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Abstract: The observability of discrete linear time-varying (LTV) systems with norm-
bounded parameter uncertainties is analysed in this paper. Like in continuous case
(Chung, et al., 1999), the sufficient conditions, which ensure the observability of the
uncertain system, are proposed. In discrete cases, reconstructibility is no longer
equivalent to observability, which results in the different form of equation in the
observability conditions. The proposed conditions allow the evaluation of the
observability for the discrete LTV systems with norm-bounded parameter uncertainty.
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1. INTRODUCTION

Previous studies on the robust stabilization of
continuous linear systems with norm-bounded
parameter uncertainties have also extended into the
realm of discrete linear systems (De Souza, et al.,
1993; Garcia, et al., 1994; Xie, et al., 1991; Xie, et
al., 1994). For the discrete cases, somewhat different
robustness results are obtained due to the difference
in the nature and the structure between continuous
linear systems and discrete linear systems.

The study on the robustness of observability for
continuous linear time-varying systems (Chung, et
al., 1999) can also be extended for the discrete linear
time-varying systems. Unlike the continuous cases,
the observability and the reconstructibility are no
longer equivalent for discrete linear time-varying
systems. Therefore it is expected that the conditions
that ensure the observability in discrete cases are
different from those of Chung, et al. (1999).

As related study, Moheimani, et al. (1996) proposed
necessary and sufficient conditions for the robust
observability of discrete systems. Although the

systems and assumptions on uncertainties in
Moheimani, ef al. (1996) are similar to current paper,
it seems that the definition of the robust observability
and the results proposed are quite different.

In this paper, sufficient conditions for observability
of discrete linear time-varying systems with norm-
bounded parameter uncertainty are studied. The
formulation of the norm-bounded parameter
uncertainty for discrete linear time-varying systems
is similar to that of the continuous case. Because of
the inherent differences between continuous linear
systems and discrete linear systems, different results
for the robustness of observability are derived.

2. PRELIMINARIES

Consider the discrete LTV system.

x(k +1) = A(k)x(k) + Bk)u(k)

()
y(k) = Ck)x(k),x(ky) = x,

where A(k),B(k), and C(k) are nxn,nx p, and
mxn matrices, respectively. The each element of



A(k),B(k), and C(k) is assumed to be a real and
bounded function of k. x(k),u(k), and y(k) are the
state variable vector (nx1), the input vector (px1),
and the output vector (mxl) of the system,
respectively. If @(k,k,) is the transition matrix for
x(k+1)= A(k)x(k), then the solution of the linear
time-varying system (1) is given by,

x(k) = Dk, ky)x(ky) + i@(k,i +1)B(i)u(i)

i=k,

2
k> k,.

The observability of LTV systems represents the
ability to determine the state variable using the input
and output of the system. It can be described using
the concept of reconstructibility. The state x, at k,
is said to be unreconstructible on [k, k,] if and only
if the zero input response for the LTV system (1),
which corresponds to the state x; at k,, is zero on
[k,,%,]. The discrete linear time-varying system (1)
is reconstructible on [k, .k, ] if and only if the zero

state is the only state that is unreconstructible on
[k,.k,] (Callier and Desoer, 1991). Unlike the

continuous cases, the observability and the
reconstructibility are no longer equivalent for
discrete linear time-varying systems unless A(k) in
(1) is nonsingular for all & . Since the condition that
A(k) is nonsingular is too strong, we will not use the
concept of reconstructibility and only reside in the
concept of observability.

Consider the following linear map 3, from R" to

'Tko k15

3, (x)(k) = C(k)YD(k, ky)x.x € R

3
k elky.k ] ©)

3, is referred as the observability map. The LTV
system (1) is observable on [k,,.k,] if and only if
3, 1s injective, which means 3, is a one-fo-one
map.

In the following sections, the robustness of
observability for discrete LTV systems under the
presence of norm-bounded parameter uncertainty is
studied using these concepts.

3. THE ROBUSTNESS OF OBSERVABILITY

The robustness of observability for discrete linear
time-varying systems can be obtained in similar
manners to that of continuous linear time-varying
systems (Chung, et al., 1999). In this section a
discrete linear time-varying system is considered
with norm-bounded parameter uncertainty in its
system matrix such as,

x(k+1) = (A(k)+ H(k)F (k)E(k))x(k)

- 4)
y(k) = C(k)x(k)

where H(k) and E(k) are real matrices with
appropriate dimensions. It is assumed that F(-) is the
actual norm-bounded parameter uncertainty such as,

FT(k)F(k)< p*IVk. (5)

In order to study the robustness of observability for
the discrete linear time-varying system (4), consider

the linear map 3, from R" to [;'[k,.k,], such as,

So()k) = C()D - (k, ky)x

, (6)
xeR" kelk.k ]

where @, (k, j) is the state transition matrix for the
system matrix A(k)+ H(k)F(k)E(k) . The discrete
linear time-varying system (4) is observable on
[k, .k, ] if and only if the null space of the linear map
3, from R" to IJ'[k,.k,] is only the zero state. The

following lemma is used to obtain the conditions on
the robustness of observability for discrete linear
time-varying systems.

Lemma 1: The state transition matrix @ (k, j) for
the system matrix A(k)+H(k)F(k)E(k) in (4),
where F(k) is an arbitrary norm-bounded parameter
uncertainty, can be expressed as follows.

(k. )
o ke ™
= Ok, j)+ TOk,i+ DHDF DE@DD, (G, j),
k>,

where @(k, j) is the state transition matrix for the
system matrix A(k).

Proof: 1t is proved by the mathematical induction.
Suppose that k= j+1 . Using (7), ®.(j+1))
becomes,

Q. (j+1))= AN+ H(NDF(DEQ) ®)

Hence (7) holds for k = j +1. Assume that (7) holds,
then

Dk +1, j)+ zk: Ok +1,i+)VHGOF)EGD 1 (i, j)

i=j

= A(k)®(k, j)+ kzi Ok +1,i+D)HGFOEGD, (i, /)
+HF(R)ER)D 1 (K, )
= AP - (k, )+ H(K)F(R)E(K)D - (K, /)
=@, (k+1,/)
©)



which implies that (7) holds for £ replaced by k+1.
Q.E.D.

Based on the lemma, the following theorem provides
the sufficient condition for the robustness of
observability for discrete linear time-varying systems.

Theorem 1: Suppose that the linear time-varying
system (4) is observable on [k,,k,] when F(k)=0,
Vk €lky,k,]. Then it is observable on [k,,k,] for

all norm-bounded parameter uncertainty that satisfy
(5) if the condition (10) holds.

"*ZI(WO‘[ko,kl]CDT(i+1,kO)WO[i+1,k1]] »
ik \- H@OFOE@P - (i, ko) 5
VET (K)F (k)< p’ Lk e[k, k, -1,

(10)

where ||||l , is the induced 2-norm. @ (-) and ®(,)

are defined in the lemma 1 and W[k, k] is defined
as

Ky
Wolke,ki1= D @ (i,ky)CT (HC(HD(, ky) -

i=ky

Proof: For an arbitrary nonzero x, €‘R" and an
arbitrary norm-bounded parameter uncertainty F(k),

consider the following linear map on [k, k,],
Sp (%) (k) = C(R)D - (k, ko )xo k€ [koky ] (11)

Consider the following matrix summation,

> D7 (i,ky)CT ()3 (2,)(0) (12)

i=ky

Then using lemma 1, it becomes

> D7 (i,ky )CT (1)3 5 (x,)(0)

= SO k)T DCD ), (13)
N i il [d)T(i,ko)CT(i)C(i)d)(i, j+1)]
H(DF(NENDD 1 (f,k¢)x,

i=ko+1 j=k,
(13) can be expressed as

k

2O (ko )CT (DT (x,)(0)

i=k,

=S 7 (k)T (DCDDG k)7,

i=k,

-1
+ D DT (j+1,k,y)

J=kq

(14)

& (CDT(i, J+DCT(HCH) DG, j+ 1)]
HDEDEGDP (5 K)X

i=j+1!

Using W, [k, k,], (14) can be expressed as

iCDT(i»ko)CT (D3 p (x) (@) = Wolko, ki 1x,

ik,
+ = (DT(j +Lk)Wolj+ Lk 1H())
i FDEND (f,ky)x,

(15)

Since (4) is observable on [k,,k;] when F(k)=0
for k €[k, k,1, W,[k,,k,] is nonsingular. Thus (15)
can be rewritten by,

ky
D W5 ey 107 1,k )CT (1) T 4 (x,)() =

i=k,

. "*I(Wo“[ko,kl]cbr(j+1,ko)W0[j+1,kl]J i
S HDFDEGD® (oK) '

(16)

Suppose that the linear time-varying system (4) is
unobservable for some norm-bounded parameter
uncertainty F|(-) that satisfies (5). Then there must

exist nonzero vector state x, € " such that
g (k) =0,k €[ky k] (17)

Using (16) and (17), the following relation must hold.

Wy T ke 1O (f + Lk W[+ 1,k,]
+ Z . . x =0
- HF,(J)E® . (. ky)

J=ko
(18)

The relation (18) contradicts the condition (10).

Q.ED.

Theorem 1 provides the sufficient conditions that
keep 3, () injective. It can be further extended by

the following theorem.

Theorem 2: Suppose that W (k,.k,) and W (k,.k,)

satisfy the conditions (19) for some positive & and
. If ¢f <1, then the sufficient condition (10)
holds.

W, (kyk) <’
VE" (k)F(k) < p*Lk €[ky,k, —1] (19)
Wy (koky) < 21

where W (k,,k,) and W, (k,,k,) are defined by,

-1
Wy (kok)) =Y (i k) ET ()FT ()F ()EGD 1 (i, ky)
WE (k0:k1) =
WA W kg ke 10T (i + Lk W, i + Lk, 1H (i)
i=ko \ HT(i)Wo[i + l’kl ](D(i + Lko)Wél [kO’kl]

(20)



Proof: Suppose that for an arbitrary nonzero
x, € R", define u(k), such as,

u(k) = F(K)E(K)® . (k,ky)xy.k €[ky, b, —1]  (21)
From (19) and (20), the following must hold.
Wl = x5, (t.)xy < 0|, (22)

Using (21), assume the following.

k=1
Yo = D W' Tk k1O (i + 1,k Woli + 1,k 1H (iu (i)

i=ky

By the property of discrete linear operator’s induced
norm, the following can be obtained from (22).

0|2 < 24 W ot W2 < B2l (23)

Combining (22) and (23), the following can be
derived.

vol; <@® Bl 24)

Since (24) holds for an arbitrary nonzero x, € R"
and aff <1, the sufficient condition (10) in theorem

1 holds.
Q.E.D.

The computation of the upper bound matrix for
W (k,.k,) is shown in the following theorem.

Theorem 3: Suppose that the linear time-varying
system (4) is observable on [k,,k,] when F(k)=0,
Vk €lky,k,]. Then it is observable on [k,,k,] for

all norm-bounded parameter uncertainty that satisfy
(5) if the following conditions hold for a number
sequence £(k).

P W (o )y W5 (ko Y, (e W (K, ) < 1
(25)
e(k)I > H (kYW, (k +1)H (k)
Vk=k -1,k =2, k, (26)

where W,(-),W,(-) and W,(:) are the solutions of the
following matrix difference equations.

W, (k)= A" (k)[W,(k+1)+W,(k + 1) H (k)
Le() I = H" ()W, (k + )H (k)]
H" (k)W (k +D]A(k) + (1+ p*s(k)E" (k)E (k),
Wl (k1) =0

(27)
Wy (k) = A" (k)W (k +1)
+ W, (k + 1) H (k) H" ()W, (k +1)]4(k), (28)
W,(k)=0

Wy (k) = A" ()W, (k + DA(K) + CT (K)C(k),

W,(k,+1)=0 (9)

Proof: For an arbitrary parameter uncertainty F,(-)
that satisfies (5), define W, (-)

W, (k) = qu)?o LOE"(DE@DD,, (k) (30)

i=k
Then the following must be satisfied.

Wi, (ko sk)) < p*W, (ko) 31

where W, is defined in (20). Wl(ko) can be
expressed as the solution of the following matrix
difference equation.
(k) = [A(k) + H(K)F, () E(R)TT
W (k +D[AK) + H(k)Fy (k) E(K)] +E" () E(k),
171(1(1) =0.

(32)
Since W,(k +1) in (27) is a symmetric positive semi-

definite matrix, there always exists W;'*(k+1)
which is also a symmetric positive semi-definite

matrix. The following equation holds for the matrix
differential equation (27).

AT (kYW (k + D H (k) F, (k) E (k)

+E"(k)F,} (k) HT ()W, (k +1) A(k)

+ET(K)Fy (k)H" (k)W, (k + ) H (k)F, (k) E(k)

< A" ()W, (k + V) H (k)[ (k)]

— HT (W, Gk + DH T H ()W, (k + 1) ACK)

+ P 8K E (R)E(K)

(33)

Since the inequality (33) holds for arbitrary norm-
bounded parameter uncertainty F'(-) that satisfies (5),

the matrix difference equation (27) can be expressed
as follows.

W, (k) =[A(k) + H (k) Fy () E()]
Wy (k+DLAK) + H (k) Fy (k) E (k)]

- (34)
+ ET(K)E(k) +W, (k)
VVl(kl) =0
where W,(k)>0, k=k —1,k —2,---,k, . Define

AW, (k) =W, (k) - Wl(k) , then the matrix difference
equation AW,(k) becomes,

AW, (k) = [A(k) + H (k) Fy () EGR)JAW, (k +1)

AT () + ET (R FT (R H (k)4 7, (), (35)
AW, (k) =0



Hence AW,(k,)=0 . For all norm-bounded

parameter uncertainty that satisfy (5), the following
is satisfied.

W (ky.k) < p*W,(k,) (36)

Furthermore it can be shown that W (k,.k;) can be
expressed as,

Wy (ko ’kl) = W37] (ko)Wz (ko )W;] (ko) 37

If the conditions (25), (26) are satisfied, the sufficient
conditions in theorem 2 are satisfied.
Q.ED.

The number sequence £(k) can be arbitrarily chosen
as long as it satisfies (26). Note that when W, (k +1)

becomes nonsingular, more compact form of the
difference equation is available, which can be
obtained by applying the matrix inversion lemma to
the matrix difference equation (27).

Wi (k)= A" ()W, (k+1)

1 T -1
—%H (K)H " (k)] A(k) (38)

+(pe(k)+ DE" (K)E(k)

Note that these matrix difference equations are
backward equations. The forward equations for the
robustness of observability for general discrete linear
time-varying systems cannot be obtained using the
concept of reconstructibility because, as previously
mentioned, reconstructibility is no longer equivalent
to observability in discrete cases unless the system
matrices are always nonsingular. In order to apply
the concept of reconstructibility, the system matrix
A(k)+ H(k)F(k)E(k) must be nonsingular for all

k and for all norm-bounded uncertainties that

satisfy (5) under the given norm bound. Hence the
forward equations for the robustness of observability
are relevant only for a specific kind of system, only
when the nominal system matrix is nonsingular and
the norm-bounded parameter uncertainties do not
violate the nonsingularity of the system matrix. Since
the forward equations have limited usefulness, only
backward equations are considered in this paper.

4. EXAMPLE

Consider the following discrete linear time-varying
uncertain system.

0 1+ f(k)
0 1

[0 ! 00 1] [x(k 39
=llo 1+0f() x(k)  (39)
yk)=[1 0kk)

x(k+1)= { }x(k)

where the uncertainty, f(k), is assumed to satisfy
the following condition,

k) <1,k (40)

For the system (39) with the uncertainty constraint
(40), state transition matrices of nominal system
matrix  A(k) and uncertain system matrix

A(k)+ H(k)F(k)E(k) are respectively as follows:

~Jo 1
cD(’w){0 J,
0 1+ f(k=1)
0 1

(41)
D (k, /) {

where k,j €[k,,k].

For evaluation of robust observability, theorem 2 can
be applied. To apply the theorem 2, W, (k,,k,) and
W (ky,k,) in (20) and W [ky,k,] in theorem 1 must
be calculated and the results are given by:

7, kg k] = 3207 1,k )CT (CEB Ky

i=k,

[t oo
0k —k,

Wi (kysky) = f@?(i,kO)ET(z’)FT(i)F(i)E(i)ch(i,ko)

i=k,

0 0

_ k-1
HCEDNIGE
W (ko ky) = ki[Wo_ Lo, KO+ L Ko Woli + LKD)

i=ky

0 0
= 1

—10
kl_ko

According to theorem 2, if the following inequality
(42) satisfies, the uncertain system (39) is observable
on [k,,k,] for all uncertainties that satisfy (40).

1
k —k,

(f (ko) +-+ f(ky =D <1 (42)

The left side of the inequality (42) is the average
value of f(k,)’’s in the interval. Considering that
the system (39) becomes unobservable if f(k)=—-1

for all k&, this result is intuitively understandable.

5. CONCLUSION

The sufficient conditions guaranteeing the robust
observability are proposed for discrete linear time-
varying systems with norm-bounded parameter
uncertainty.

CHT (W, [i + 1L,k 10 + Lk )W, [ky, k]



Using the state transition matrix relationship between
the nominal system and the uncertain system, the
sufficient  conditions  which  guarantee the
observability under the norm-bounded uncertainty
are derived. The observability grammian of the
nominal system is also used in the derivation. It is
proved that if the solutions of certain matrix
difference equations satisfy the sufficient conditions,
the robustness of observability can be established.
Under the sufficient conditions, the observability
map from the state to output space remains injective.
For discrete cases, in the derivation of the sufficient
conditions, the observability grammian is used
instead of the reconstructibility grammian and the
obtained matrix difference equations are in backward
form while in continuous case they are in forward
form.
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