > 0 makes it necessary thaly, = 0, thus, r_egards the cost-to-go to be mserte(_:l in the cost func-
implying that the inventory level at the end of the-  tion). Actually, it has not been possible to find an a-
th stage is zero. It is also to be noted that in the two Priori rule goveming the definition of sub-sequences,
cited cases, Problem 5 can be expressed agjaiva- Pt they can be easily derived by applying a math-
lentquadratic programming problem, thus making the €matical programming software. Then, the proposed
Kuhn—Tucker conditions necessary and also sufficientSPlution procedure is composed of two steps. The first

conditions for the definition of the optimal soluti@h, ~ St€P consists in finding, by mathematical program-
ming, the seDEC. The second step of the procedure

The following two assumptions (which actually do not js devoted to he determination of the optimal solu-

limit the generality of the proposed model) will be tion by applying dynamic programming to the mul-

made concerning the data of Problem 4: tistage control problem. The results of the second step
2(0) < O (20) are summgrized in.the.followin.g propositipns (whose

proofs, which consists in applying dynamic program-

which means that the initial inventory level is all ming techniques and Kuhn-Tucker conditions for the

“consumed” during the first order. If this condition is solution of the control problem at each stage, are not

not verified, in the optimal solution of Problem 4 no reported here for the sake of brevity).

production is realizedk; = 0) for a certain number

of orders starting from the first one and, then, the Proposition 2. In the generid:-th sub-sequence com-

beginning of the sequence of orders can be simplyposed ofn > 1 orders, that is orders indexed by

t tp t3 ty
g. 5. Behaviour of the state variablet) in the
optimal solution of Problem 4

shifted onward till meeting condition (20); 1= Vky...,Vpr1 — 1 (Ug, ver1 € DEC), the optimal
solution is
PgK < 4a (21) Qs — (tiy)
TO = 71 izl ko == K
which yields agood balancéetween the two terms of ¢ gK !

cost functionC, by avoiding a too strong influence of  forj = 1, ., — 1 wheny.; — 1 = N;
the inventory cost with respect to the cost relevant to P
deviations from the pre—defined due—dates. 70 =t —t; 1 — % Qi k=K

7 3 K3

Moreover, it can be observed that the optimal solution for i = v, +1,..., .41 — 2, and fori = v — 1

of Problem 4 yields a decomposition of the sequencewhenv;,,; — 1 # N; and the optimal solution for the
of N orders into a finite number alub-sequenceket first of suchn orders, that is fof = v, is

s, 1 < s < N, be the number of sub-sequences; then, P

the indexes of orders identifying the beginning of a =Gt - - Qi k=K
sub-sequence are gathered in B&C = {v;,j = if

1,...,s}, (with vy = 1). In the optimal solution of 0> 2P (4aC+
Problem 4, sub-sequences have the following peculiar '~ 8a2 — 4aPqK — P22K?

features: PK (£ —t ))
- i bti—1

e the inventory level at the end of each sub-

sequence is zero, that is(t;_1) = 0,Vj € an<(j) 2P
DEC:j # 1, " 7 1602 —8aP¢K — P2’K? {(Qﬁ
e the inventory level at the beginning of each sub- 4o

sequence, apart the first one, is zero; - ?(ff —ti—1))(Pgk — 2ar) — 20<ch}



4 tr—t;_ 2Q); and
kS =K + OL(l—Z ’1)+ Qi

qP T qry TN =t —tN-1 — ZQN
. . 107
otherwise, W|th o
N o SON
cC=r Z Qj — — Z Q; — qKthy N da(ty, —ty-—1) — PQn
J=itl j=itl otherwise. O
]
Proposition 3. Consider a sub-sequence composed of 5. CONCLUSIONS

only one order. Let it be th&th in the order sequence,

with i # 1 andi  N. The optimal solution for such This is a preliminary work funded by the Ministry of

Education, University and Research, and, at current

an order is state, major attention has been directed to the defin-
T8 = Qi k=K ition of the model of the single node in a supply chain
qK network. The proposed model is a hybrid model as

if includes continuous variables within a discrete-event
dynamics. In addition, optimization problems have

M Qi — PeK Z Qi+ been considered by the authors and a first solution,

4o — PqK 4o — PgK — PqK L o .

j=i+1 relevant to a simplified, but realistic, version of one of

Ak (1 1) >0 the problems, has been provided. The current research
da— PgK VP Y = work is devoted to the development of coordination

and strategies for decision makers behaving in a coop-
erative way within a supply chain, and the analysis

o P P of supply chains in presence of competing decision
T =t st e Qi + 4a Z @ agents.
Jj=i+1

- a0,
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