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Abstract. The method of unmodelled disturbance decoupling compensator (DDC)
design for multivariable systems is proposed using the unknown-input observer
(UIO) technique. The inverse model-based DDC equations were founded in explicit
form; at that, it has been shown that the disturbance estimation may be eliminated
from the control law, if founded system structure non-singularity condition takes
place. For the case, when such a condition is violated, the realizable form of the
DDC with internal small time-constant dynamic filter is proposed. Because the slow
motion in obtained closed-loop two-time-scale system coincides with the processes
in the system with ideal disturbance compensator, if the fast motion is stable, the
DDC design problem was reduced to robust stabilization of singularly perturbed
system. Copyright © 2005 IFAC
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1. INTRODUCTION

The problem of unknown and unmeasurable distur-
bance decoupling (DDP) in multivariable systems
along with reference signal tracking is one of the
most important in control theory. Because
uncertainties of the plant may be treated as a
parametric disturbance of nominal plant model, the
DDP is closely connected with general problem of
robust control. The conditions of the DDP solvability
were stated by Basile and Marro (1992).
Nevertheless, in spite of the existence of general
solution of the in term of invariant subspaces, the
DDC state-space realization is of a great interest.

Recently in such a way a number of model-based
control methods have been developed for disturbance

rejection in multivariable systems taking into account
the requirements of accuracy, dynamic performance,
stability and robustness. Most of them are based on
the utilization of current information about
disturbances, obtained by the direct or indirect
measurements. Such an approach is realized in
control structures known as "two-degree-of-freedom
controllers" (TDF) (Wolovich, 1995) and may be
treated as combined feedback and feedforward
control. The corresponding design methods using the
various types of plant and disturbance models, so
called Internal Model Control (Morari and Zafirov,
1989, Tsypkin and Holmberg, 1995) are very popular
in robust control theory. However, in most practical
applications the typical situation is characterized by
the lack of a priory information, which is necessary
for disturbance modeling and identification.



In this paper the disturbance decoupling compensator
(DDC) design method for multivariable systems with
incomplete measurements is proposed using the UIO
technique. The design procedure includes two steps:
disturbance observer design and disturbance
compensator design. It has been shown, that if certain
type of system structure non-singularity conditions
takes place, the disturbance estimation may be
eliminated from the control law and DDC equations
are obtained in the explicit form. For the case, when
such a conditions are violated, the proposed
realizable form of the DDC includes additional
internal dynamic filter with small time constant.

2. PROBLEM STATEMENT

Consider a linear multivariable system with
unknown state-dependent disturbance, described by
the state-space model

X(t)= Ax(t)+ Bu(t)+ Nf (x(t).t),

1
Ve(1)=Cx(t), yu(t) = Mx(t), O

where x(t)e R" - state vector , u(t)e R" - control
action, f(x(1),t)eR?, |f(t)|<c; <o - unknown

restricted disturbance, y.(t)eR", y,(t)eR? -

output  controlled and measured
respectively. It is assumed, that

variables
rank B=m,

rankC =7, rank N =¢, rankM = p.

Matrices Scg (0 ) = CA* B, Sy (0 ) = MA2IN
are known as Markov parameters of system (1), and
the minimal integers oy,a,, so that Scg(a;)#=0,

Syn (o) #0, are known as a relative orders of
control and disturbance transfer functions.

Let the following assumptions take place:

(a) rank B =rank Scg(o; ) =7,

2
(b) rank N <rank Sy, (a, )= p. @)

Without loss of generality for simplicity reason it
will be assumed that o; =0, =1 and notation

SCB(I):SCB’SMN(I):SMN is used.

The problem under consideration is to find the
control low u('t), so that the controlled output y:(t)
satisfies the reference model equation
j/z(t)zA*y:(t)+yref(t) along with disturbance
f((x)t) decoupling. Formally, the control goal is

lim [le.(t)]I< e, tow , wheree” - pre-established

sufficiently small constant, ec(t)zy:(t)— V() -
control error.

3. DISTURBANCE OBSERVER DESIGN

The first step of the proposed DDC design procedure
is the state and disturbance reduced-order observer

design using UIO approach (Hou and Mueller, 1992).
Let z(t)=Rx(t)e R"P be the aggregated auxiliary
variables, where R is the suitable appropriate

aggregate matrix, such as rank(M T : RT ) =n. Then

the state vector estimation may be obtained as
follows:

X(1)= Py, (t)+0x(1), 3)
where matrices P € R™? ,0 € R™" ™7 are defined as

MP=1, RQO=1, ,, PM+OR=1,,

MQ =0 RP=0,_, ,.

“

p.n—p’

The estimation x(¢) of aggregated vector z(t) is
given by minimal-order UIO

X(1) = FX() + Gy(t) + Hy, (1) + Gou(t). (5)

The UIO parameters are determined from generalized
“disturbance invariance conditions” (Hou and
Mueller, 1992)

(R—HM)A—F(R—-HM) = (G, + FH)M,

_ — — (6)
RN —HNM =0,Gy —RB+ HMB = 0.

If assumption (2b) takes place, a solution of (6) may
be obtained as
F =Ry AQ, Gy = (R— HM)B, G, = RII y AP, o
H = RNS}y. Ty =1, - NSiyyM,

where "+" denotes Moore-Penrouze generalized
inversion, and matrices P, 0 are uniquely

determined by R . Using the disturbance estimation
f(t)=N*(3(t)= A(t)= Bu(t)), @®)

one can obtaine the minimal-order state and
disturbance observer (SDO) equation in the form of
system (1) inverse model (Lyubchik, 1995)
X(t)=RITy AQX(t )+ RITy APy,,(t)+
+RNS N ¥ (t)+ RITy Bu('t),

(€)= Cy (9 (6) = MAQE(t) = MAPY,, (1) -
- Sypu(t)), ©
CN :S]-&N+N+PQN, QN :Ip_SMNS]TlN'



The estimation errors e, (7)=x(t)—x(1),

er(t)= f(x,t)—f(t) are given by the equations:

e (1)=F(R)e,(t), e.(t)=0Qe.t),

_ _ (10)
er(t)=—CyMAQe,(1).

and its dynamic properties is determined by tuning
matrix R selection.

Concretely define the matrices P ,Q choice

R O

(7 Q):(Pz 0,

j’PI :]pl Q] :Op,n—pl (11)

then R = Q5" (—P2 | In_p) and B, Q, are arbitrary

matrices, so that det O, #0.

For system (1) block matrix representation
Ay A NY
A=  M=(1, 0,.,,) N=
Ay Ay N2 )
the observer dynamics matrix has the form:
_ 1= _
F(R)=0; (Azz _P2A12>Q2’
A =Qp A, Ay = Ay —NyNT 4y, (12)

QN] :Iq —N1N1+.

Thus the defines the
transformation and doesn’t change the spectrum of

matrix (O, similarity

F(R), which determined by arbitrary matrix
P, € R"P*P  The last one may be chosen by pole-

placement method if pair (222, le) is observable.
Such a condition is equivalent to observability of
matrix pair ([Iy,M) (Hou and Mueller, 1992).
Therefore, the aggregate matrix R is determined up
to an arbitrary nonsingular matrix O, .

The observability condition is obviously violated in
the case when p=g. At that, Qy =0 and F(R)

doesn’t depend from P, . In such a case for the

tuning properties guarantee it is expediently to use
the so-called ,regularized” UIO (Kostenko and
Lyubchik, 1996), which ensure the approximate
observer invariance with respect to the unknown
disturbance:

|&N —FCN| +v || - min, (13)
H

where v >0 is a small regularization parameter. In

such a case

— -1
H(V):RNST(V1q+SMNSMNT) , (14)
Hy(v)=1,-H((v)M

and regularized SDO design problem solution may be
obtained in the following form:

F(v)= 4 (vV)=PQy (v) 42,

Ay (V)= 4y = No¥p (V) 42,

Wy (v)= N (vlq+N1NlT), (15)
Qu v)=1, - NN, (vlq + NN )_1 -

T -1
:v(v1q+N1N1 ) .

The estimation errors for the regularized SDO are
given by the equation:

G (t)=F(v)ey(t )+vRN(qu +Syy Say )_1 fix.t),

ep(t)=—N"(PQy(v)+Hy(v))MAQe,(t)+  (16)

-1
wN* (I, —PM)(qu +SMNTSMN) f(xt)

4. DISTURBANCE COMPENSATOR DESIGN

The disturbance compensative control law may be
obtained using reference signal and disturbance
estimation in the form of TDF controller. In the case
of “square plant” ( » = m ) under the assumption (2a)

U (1) = SCh( Yrep (1)+Ca3(t) = Sen £ (1)),
Cy=A"C-cCA

(17

where A is a reference model dynamic matrix.

It is easy to show, that if the following system
structure non-singularity condition takes place

_ _ I SchS
rank S =m+q, S=| '™ CBECN | (18)
CnSus I,

or equivalently, det ® #0,® =1, —CNSMBS&;SCN ,

disturbance estimation may be eliminated from the
controller equation and DDC will be obtained in the
form of TDF controller. For example, in particular
case, when Sc =0, the DDC equations are:

X(t) = FOX(t)+ RIIy A (PQy + H )y, () +
+RHNHByr¢f(t)a (17)



* — _—
U (1) = SCh( Vrep (1)+ C40% (1)) +
+ScpCa(PQy +Hy )y,u(t)),
FO =Ry A°0, A°=4+HyC,,
-1
Hp =BScp, Hy =NSyy.

(19)

In many practical applications conditions (18) are
usually violated. In such a case the realizable control
law may be obtained wusing the disturbance
estimations, dynamically transformed by the internal
"fast" filter with small parameters:

W (1) =Sch(y*(t)+Cyi(t)=Scn f(t))

B - . (20)
ef()==f()+(1-p)f(1),

where 0 <g <<1, 0<p<<1 are the filter parame-

ters. Taking into account, that SE};SCNCNSMB =1,

if ®=0, it easy to obtain the resulting equations of
DDC with internal "fast" filter:

gii(1) = —ii(t)+ (1= p)(@1(1)+ SchScn®a(t)).
(1) =0(1)+@(t), @1)
O1(1)=SCp( Vyer (1)+ C43(1)),

92(1) = Cy (I (1)~ MAQR()~ MAPY,, (1)).

If system structural matrix S is nonsingular, the
control law (17) may be directly applied and closed-
loop system equation is:

i(t) = A°x(t)+ HgNf(1)+ Hpy,pr (1)+ Ley(t),

(22)
A’ = A+HyC =TIzA+HzA'C,

where L is a certain matrix. Taking into account that

cA®=4"c , it is evident, that for p > ¢ control goal
is achieved, if closed-loop system (22) is stable.

For nonminimum-phase transfer function of systems
(1) control channel, the closed-loop system matrix

A° is unstable and problem of closed-loop system
stabilizing arises. The usual state feedback

u(t)= u*(t)—Kfc(t) doesn’t change the spectrum of
AO, because [1z(A+BK)=0. In such a case in

accordance with local optimal control (LOC) method
(Kelmans, et al., 1981) the control signal should be
found by the local control criteria minimization

A 2
Vrep (1)+ Cadi(t)= Scpu(t)=Scn J (1) +

(23)
+B Jut )| - min

coefficient. The

where B>0 is a weight

corresponding local optimal control law is given by

up ()= Dy (B)(yrer (1) + Cadi(t)=Scy f (1)),
(24)

“1
Dy (B) :(Blm +SgBSCB) Ses.

or up (1)=D(B)Scpu (1)
From (23) the equation of closed-loop system follows

X(t) = Ay(B)x(t)+BD(B) yper (1) +
g (B)Nf(x.2)+ Lgey(1),
Ay(B)=A+BD(B)C,=15(B)A+BD(B)AC,
z(B)=1,-BD(B)C.

(25)

Using the control u(t)= u' (t)—Kx(t), one can find

-1
Ao(B.K)=Ao(B )~ ByK, By = BB(BL,, +SCsScs)
and system (22) may be stabilized, if the matrix pair
(AO( B) Bg ) is controllable. Finally,

* -1 u
(1) = A'e(t)=BScs(Blu+SEsScs) u'(1), (26)

and control goal is achieved with 8*( B).

For the system with structural singularity, when DDC
with "fast" internal filter is used (20), the closed-loop
system equations are given by

(1) = A°(t)+ Nf(x(1),t)~ HgScn f (1) +
+HByref(t) + Lex(t)r

ef(t)=—F(t)+(1=p)f(x(t)t)-
~(1—wes(1).

27)

The closed-loop system (27) has the structure of two-
time-scale system. The slow motion under € =0
coincides with the process in system with ideal DDC
(22), and the fast one satisfied the dynamic equation:

E(e )x(t)= A1)+ B f(%(t)). (28)

Iy 0 w0 _[ 4" —HpScy
E = A =
() [ 0 quJ’ [O 7 ,

an q
~0 N
#<{0-wn)

So the fast motion stability problem is reduced to the
robust stability analysis of system (27), (28), which
may be performed by known methods (Shiljak, 1978;
Lunze, 1988). For the particular case of linear state-
dependent  uncertain  parametric  disturbance



f(x(t)t)=A,x(t), where A, ||A ||<cy is the
system (1) dynamic matrix perturbation, the closed-
loop system matrix is
A"+ NA,
-1
e (1-p)Ay

-HpScn

AQcay)= . (9)

-1
—€ Iq

and fast motion stability analysis is reduced to the
linear robust stability problem:

Re LA (A<, ([Ayll<cy, (30)

which may be solved by suitable technique (Morari
and Zafirov, 1989).

5. EXAMPLE. SUSPENSION CONTROL OF
MAGNETICALLY LEVITATED VEHICLE

As an example of proposed approach consider the
robust suspension control of magnetically levitated
system. The simple linearized mathematical model of
electromechanical system was taken in the form:

5)) (0 1 0 0)x)) (0 0
H)| [0 0 1 hix)| |0 0
)| |~a —a —a 0| x(t) i b i)+ 1 f2(1)
fic)) Lo 0o 0o vi\fw) \o 0
Vo(t)=3(1), ym()=3(t), Vi(t)=X(1)

(1)

where x,(¢) - levitated body deviation, x,(¢) - body
velocity, x,(¢)- current in electromagnetic control
device, fi(t)=0(?)
fo(@®) = f(x(t),u(t)) - internal "fast" disturbance,

- "slow" input disturbance,

2(t) = vz(t), o) = hz(t), v<0,

32
10 = AL0x(t) + Apu(), 32

where A,, Ay - an unknown functions, which

characterize the system's non-stationary parameter
variations.

The control problem under consideration is the
following: using the measurements y. (¢)=x,(¢),

y,z,, (t) = x5(¢), find the control function u(¢), so that
the controlled output y.(¢)=x(t) tracks the signal,
generated by the 3-d order reference model

P+ Wi W oy m=0.  (33)

In accordance with the proposed technique, the
disturbance compensating control law as a function
of disturbance estimations was determined as:

u(t)=-b""(C (1) +¢(t)+ f(1)),
G(t)=ap(t)+9(1),
éA =aCy +0,Co A4y +(12C0A02 + COAS =

= (_ao +a0 _al +(11 _az +(X,2)

(34

The realizable form of controller with "fast" filter is:

eii(t) =—pii(t)~b" (1= )(1(t)+15(t)),
w(t)=ii(t)=b"'r(t),
H(1)=Ci(t)+G(1), n(t)=fo(t)

(35)

For the augmented system with state vector
(x5 (@®),x,(t) =@(t)), corresponding state vector
estimaties are obtained by the reduced order UIO:

X (1) ==X (1) + By (1) + (M oh =1 )y, (1) + vy,
Xy(1) = —TyX, (1) + V(1) + (T oy =Ty )y, (1),
X(1)=yu(1),

B (1) =%(1)+713,,(1),

Xy(1)=yp(t),

34(1) =Ty (1) + T3y (1),
(36)
where | T, - observer tuning parameters.

Disturbances  estimations  obtained by the
combination of PI and UI observers are:

Pt)=%4(t)=Xo(t)+T} (1),
Pt) =T+t Sy )+ (1),

FO=fyt)-but), foft)=a(t)+(ay+am v +ayp+ip(t)
(37)

The final DDC equation with internal filter are:

(1) =)+ )+ T () Y
Xoft)=—T0y%(t) Tt
gii(t) =—i(t)~b" (1= 1) f(cy ~my B2 +oo(t)+

(gt 0ty ~Tt —0lg —T )y )+~ 1)yt
u(t)=ii(t)-b" [(04—a i (t)+ou(t) it +inft)]
Y1 =0 04Ty —0 —dy—amy — b (1=,
Yy=0y—ay—€ b (1)

(38)

Simulation results, presented in Fig. 1-3, were
obtained for ay =1,a; =2,a, =2,b=1,h=1,v=0
plant parameters and o =6,0y=11L0, =6
reference model parameters. Disturbance fi(t) was

simulated by step wave function, and disturbance



fr(t)=06 (t)(eT x(t)+u(t)),0 (¢) =sin(0.5¢) .  Tuning
parameters of DDC are n; =—1,t, =-2,and internal
filter parameters are € = 0.1, L =0.01.

Fig.1. Controlled output y.(¢) (feedback control).

b)
Fig. 3. Control function u(f) (a) and output
controlled variable y.(¢) (b) under the DDC.

Simulation results demonstrated high accuracy
unmeasured disturbances rejection in closed-loop
system with DDC.

CONCLUSION

The new type of control structure for unknown state-
dependent disturbance decoupling in multivariable
systems was obtained. It is shown, that DDC design
using UIO approach is reduced to the problem of
robust stabilization of singularly perturbated system.
It has been shown that if the fast motion in the
closed-loop system is stable the slow one coincides
with the processes in the system with ideal
compensator. The resulting controller’s equations
don't include the disturbances estimations and the
designed DDC has the structure of multivariable PI-
controller with small parameters. Designed DDC
ensures unknown disturbance rejection with high
accuracy and has a good robust properties concern
the plant’s model and parameters.
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