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Abstract: Robust pole placement in a LMI region for Takagi-Sugeno (Takagi &
Sugeno 1985) fuzzy models is presented. The objective is to find a set of Linear Matrix
Inequalities in order to ensure that the linear models poles remain in a specified region
of the complex plane, even in presence of model uncertainties. As an illustration, the
obtained conditions are applied to the spacing policy control of an automated electric
vehicle. Simulation and real time results are presented. Copyright © 2005 IFAC
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1. INTRODUCTION

Takagi Sugeno (TS) models (Takagi & Sugeno
1985) allow representing exactly a large class of non
linear systems in a compact set of the state vector.
They consist of a collection of linear models blended
by non linear functions. They have been widely used
for control of non linear systems: stabilization
(Guerra & al. 2003), (Tanaka & al. 1998), with
bounded uncertainties (Lauber & al. 2004), (Tong &
al. 2002) and so on. One way to reach some
performances was also investigated through pole
placement in a Linear Matrix Inequality (LMI)
region for each linear models (Hong & Langari
2000).

Note that a pole placement for each linear models of
a TS model in a LMI region does not allow
specifying exactly the dynamics of the non linear
model in closed loop. Nevertheless it is still a very
interesting way of tuning the close loop dynamics. In
this paper we present a control scheme in order to
ensure that the poles of the linear models remain in a
LMI region even in presence of bounded
uncertainties.

The first part of this paper presents some new LMI
conditions based on a Lyapunov quadratic function
and model poles placement for uncertain systems.
The second part describes the spacing control of an
automated vehicle.

2. ROBUST CONTROL WITH POLES PLACEMENT IN A
LMI REGION

We consider the following TS uncertain model
(Taniguchi & al. 2001):

X(0) = Sh (1)((A +84)x(t) +(B, + 4B, u(t))

n 1)
y(t) = gihi (t)(Ci +AC;)x(t)

with Y h (t)=1 and h (t)>0
i=1

For sake of convenience, the following notations are
used when there is no ambiguity:

Y, = Zr:hi (Z(t))Yi ,
T(A)=A+AT, = (A)=A"-A
Model (1) can be written into a more compact form:
X(t) = (A, +AA, ) x(t)+(B, +AB, u(t)
_ )
y(t) =(C, +AC, ) x(t)

We consider the following Parallel Distributed
Compensation (PDC) control law (Wang & al. 1996):

u(t)=-F,-x(t) (3)
Yields the closed loop:
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{x’(t>=<m—sha>x<t>+<AAh—ABhFh)xu) "
y(t)=(C, +AC,)x(t)
A classical problem is then to find the control gains

F. that ensure the closed loop stability of the

uncertain model (Taniguchi & al. 2001) but the so
obtained control gains may lead to poor dynamic
performances.

For models without uncertainties, pole placement in
LMI region was studied in the case of linear systems
(Chilali & al. 1999) and for TS fuzzy models (Hong
& Langari 2000). Of course specifying the closed
loop dynamics of each linear model will not ensure a
property to the TS model as the nonlinear scalar

membership functions h (t) are not taken into

account. However, it is still a very interesting way of
tuning the closed loop, for example it may be used to
restrict the controller dynamics and to achieve an
expected transient behavior (Hong & Langari 2000).

In this paper we propose to address the following
problem: a LMI region being defined is there any
PDC law ensuring that each linear model poles lay in
this region, even in presence of bounded
uncertainties?

We define the region R, fig. 1, according to three
parameters 1, p and 9. These parameters allow
defining the transient response dynamics and the
damping factor. The eigenvalues of a matrix A lay
in the LMI region R of the complex plane if there
exists a common matrix P=P' >0 such that
(Chilali & al. 1999):

ATP+PA+2-1-P<0 ()
_ T
PP AP] o )
PA —pP

[c Y(ATP+PA) s(-ATP+ PA)] -

SS(ATP—PA) CS(ATP+ PA)
P>0
with: sg=sin(9) and c9=cos(9).

Fig. 1: Considered LMI region

As a minimum requirement, we want to ensure the
closed loop stability by the mean of a candidate
quadratic Lyapunov function.

V(x(t))= x(t)" Px(t) (8)
P>0

Moreover we also want to constraint the linear
models poles of the TS model in the half plane

defined by Re(x)<—%, xeC, so a decay rate
A >0 is used.
V(x(t))<-av (x(t)) )
With X =P™, (9) can be written:
(XA -M,B" )+

ST (XAAT =M, TAB," )+ AX <0
The bounded uncertainties are specified in an usual
way: AA =HaAa, (t)Ea,, AB, =HbAb, (t)Eb,
using constant matrices Ha, , Hb,, Ea,, Eb, and

(10)

uncertain bounded terms Aa, (t) and Ab, (t) such

that (Taniguchi & al. 2001) (Lauber & al. 2004):
Aa; (t)Aa, (t) <1, Ab" (t)Ab, (t) < (11)

Let us recall some classical properties.
Property n°1l (Xie & De Souza 1992): with X, Y,
S >0 matrices of appropriate dimension:

XTY +YTX < XTSX +YTS Y (12)

Property n°2: Schur’s complement
T

-1

Y+XTRX<OC>|:>Y( }<O R>0 (13)

Using properties 1 and 2 and (11) on inequality (10)
leads to:

Y *) *)
Ea, X" -ra,l 0 |<0 (14)
Eb,M, 0 —7b, |
with:

Y =3 (XA -M,"B)

(15)
+7a,, Ha, Ha," +7b, Hb Hb " +AX

Using (6) on the closed loop (4), we obtain:

{Ahx_fl)S(th _SL}?QHJMJ[E%X O]J+

2@ 0 }[—Ethh o]j<o
Hb, Ab,
(16)

Then using properties 1 and 2 twice, (16) is satisfied

if:
-pX ™ ® ™)
AX-BM, Y’ 0 0
Ea, X 0 -ra,l 0

EbM, 0 0 —zb,I

<0 @17)

With Y'=-pX +ra,,'Ha, Ha," +zh,, 'Hb, Hb,'
Using (7) on the closed loop (4) leads to:

D, o,
{ woa }+CDZ+CD3<O (18)
CI)Zl CI)ll

@, =c9-Z"((A - B,L,)X)
@, =59- ((A -B,L,)X)



Ha, Aa, 0 c9-Ea, X s$-Ea X
O, ="
2 0 Ha,Aa, || -s9-Ea X c9-Ea X

. ([Hb,Ab, 0 J[-c9-EbM, -s$-EbM,
O, =3
: 0 Hb,Ab, || s$-EbM, -c9-EbM,

Using properties 1 and 2 on (18), we obtain:

[ * *) * 0 0
Ea,X -7a,’l 0 0 0 0
EbM, 0 b, I 0 0 o |,
Yl 0 0 Yii *) *
0 0 0 EaX -ra, | O
0 0 0 EbM, O b I
(19)
with:
Yi=c9-T" (XA -M,"B,)
+7a,,"Ha Ha,™ +7b,"Hb, Hb,"
V) =s9-5 (AX+BM,).
Let us define from (14), (17) and (19).
Yi ™
Y;=|EaX" -ral 0 |, (20)
EbM, 0 bl
with: Y =" (XA" -M]B])
+ra;HaHa' + 7b;HbHb' + 1 X
-pX ™ *)
AX-BM, Y? 0 0
Y2 = 21
v Ea X 0 -rajl 0 1)
EbM, 0 0 bl
with: Y, = —pX +7a;'HaHa" + b, "HbHb'
A
L1 ]
s9- (AX+BM;) 0 0
with: T} = 0 0 0| and:
0 00

o T (N ME) |
+7a;"HaHa'" + rb;"HbHb'

Y3 = Ea X -ra"l 0

ij U]

EbM, 0 bl
Let us note that the expressions used in (20), (21)
and (22) suppose that Ha, and Hb, are constant

over h. On the contrary, a simple Schur’s
complement must be applied on each term to ensure
the equivalence and a LMI description.

Theorem 1: The closed loop model (4) is stable and
all the linear models closed loop poles are located in
a specified region R if there exists matrices:

X=X">0, M;, Qi>0, ra >0, b, >0,

raij' >0, rbij' >0, z'aij” >0, z'bij" >0 and

Q) =(Q} )T such that:

ij Ji

YE+Qf <0 (23)
YE+ Y5 +Qf +Qf <0 (24)
Qlkl Qlkz o Qlkr
k k
Qk _ Qzl sz ) >0 (25)

ibje{l..,r}, j>iand ke{1,23}.

Remark 3: The matrices Qf >0 and Q} =(Qj )T

correspond to a relaxation scheme due to (Liu &
Zhang 2003).

2. APPLICATION TO VEHICLE SPACING CONTROL

The considered application is the longitudinal
fuzzy control law for an electric car which is part of
the virtual link project (AVIVA) included in the
AUTORIS? project and held by the GRAISyHM?,
The main objective of the AVIVA project is to
control the vehicle in order to maintain a defined
distance with respect to the leading vehicle, Fig. 1.
The vehicle’s linear velocity is measured and the
distance from the leader is estimated using
stereovision sensor (Zayed & al. 2003).

Several control laws have been proposed for this
problem: a PID controller with gain scheduling is
used in (loannou 1994), a second order sliding mode
controller is used in (Nouveliere 2002), a fuzzy-
sliding mode in (Lee 2002), etc.

(ou=ro YV - v

[

dist : distance to be reached Ax : actual distance
Fig. 2: System configuration

2.1 Vehicle modeling and control
We consider the classical longitudinal bicycle model
of the vehicle (Nouveliére 2002):

[(Mh2+Jr+Jf)R§+Je]X(t):Te(t)_

h
R, (T, (t)+ M, +hF, (t)+ Mghsin ((t)))

(26)

with F, (t) = a,x(t)+c,x(t)’ @7)
In the AVIVA project, the considered vehicle is
purely electric, so the gear ratio R; is constant. We
will assume that the road surface is horizontal
W(t)=0 and that the necessary braking torque is
provided by the motor. Yields the vehicle model:
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(M2 +3,+3, )R+, )

X(t)=
hR, (28)
T. ()= R, (M, +hax(t)+he,x(t)’)
Defining C.(t)=T.(t)-R,M,,, a=Rha,,
(Mh?+3, + 3 )R+,
b=Rhc, and a= , the
hR,

equation (28) becomes:
ai(t)=C, (t)-ax(t)-bx(t)’ (29)

Mass of the vehicle (kg)

M
h Height of the center of the wheel (m)
J Rear wheel inertias (kg.m?)

J, Front wheel inertias (kg.m2)

Rg Gear ratio

J, Engine / transmission inertias (kg.m?)
M Rolling resistance torque (N.m)

t) Road slope angle (deg)

(
T, (t) Brake torque (N.m)
(t) Engine torque (N.m)

x(t) Longitudinal acceleration of the vehicle (m/s?)

Linear longitudinal speed of the vehicle (m/s)

= (t) Aerodynamic drag (N), related to the center of
2 the wheel

Table 1: Notations

At last, we assume that the motor has a first order
dynamics on the torque, with a time constant 7 :

¢, (t):%(—Ce (t)+u(t)) (30)

where u(t) is the torque setting point.

The objective is then to ensure that the distance
between the leader vehicle and the following vehicle
remains close to a desired distance:

dist (t) = d +ex(t)+ fi(t)’ (31)
(29), (30) and (31) can be written into the form of a
state space model:

~(a+bx(t) 1 0
x(t)= “ “ (1) (t)
0 1 = (32)

y(t)=[e+f(t) 0]x(t)
with the state vector X (t)=[x(t) Ce(t)]T

The control objective is then to ensure that the output
y remains close to Ax—d .

The model (32) can be written as a Takagi-Sugeno
model using the sector nonlinearity property (Tanaka
& al. 1998) (Taniguchi & al. 2001). In our case, the

non-linearity involves the vehicle speed x(t), which
is a bounded variable %(t)<e[0,V] and the obtained

TS model (33) will exactly represents the nonlinear
model (32).

X(t) = z h, (t)(A%(t)+Bu(t))

n (39)
y(®) =2 h ()CX(1)
with n,(6)="U (-0 B.’:B’—(l)
\7 1 2 \7 ' i =
T
a1 (a+bv) 1
r_ a [24 r_ [04 (04
S -5 q)
T T

C/=[e 0] and C,=[e+fV O]

The considered control law must ensure stability but
also rejection of slow varying disturbances (road
slope, etc.), therefore a control law with integral
action is considered (Guerra & Vermeiren 2003):

u=[-F! Mh]{f}zﬁ[i} (34)

| XI

M X + :
°+ | SN VS (1) Vehicle >

Il x

RX(t)

Fig. 3: control law with integral action

Let %, =y, (t)— y(t), the system can be written as:

% (t)= A X (1)+ Bhu(t)J{?j v, (1)

y(t)=C X (t

o | X A 0 o |B
where: X_LJ, A‘_{—Cg O] B_Bh_{o},

and C, =[C, 0].
Considering the longitudinal model (32) with
uncertainties on the parameters «, a and b, and the

control law (34), the following uncertain model is
obtained:

(3%)

—-a-bv 1

a1l =0
o [24 [24 24
A=l0 Lo, A=l 0 Lol
T T
- 0 0 -e-fv 0 0]
0 —A, A, 0]
B,—B,-B=|1], A=l 0 0 o,
T
0 0 0 0f
“A,—AV A, O C.<[e 0 0]
AA, = 0 0 0},
0 0 0 C,=[e+fv 0 0]
AC, =AC, =0 and:AB=0



Defining A, =A,-Av, (t),
Ay =A,-Av,(t)  such  that
ie{1,2,3}, then:

A, =A,-Av,(t) and
Av, (t)e[-11],

111
Ha, =Ha,=|{0 0 0},
000
0
Aa, (t 0 |
Avg(t)
Zlo 0 A O
Ea1=—ZZOOandEa_—ZZ 0 0f.
0 0 0 -AV 0 0

The vehicles parameters are given table 2. The LMI
region R was defined by 1=5, p=50 and
$=2.35rd . Considering the following uncertainties
bounds A, =7e®, A,=1e°, A,=4e® and
parameter values defined in table 2, some possible

linear models poles locations of the TS model are
shown figure 4.

a 480 kg.m e 1s

a 17.45 kg.m/s d 2m

b |0.019 kg f 0.02 s/m
T 0.05s v 30 m/s

Table 2: Numerical values for the parameters

Using the presented LMI conditions, the following
gain matrices were obtained for the PDC control law:

F =[257-10° 1.98], M, = -1.052.10°
F,=[267-10' 215], M, = -8.35-10'

3.07-10° -1.64-10° 3.70-107°
X =|-1.64-10"° 0.18 -8.15-10”7
3.70-10™ -8.15-10" 6.95-10™"

The gains are quite important, this is due to the
different signals scales (10 for the control, 10" for
the spacmg error, 10" for the speeds).

Fig. 4: closed- Ioop Ilnear models poles location as a
function of parameter’s variations.

2.2 Simulation results
The initial conditions were 5m/s for both vehicles.

The wheel torque was limited to +600 Nm and
—400 Nm . In order to illustrate the robustness of the
proposed control, at time t=60s, the controlled

vehicle parameters are changed to o =721.19 kg.m ,
a=26.18kg.m/s and b=0.01kg .

The leading vehicle speed is not realistic, but it has
been chosen to emphasize the dynamics of the
controlled vehicle. Both the leading and the
following vehicle speeds are shown figure 5.

Fig. 5: Vehicles speed (simulation)

The spacing set point is a function of the following
vehicle speed, figure 6. The initial tracking error is
due to the initial conditions. During normal operation
and despite the parameters changes, the spacing error
does not exceed 5% .

‘Spacing distance(m)

Time (5)

Fig. 6: Spacing error (simulation)

The wheel torque is represented figure 7. The vehicle
mass and aerodynamic drag being increased at time
t=60s, the torque required to ensure the same

vehicle dynamic increases significantly.

Fig. 7: Wheel torque (simslsation)

2.3 Real time experiments

The experimental apparatus consists of one electric
vehicle that follows a virtual leading vehicle. The
spacing distance between the actual vehicle and the
simulated one is computed by integrating the speed
difference between both vehicles.

The following vehicle was driving on a straight lane
until time t=120s. At time t=120s, the vehicle

follows a traffic circle, and therefore important



lateral effects that were not taken into account in the
model occur.

The leading vehicle speed profile was similar to the
simulation one, figure 8.
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Fig. 8: Vehicle’s speeds (experimental result)

Real time results are quite similar with the
simulation ones; the tracking error is less than 5%

(figure 9).

&)
e (5)

Fig. 9: Spacing error (experimental result)

The wheel torque was estimated using motor current
sensing. The wheel torque evolution is quite similar
to the simulation results. At time t=120s, the

traffic circle induced disturbances that were rejected.

Fig. 10: Wheel torque (experimental result)

4. Conclusion
LMI conditions for robust pole placement in a LMI
region for Takagi-Sugeno models were presented.
Despite the fact that the closed loop dynamics can
not be exactly specified by such a method, it is still a
simple way to tune it.
The obtained conditions were applied to the spacing
policy of an automated vehicle. Real time results
were in accordance with simulation data.
On one hand, future work will be devoted to the
extension of pole placement in a LMI region for
PDC control with an observer and on the other hand,
an experimental sensor will be tested in order to
control both longitudinal and lateral dynamics with
two real cars.
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