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Abstract: In this paper, new types of recursive least square (RLS) algorithms,
without using the initial information of a parameter or a state to be estimated,
are proposed. The proposed RLS algorithm is first obtained for a generic linear
model and is then extended to a state estimator for a stochastic state-space
model. Compared with the existing algorithms, the proposed RLS algorithms are
simpler and more numerically stable. It is shown, by simulation studies, that the
proposed RLS algorithms have better numerical stability for digital computation
than existing algorithms. Copyright © 2005 IFAC
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1. INTRODUCTION

Estimation problems deal with the determination
of some unknown variables, or parameters, that
cannot be measured directly. The least square
(LS) approach, tracing its origins back to Gauss
in the nineteenth century, is certainly widely used
in many estimation problems. In particular, the
recursive least square (RLS) algorithm is known
to be more practical and efficient in computation
than the LS algorithm of the batch form.

The RLS algorithm provides good performance
for models with the accurate initial information
for the parameter or state to be estimated. If the
assumed initial information is not correct, how-
ever, the performance deteriorates. In many cases,
it may be difficult to obtain the correct initial
information because it may be costly and require
many experiences. Therefore, it is necessary to

find RLS algorithms that do not require the initial
information when it is impossible to obtain the
correct initial information.

For generic linear models, some attempts have
been made to find an RLS algorithm without the
requirement of the initial information. The QR
decomposition-based RLS algorithm introduced
in (Gentlemen and Kung, 1981) and (Haykin,
1996) does not need the initial conditions, how-
ever, it requires that the data matrix, and there-
fore the square root of the correlation matrix of
the input data, is of full column rank for the
feasibility. In (Danyang and Xuanhuang, 1994), an
LS algorithm is proposed using a recursive form
of the pseudo-inverse of a large matrix presented
in (Cline, 1964), (Greville, 1960) and (Greville,
1959), which do not need the full column rank con-
dition. However, it is computationally demand-
ing and many pseudo-inverse operations are re-



quired, which may result in numerical instability
or even divergence in practice because the pseudo-
inverse can be ill-conditioned with respect to small
rank-changing perturbations. In (Jie Zhou and
You, 2001) and (Jie Zhou and You, 2002), an RLS
algorithm based on Greville’s formula is proposed
by Jie Zhou et al., where the problem of numerical
instability also occurs as in (Danyang and Xuan-
huang, 1994). To achieve numerical stability, it
is necessary to use the pseudo-inverse as little as
possible, which is the motivation for this work.

For state-space models, the Kalman estimator
(Kalman, 1960) is the most widely used state
estimator. It is dependent on the initial informa-
tion of a state. A state estimator, without the
requirement of any a priori information about
the initial state, was presented in (Danyang and
Xuanhuang, 1994) for state-space models. This
algorithm encounters the problem of numerical
instability due to too many pseudo inversions as
in the RLS algorithm for generic linear models.

In this paper, a new type of RLS algorithm for
the generic linear model is developed without re-
quiring the initial information of the parameter
to be estimated. In addition, a new state estima-
tor without requiring any initial information of
the state is proposed for state-space models with
system and measurement noises. The proposed
RLS algorithms are numerically stable because
the pseudo-inverse matrix is used only once, which
make it different from other approaches where
several pseudo-inverse operations are required. By
simulation, it is shown that the proposed RLS
algorithms have greater numerical stability in dig-
ital computation than existing algorithms. In ad-
dition, they are simpler than existing algorithms
and can be readily applied to real estimation prob-
lems.

This paper is organized as follows. In Section II,
a new type of RLS algorithm is presented for a
simple generic linear model and this is extended
to a state estimator without using any a priori
initial information of a state for the stochastic
state-space model in Section III. In Section IV,
simulation results are given to validate the RLS
algorithms proposed in this paper. Finally, con-
clusions are given in Section V.

2. PSEUDO-INVERSE BASED RLS
ALGORITHM

Consider a following generic linear model:

241 = hgy10 + €11, k=0,1,2,... (1)

where 8 € R" is an unknown random vector to be
estimated, and zg, hy and €; are a measurement,
a known constant row vector and an unknown

disturbance, respectively. Then, 6 is the estimated
value of # that minimizes the following weighted
Euclidean norm

moin[ﬁ*ﬂglé?-l- | Zk+1 _Hk+19||i;_'1_1]> (2)
where
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Lk+1 = diag{h e lk-‘,—l} = diag{Lk lk+1} (5)

and Ly, is a weight matrix. The solution of (2) can
be computed using the following RLS algorithm:

= [HkT h{+1
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with 6y = 0 and Py = Il,.

When Hj in (8) is not of full column rank,
i.e., the matrix Py is not defined, then (8) is
not valid. Therefore, pseudo-inverse-based RLS
algorithms were proposed in (Danyang and Xu-
anhuang, 1994), (Jie Zhou and You, 2001) and
(Jie Zhou and You, 2002). These are derived from
the recursive form of the following formula:

where H, = L7*Hy, Z, = L;* Zy, and H* is
defined as the unique matrix such that HHTH =
H, HYHH* = H*, (HTH)T = H'H, and
(HHT)T = HH* are satisfied.

The RLS algorithms in (Danyang and Xuan-
huang, 1994), (Jie Zhou and You, 2001) and
(Jie Zhou and You, 2002), however, use too many
pseudo-inverses which may result in instability
in the numerical computations with finite ma-
chine precision because the pseudo-inverse is ill-
conditioned with respect to rank-changing pertur-
bations. For example,
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It can be seen that as & — 0, the matrix in the case
of £ # 0 in (10) diverges. However, for fixed € = 0,



a constant matrix with finite elements is obtained.
Therefore, it is necessary to use the pseudo-inverse
as little as possible for numerical stability.

Now let us derive a new type of RLS algo-
rithm. Because Ht can be written as HT =
(HTH)*H” (Rao and Mitra, 1971), the 6 in (9)
can be written as:

O = (HF L7 Hy) Y HE L 7. (11)

From (11), the new RLS algorithm can be derived,
which is introduced in the following theorem.
Theorem 1. The new RLS algorithm can be
described as:

Orr1 =2 Trra

+ oyt _ oy T -l +
Y =2 = X e Ty b B

Tpr1 =Tk + B Lt 2en
Vi1 =liyr + e R (12)

where Ty =0 and ¢ = 0.

Proof. Let Xy = H L;;"Hy and Ty, = HI' L, Zy,
then from (11), we have

0, =3/ Ty, (13)

and the recursive forms of the 27{ and I'; can be
easily obtained from (3) and (4), respectively. This
completes the proof. O

Remark 1. Due to the use of the pseudo-inverse
in (12), there is no need to guarantee the non-
singularity of the matrix Xy. Furthermore, the
proposed RLS algorithm is more stable than the
existing algorithms because the matriz pseudo-
wnverse s used only once and it is not calculated
recursively. If the matriz ¥y, 1s invertible, then 6y,
can be obtained from 0y = E,;lI‘k.

3. STATE ESTIMATOR WITHOUT THE
REQUIREMENT OF INITIAL INFORMATION

Now let us investigate the problem on the state
estimation in the state-space model. Consider a
linear discrete-time state-space signal model:

Tpt1 = Apzp + Brug + Grwy,
yr = Crar + vk, (14)

where z, € R", up € R,y € R? are the state, the
input, and measurement, respectively. The matrix
Ay is assumed to be non-singular, which is not
a strong condition because it is obtained by the
discretization of a continuous-time state equation
and is the exponential function of the system
matrix in the continuous-time state equation.

The initial state zg is a random variable with
a mean mg and a covariance Py . The system
noise wy € NP and the measurement noise v, €
R are zero-mean white Gaussian and mutually
uncorrelated. The covariances of w; and v, are
denoted by @ and R, respectively, which are
assumed to be positive definite matrices. These
noises are uncorrelated with the initial state .

To avoid the numerical instability problems de-
scribed above, a new state estimator without us-
ing the initial information of the initial states is
proposed.

For the state-space model represented by (14), the
measurements over the time interval [0, k] can be
expressed in terms of the state z; at the current
time k as:

Yic1 = Ceag + BrUk—1 + G Wiy + Vi—1(15)

where

Vi Slyd - yi)” (16)
Uy S [ud - uf )" (17)
Wi S [wd - wi,]" (18)
Veet S[of - of )T (19)

and C;, By, Gi can be obtained from
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Cy, B, and Gy are defined as

A

C £CoAyt, B £ —CoAg'By, Gy £ —CoAy'Gy.

The noise term Gy Wyi—1 + V-1 in (15) can be
shown to be zero-mean with covariance =, given
by

=, £ 6 [diag@- - Q)CT + [diag(R - B)]

=[Ft a6 amemeetant 52

The equation (15) can be rewritten as

[Yk—l — By Uk—l] = Craxp + [Gk We_1 + Vk_(]24)

Note that (24) can be written more compactly in
the form (2) with the identifications

Zy — {Yi1 = BUr—}, Hp +— G,

Or «— wp, € «— GyWi_1 +Vi_1, Lp — Zg.

Ci1



Therefore, Z;, can be obtained by

ii’k = Qz’l]k (25)

in the form (12) with the identifications

Zk — Qk, Fk — Ng-
where
A —_
O, =CFE1C
A —_
Nk — C{:‘k 1(Yk_1 — Bk Uk—l) (26)

The above results in this section can be summa-
rized by the following theorem.

Theorem 2. In the singular region 0 < k <
n — 1, & that minimizes the following weighted
Euclidean norm

min [Vio1 — BrUp_1 — Cka:«ku;k,l (27)
. ,

can be written as

Er = . (28)

By tedious, but trivial, computation using (20)
and (23) as in (WookHyun Kwon and Han, 2002),
the following recursive forms of Qz and ny, can be
obtained, respectively:

+
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with Qg‘ =0 and ny = 0, where II;,; = R +
Ckﬂzcg. For k> n, Q;: is equal to Q,;l.
Remark 2. Note that no a priori information of
the initial states is required in this algorithm.
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Fig. 1. Simulation for RLS
4. SIMULATION RESULTS

To demonstrate the validity of the proposed al-
gorithms, numerical examples are presented from
simulation studies. Measurement data used in the
simulation for the proposed RLS algorithm are
generated by the following linear model:

Y(k)=[5.227 -3.2] + e(k) (31)

where e(k) is a zero mean white noise with a
standard deviation of 0.5. Fig. 1 shows that the
existing algorithms result in oscillation because
of the product of an infinitesimal by infinity,
which may produce NaN (Not a Number) in
numerical computation. On the other hand, the
parameters can be estimated more correctly using
the proposed RLS algorithm, without oscillation,
which means that the proposed RLS algorithm is
more stable than the existing algorithms described
above.

To compare the proposed estimator with the ex-
isting estimators, consider the system (14) with
the system matrices

[0.9305 0 0.1107
A=0.0077 0.9802 —0.0173 | ,
_0.0142 0 0.8953
(012 1+sink]”
G=|023|, C=|1-2cosk (32)
1039 1+4cosk

and zero input.

From Fig.2, it can be seen that the existing
algorithm results in oscillation for the reasons
described above. On the other hand, it can be
observed that the proposed estimator works well
without oscillation, which occurred in the results
from previous methods. From this viewpoint, it
may be said that the approach proposed is more
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Fig. 2. Simulation for state estimator

stable than the existing approach. Furthermore,
the estimation results for the state can track the
real state from the start of the state estimation.

5. CONCLUSION

In this paper, new RLS algorithms that do not
use the initial information are proposed for both
generic linear models and state-space models. In
the proposed RLS algorithm, the pseudo-inverse
operation is taken only once, which is advanta-
geous for numerical implementation. Simulation
showed that the proposed algorithm is more effi-
cient, numerically stable and accurate than pre-
vious methods. In addition, the proposed RLS al-
gorithms are simpler than the existing algorithms.
Therefore, they can be easily applied to many real
estimation problems.
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