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Abstract: In automotive powertrains, the existence of backlash causes driveability prob-
lems, which to some extent are remedied by the engine controlsystem. The control
problem has a constrained, minimum-time character, which motivates an investigation of
the usability of model predictive control, MPC, in this application. Recent developments
in MPC theory make an off-line calculation of the control lawpossible. This makes MPC
more attractive for implementation in fast control loops such as the one under study
here. The results indicate that MPC has a potential in this application. However, the
off-line computation time is significant, and further robustness investigations are needed.
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1. INTRODUCTION

Backlash is a problem in powertrain control. The
sources of backlash are mainly play between gears in
the final drive and in the gearbox. Backlash introduces
a hard nonlinearity in the powertrain.

When the driver goes from engine braking to accelera-
tion or vice versa, so called tip-in / tip-out maneuvers,
the backlash is traversed, and potentially uncomfort-
able "shunt and shuffle" phenomena are experienced.
During the backlash traverse, no torque is transmitted
through the shaft. Then, when contact is achieved, the
impact results in a large shaft torque and a sudden
acceleration of the vehicle. Engine control systems
must compensate for the backlash. The goal of the
control system is to traverse the backlash as fast as
possible, but without a large acceleration derivative
(jerk) at the contact instant. One existing control strat-
egy today is to first control the engine torque to a low
positive value. After a pre-specified time, under which
the backlash is supposed to have been traversed, the

controller starts to follow the driver’s torque request.
With respect to the backlash traverse, this is an open-
loop controller. A short review of feedback strategies
is found in (Lagerberg and Egardt, 2002), where some
of the strategies are also evaluated.

In (Lagerberg, 2004) is described howopen-loopopti-
mization can be used to find the optimal control signal
trajectory, and get a theoretical lower limit on the time
needed to perform a backlash traverse. The results
presented there resemble the results in this paper, but
here,feedbackcontrol laws are also computed.

Model predictive control, MPC, (Maciejowski, 2002;
Mayneet al., 2000), is a method for combining open-
loop optimal control calculations with feedback. In
each sampling interval of the controller, an optimal
open-loop solution is calculated, for a specified pre-
diction horizon, and the first control step in this so-
lution is taken. For the next sampling instant, a new
optimal solution is calculated. This implies a large
computational burden on the controller, and MPC



is mostly used in processes with very slow dynam-
ics, such as in the process industry. MPC is recently
used also in automotive applications, e.g. (Terwenet
al., 2004; Rückertet al., 2004).

The MPC theory is recently made attractive for im-
plementation also in systems with fast dynamics. For
linear and piecewise affine systems, it is possible to
perform an off-line calculation of an optimal feedback
control law that satisfies given constraints. See e.g.
(Morari et al., 2003; Kerrigan and Mayne, 2002). This
paper describes an application of this theory to the
automotive powertrain with backlash. Other automo-
tive applications are reported e.g. in (Bemporadet
al., 2001; Borrelliet al., 2001).

The paper is organized as follows: Next section gives
a brief description of model predictive control design
for piecewise affine systems. Section 3 presents the
powertrain model used in this paper. In Section 4, the
control problem is further defined. Section 5 describes
the synthesis of the MPC-based controller, and simu-
lations of the resulting controller are discussed in Sec-
tion 6. The paper ends with conclusions in Section 7.

2. MPC FOR PIECEWISE AFFINE SYSTEMS

A piecewise affine, PWA, system is defined as

x(k + 1) = Aix(k) + Biu(k) + fi (1)

Lix + Eiu ≤ Wi (2)

if x(k) ∈ Di, i = 1, . . . , If (3)

whereDi is a polytope defined by

Di = {x ∈ R
n|Hix ≤ Ki}, i = 1, . . . , If (4)

andIf is the number of dynamics that represent the
system. (Hi ∈ R

si×n, Ki ∈ R
si where si is the

number of scalar inequalities required to define the
polytope.)

For this class of systems it is possible to make an off-
line control law synthesis. In this paper, a currently
developed MATLAB toolbox, the Multi-Parametric
Toolbox, MPT, (Kvasnicaet al., 2004) is used for this
synthesis. The toolbox contains a collection of algo-
rithms for solving constrained optimal control prob-
lems by multi-parametric methods. For PWA systems,
the general optimization problem that the MPT tool-
box solves is

min
u(0),...,u(N−1)

‖Qfx(N)‖
l
+

N−1
∑

k=0

‖Qx(k)‖l+‖Ru(k)‖l

(5)
subject to

x(k + 1) = Aix(k) + Biu(k) + fi (6)

Lix + Eiu ≤ Wi, x(k) ∈ Di, (7)

i = 1, . . . , If , k = 1, . . . , N − 1 (8)

x(N) ∈ Xset (9)

and whereQ, Qf , R are appropriate weighting ma-
trices for the chosen norml ∈ {1, 2,∞}. Xset in

(9) is a polytope that defines a terminal constraint.
This is used as a "setpoint" for the controller. It is
also possible to define the minimum time optimization
problem

min
u(0),...,u(N−1)

N (10)

subject to the same constraints as above.

Multi-parametric programming is used to find the op-
timal control sequence{u(k)}N−1

k=0 parameterized by
the initial statex(0). This parameterization is piece-
wise affine, and the first control signal in the sequence
can be regarded as a state feedback control law

u(k) = Frx(k) + Gr, if x(k) ∈ Pr (11)

wherePr is a polytope defined by

Pr = {x ∈ R
n|Hc

rx ≤ Kc
r}, r = 1, . . . , R (12)

Note that in general, each system dynamicsDi may
contain more than one controller partition,Pr.

The MPT synthesis algorithm for PWA systems, de-
scribed in (Griederet al., 2004), starts in the target
set,Xset and iteratively searches the state space for
polytopes from where the target set can be reached
in 1,2,3,. . . steps. This iteration proceeds until all of
the allowed state space,

⋃If

i=1 Di, is explored, or until
no more polytopes can be found. After this iteration,
multi-parametric programming is used to find feed-
back controllers of the form (11) for all the found
polytopes, and stored in a table together with the
polytopes they are valid on. The union of all found
polytopes is called the controllable set,KPWA

∞
.

The synthesis algorithm is computationally intense,
and already for the relatively small sized problem
under study here, the computation time is substantial
(hours to days on a standard desktop PC). There-
fore, the iterations described above may be interrupted
when a large enough subset of the state space is ex-
plored, resulting in the controllable setKPWA

N , where
N is the maximum number of steps needed to reach
the target set.

Although the off-line synthesis is time-consuming, the
on-line implementation may be very fast. At each
sampling instant, the current state is used to find the
appropriate controller partition,{Pr}

R
r=1. The corre-

sponding control law (11) is found in a look-up ta-
ble, and the control signal is applied to the system.
However, the look-up table may become large, in this
paper approximately 10000 partitions. This may lead
to extensive look-up times and memory requirements
in the implementation.

3. POWERTRAIN MODEL

The powertrain model under consideration in this pa-
per is seen in Figure 1, and the following notation is
used: The indicesm and l refer to motor and load
respectively.Jm, Jl [kgm2] are moments of inertia and
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Fig. 1. Powertrain model.

bm andbl [Nm/(rad/s)] are viscous friction constants.
k [Nm/rad] is the shaft stiffness.Tm, Tg, Ts andTl

[Nm] are torques at the engine output, at the gearbox
input, at the gearbox output and the load input, and
the road load respectively.u [Nm] is the requested
engine torque.i [rad/rad] is the gearbox ratio.2α [rad]
is the backlash gap size.θm andθl [rad] are the angular
positions of motor and load.θ1, θ2 and θ3 [rad] are
the angular positions of the indicated positions on the
shaft.

As seen in the figure, the powertrain consists of two
rotating masses, one representing the engine flywheel
(motor) and one representing the vehicle mass (load)
respectively:

Jmθ̈m + bmθ̇m = Tm − Tg (13)

Jlθ̈l + blθ̇l = Ts − Tl (14)

The masses are connected by a gearbox (with fixed
gear ratio),

Tg = Ts/i, θ3 = θl, θ1 = θm/i (15)

and a flexible shaft with a backlash of size2α. With
the backlash modeled as a dead-zone nonlinearity, the
shaft torque is described by:

Ts = k







θ1 − θ3 − α if θ1 − θ3 ≥ α
0 if |θ1 − θ3| < α
θ1 − θ3 + α if θ1 − θ3 ≤ −α

(16)

where the three modes are referred to as the posi-
tive contact (co+), backlash (bl) and negative contact
(co−) modes respectively.

The engine dynamics is modeled as a first order sys-
tem with time constantτeng :

Ṫm = (u − Tm)/τeng (17)

For the MPC-solution, the computational complexity
of the controller design is increasing rapidly with the
size of the plant model. Therefore the model used
here is a simplification as compared to the model
in e.g. (Lagerberg and Egardt, 2002) or (Lagerberg,
2004). Specifically, shaft damping and engine delay
are neglected here.

4. PROBLEM FORMULATION

The powertrain control system is suggested to be
switching between two different controllers. One is a
vehicle acceleration controller, designed for the pow-
ertrain strictly in one of the contact modes. The other
controller is an MPC-based controller, which is de-
signed to traverse the backlash gap in an optimal way.

θ
d

time

Positive
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MPC-control

Negative
contact

Backlash

Acceleration-
control
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target

Fig. 2. A schematic tip-in sequence. The state-space
is divided into three regions with different dy-
namics. The tip-in sequence starts and ends in
acceleration control, while during the backlash
traverse, the MPC-controller is active. The MPC-
controller is designed to reach the target in min-
imum time, with constraints on the jerk at the
contact instant.θd = θ1 − θ3

The MPC-based controller will typically be involved
in tip-in and tip-out maneuvers, and it is the controller
under study in this paper.

In terms of the powertrain model described above, the
control problem related to a tip-in maneuver can be
formulated as follows, see also Figure 2: The initial
condition for a tip-in is the powertrain in negative
contact mode, with a retardation of the system. At the
starting point, the driver steps on the accelerator pedal,
and requests a positive vehicle acceleration. This ini-
tiates the MPC-controller, which has as its goal to
control the powertrain into positive contact, and then
achieve a pre-specified acceleration. The transition
into positive contact mode should be made with the
vehicle jerk (acceleration derivative) below a specified
level. This means that at the contact instant, the rela-
tive speed between engine and vehicle sides should be
low. The MPT formulation of the problem does not
allow such explicit constraints at a switching instant
between two affine dynamics. Instead, the problem
is divided into two consecutive subproblems: First,
the system is controlled to almost contact between
the sides, and with a small relative speed. Then, the
system is controlled into the positive contact mode,
and to the specified acceleration. The subproblems are
solved individually, and will be referred to asphases
in the following.

The MPC controller is designed to reach a pre-
specified acceleration. However, the driver’s requested
acceleration may vary. It is possible to reformulate
the MPC control problem into a tracking problem, but



this implies the inclusion of more states in the con-
trol design model, and hence increased computation
time for the controller synthesis. In (Lagerberg and
Egardt, 2004), other approaches to the MPC formu-
lation of this problem are presented.

As the acceleration controller mentioned above, a
linear state feedback controller (LQ) is used in this
paper. It is roughly tuned to reduce the oscillations
when the system is in contact mode. Integral action
is used to reach the desired acceleration. Bumpless
transfer is used to initialize the control signal to the
same value as for the MPC controller when the LQ
controller is activated.

5. MPC CONTROLLER DESIGN

In this section, the problem definition above is trans-
formed into the form presented in Section 2. To sum-
marize, the problem set-up comprises the following:
The system dynamics is formulated as a PWA system
and the "setpoint",Xset is defined. Constraints on the
allowed state and control variables are defined on the
form (2).

5.1 PWA-formulation of dynamics

Defineωm =̂ θ̇m, ωl =̂ θ̇l andθd =̂ θ1 − θ3 = θm/i −

θl, and the state vectorx =
[

ωm ωl θd Tm

]T
. The

model (13-17) can then be written as the PWA-system

ẋ =







Aco+x + Bu + fco+ if θd ≥ α
Aco−x + Bu + fco− if θd ≤ −α
Ablx + Bu + fbl if −α < θd < α

(18)
where

Aco+ =





















−
bm

Jm

0 −
k

Jmi

1

Jm

0 −
bl

Jl

k

Jl

0

1

i
−1 0 0

0 0 0 −
1

τeng





















(19)

Aco− = Aco+ (20)

Abl =





















−
bm

Jm

0 0
1

Jm

0 −
bl

Jl

0 0

1

i
−1 0 0

0 0 0 −
1

τeng





















(21)

B =

[

0 0 0
1

τeng

]T

(22)

fco+ =

[

kα

Jmi

−kα − Tl

Jl

0 0

]T

(23)

fco− =

[

−
kα

Jmi

kα − Tl

Jl

0 0

]T

(24)

fbl =

[

0 −
Tl

Jl

0 0

]T

(25)

Here, the load disturbance,Tl, is taken as a constant,
which furthermore is set to zero in the current setting.
This is due to the restrictions on the allowable class
of systems in the current MPT implementation, that
the origin should be an equilibrium point for some
of the dynamics. The road friction and air resistance
parts ofTl are instead included in the load friction
coefficientbl. The MPT problem formulation can also
be extended with a description of disturbances in the
states. This can be used to gain some robustness to e.g.
road slope disturbances.

The regions where the respective affine dynamics are
valid is defined by the inequalities in (18), which are
written as polytopesDi, i ∈ {co+, co−, bl} from (4).

The MPC theory is based on a discrete-time system
description, so a discretization of the PWA model
above is used for the MPT solution.

5.2 Target sets

The setpoints or target sets,Xset, are polytopes, de-
fined by inequalities of the formHx ≤ K.

5.2.1. Target set for phase 1The first phase should
end when the engine and vehicle sides of the backlash
is almost in contact, and with a small relative speed.
The engine torque should be close to zero at the
contact instant, in order to get a globally optimal
solution for the total backlash traverse. This is seen
in the open-loop optimal results in (Lagerberg, 2004).
These conditions are formulated as

θd,min,1 ≤ θd ≤ θd,max,1 (26)

ωdiff,min,1 ≤ ωm/i − ωl ≤ ωdiff,max,1 (27)

Tm,min,1 ≤ Tm ≤ Tm,max,1 (28)

whereθd,min,1, θd,max,1 are close to, but smaller than
α andωdiff,min,1, ωdiff,max,1, Tm,min,1, Tm,max,1 are
close to zero.

Written on polytope form this becomes:
















0 0 1 0
0 0 −1 0

1/i −1 0 0
−1/i 1 0 0

0 0 0 1
0 0 0 −1

















x ≤

















θd,max,1

−θd,min,1

ωdiff,max,1

−ωdiff,min,1

Tm,max,1

−Tm,min,1

















(29)

5.2.2. Target set for phase 2 The final target set
for a tip-in maneuver is chosen as achieving a min-
imum load acceleration,al ≥ al,min,2. For positive
al,min,2 and positive vehicle speed,ωl, this can only



be achieved in theco+-mode. Using the dynamics of
this mode, the relation can be written as:

al = ω̇l =

[

0 −
bl

Jl

k

Jl

0

]

x −
kα

Jl

≥ al,min,2 (30)

or
[

0
bl

Jl

−
k

Jl

0

]

x ≤ −al,min,2 −
kα

Jl

(31)

Additionally, the driveline oscillations should be re-
duced when the second target set is reached. This is ac-
complished by a speed difference limit similar to (27),
but now in contact mode. In addition, an acceleration
difference limit is required:

ω̇diff,min,2 ≤ ω̇m/i − ω̇l ≤ ω̇diff,max,2 (32)

Since a positive acceleration is required as above, only
the positive contact mode is active here. Using that
dynamics, the inequality can be written:

ω̇diff,min,2 ≤ HCx + KC ≤ ω̇diff,max,2 (33)

with

HC =

[

−
bm

Jmi

bl

Jl

(

−
k

Jmi2
−

k

Jl

)

1

Jmi

]

(34)

KC =

(

k

Jmi2
+

k

Jl

)

α (35)

The target set is defined as the combination of (31),
(27) and (33):














0
bl

Jl

−
k

Jl

0

1/i −1 0 0
−1/i 1 0 0

HC

−HC















x ≤















−al,min,2 −
kα

Jl

ωdiff,max,2

−ωdiff,min,2

ω̇diff,max,2 − KC

−ω̇diff,min,2 + KC















(36)

5.3 Constraints

The engine can deliver torque in a limited interval

Tm,min ≤ Tm ≤ Tm,max (37)

In order to allow for faster decreases of the en-
gine torque than dictated by the engine time constant
(τeng), the control signal is constrained to the interval

umin ≤ u ≤ umax (38)

whereumax = Tm,max while umin ≤ Tm,min (here, a
factor 10 lower). This is motivated by the fact that it is
possible (at least theoretically) to completely skip the
firing of a cylinder in a spark-ignited engine.

In the first phase, the total shaft displacement,θd,
is restricted to be lower than the backlash widthα
in order to avoid overshoot into the positive contact
phase before the target set is reached:

θd = θ1 − θ3 ≤ α (39)
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Fig. 3. Simulation of a backlash traverse. Upper plot:
Engine speed,ωm, (solid) and wheel speed,ωl,
(dashed), both scaled to vehicle speed. Mid-
dle plot: Total shaft displacement. The backlash
limits (±α) are indicated by dashed horizontal
lines. Lower plot: Control signal, requested en-
gine torque,u (solid), and engine torque,Tm,
(dashed). The open-loop optimal control signal is
also shown (dash-dotted). Dashed vertical lines
represent switches between different controller
phases.

5.4 Controller synthesis

For the two phases described above, MPC controllers
are synthesized using the MPT Toolbox. Care must
be taken that the target set of the first controller is
enclosed in the set of controllable states for the second
controller,Xset,1 ⊂ KPWA

N,2 , so that a switch between
the controllers is possible.

Due to the extensive off-line computation times, the
KPWA

N sets may not be large enough to incorporate all
possible initial values for the transients the controllers
are designed for. In these cases, the acceleration mode
(LQ) controller is used untilKPWA

N is entered. This
will be seen in the simulation results below.

6. SIMULATION RESULTS

The simulations start with the system in constant re-
tardation and in negative contact. At t=0 s, the accel-
eration setpoint is changed toal = 1.5 m/s2, which
approximately corresponds toθd = 0.1 rad. The con-
trollers have a sampling time of 10 ms.

In Figure 3 is seen that at t=0.17 s, the system
has reached the first target set (almost contact), and
switches to the second phase. The final target set is
reached at t=0.32 s. After this point, the acceleration
(LQ) controller takes over.

As described above, the LQ controller is used as a
"back-up" controller until the controllable region for
phase 1 is reached. In the figure, phase 1 is reached at
t=0.04 s. During the LQ period, the control signal is



taking on its maximum value. This is due to the tuning
of the LQ controller and that it has the driver’s re-
quested acceleration as setpoint. A maximum control
signal during the initial time steps is intuitively cor-
rect, and according to the results in (Lagerberg, 2004),
this is in fact optimal. Therefore, the back-up strategy
does not seem to reduce the performance significantly.

Similarly to phase 1, the LQ controller is used as
back up in the beginning of phase 2, between t=0.17
and t=0.20 s, after which the second phase controller
takes over. Since the second phase MPC controller
starts with maximum control signal for a number
of samples, it would probably be better to use the
maximum control signal during the back up period.

7. CONCLUSIONS

The presented controller designs are examples of the
use of recently developed MPC control algorithms
to a realistic application. The experience from this
study is that off-line computed MPC gives promising
results. In comparison with the open-loop optimal
results in (Lagerberg, 2004), the performance of the
presented controllers are similar, see Figure 3. For the
powertrain model at hand, it is possible to come close
to the theoretically optimal open-loop performance
with a feedback controller.

However, more investigations are needed. For exam-
ple, the model complexity has to be very low in order
to achieve a controller within reasonable time. In the
powertrain application, the major simplification made
is that delays are ignored. The effects of these simpli-
fications need to be investigated.

Robustness of the controller to disturbances and model
uncertainties is not considered here, something that is
of great importance for a successful implementation
of this control strategy in a real application. The MPT
toolbox provides options to include disturbance mod-
els in the problem formulation. This may be used to
improve robustness also to model uncertainties such
as the neglected delay.

The controllers in this paper assume that all state
variables are measured. A state observer for the pow-
ertrain system is presented e.g. in (Lagerberg and
Egardt, 2003). A combination of observer and con-
troller is a suggested future research direction.
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