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Abstract: In this paper, a group differential game problem is formulated using the
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IFAC

Keywords: Singular perturbations, Differential games, Equilibrium, Systems
concepts, Approximate analysis, Matrix equations.

1. INTRODUCTION

In the real world, it is common that business com-
petition takes place among a few major corporate
groups. A corporate group is usually composed
of a parent company and a number of subsidiary
companies. For example, the headquarter of a fi-
nancing corporation is located usually in a central
city of business, but its branches are distributed
everywhere in the country or in the world, an
auto—manufacturer usually establish its factories
all over the world, and a general electrical maker
develops its business through numerous affiliated
companies. All these groups have their own group
interests. A decision maker in a parent company or
a subsidiary company is of responsibility to make
relatively independent decisions by taking into
account the group interest. Moreover, comparing
to the long—term decision—making in the parent
company, the short—term decision making is often
found in the subsidiary company. In other words,
there exist the time—scale difference in decision—

making between the parent company and the sub-
sidiary company.

Taking these characteristics into account, we try
to formulate a group differential game problem in
this paper by using the system model of multi-
parameter singularly perturbed systems. We con-
sider the case that there exist two groups of play-
ers with a different (conflict) group interest in
competition. The multiparameter singularly per-
turbed system is composed of N lower level fast—
subsystems (branches) and a higher level slow—
subsystem (headquarter) (see e.g., Khalil and
Kokotovié¢, 1978; Coumarbatch and Gaji¢, 2000;
Gaji¢, 1988; Mukaidani et al., 2003). The fact
that fast—subsystems are interconnected through
the slow—subsystem is used to describes the time—
scale differences between the parent company and
the subsidiary company.

We are now interested in the saddle—point equi-
librium to the game. In order to solve the prob-
lem, the multiparameter algebraic Riccati equa-



tion (MARE), which is parameterized by the small
positive same order parameters €5, j =1, ... | N
is studied. Various reliable approaches to the the-
ory of the algebraic Riccati equation (ARE) have
been reported in many literatures (see e.g., Laub,
1979). One of the approaches is the invariant
subspace approach which is based on the Hamil-
tonian matrix (Laub, 1979). However, when the
ARE is ill-conditioned, such an approach is not
adequate to the MSPS due to the high dimen-
sion and the numerical stiffness (Coumarbatch
and Gaji¢, 2000). Moreover, the exact slow—fast
decomposition method for solving the MARE has
been proposed recently in Coumarbatch and Gaji¢
(2000). However, the limitation of this approach
lies in that the small parameters are assumed to be
known. In the real world, the small perturbation
parameters ¢; are often not known. Thus, it is not
applicable to a large class of problems where the
parameters represent small perturbations whose
values are not known exactly.

In this paper, the unique and bounded solution of
the MARE is derived, and its asymptotic struc-
ture is also established. As the result, a method to
find the perturbation—independent approximate
strategies to the players is obtained in which the
zero—order solution of the MARE is used. Since
the approximate strategies of the player do not
depend on the small parameters (perturbations),
the decision making can be carried out even if
the parameters are not known. Furthermore, it
is proved that the perturbation-independent ap-
proximate strategies constitute an O(|p]) near
saddle—point equilibrium.

2. PROBLEM FORMULATION

It is assumed that the considered system is an
actual business model with time—scale differences
between the parent company and the subsidiary
company. Therefore, we investigate the following
MSPS which is composed of N lower level fast
subsystems and a higher level slow subsystem as
the ideal MSPS.

N N N
io = Aojz; + Y _ Boju;+ Y _ Dojvj,
=0 =0 =0

z;(0)=x], (1a)
Ejij = Aj0$0 + Ajj:Ej + Bjjuj + Djjvj, (1b)
Yo = Coozo, y; = Cjoxro + Cjjz;j, (1c)

where z; € R™, j =0, 1,
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Note that at least one of the fast state matrices
Ajj, 7 =1, , IV, is singular. The performance
criterion is given by
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The goal of players in Group 1 is to minimize the
cost function J, while players in Group 2 would
like to maximize it.

The decision makers in two groups are required
to select the closed loop control laws u; and
vi, j = 1,.., N, respectively, if they exist, such
that

v*) < J(u, v*), (4)
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The strategy pair (u*, v*) is called the saddle—

point equilibrium.

The full-order strategy pair (u*, v*) with the
knowledge of the small perturbation parameters
€; can be obtained as follow.

u*=—R,'BIP.x, (5a)
v*=R;'DI'P.x, (5b)

where P, satisfies the MARE

ATP, + P,A, — P.S.P.+Q=0,  (6)
with
Aoo Aoy

I Apo TIM Ay
Il :=block diag (E1fm

A, =

ENIYLN ) )



Agp:=[A01 -+ Aon |,
T
Ajo:=[Aly -+ ANo]
Ay :=Dblock diag (A11 cee
S.:=B.R,'BI'-D.R,; ' DT

ANN ),

_ [ S0 Sosnz?
T ItSgy IS
N
Soo:= Y [BojRy, 130] DojR,, 1D0J]
§=0
Soy=1[So1 +++ Son]
[BmR Bu Do R, D11

' BONR;]{IBNN - DONR’UND%N] ’
S :=block diag (Su - Syn )
= block diag ( Bi1R,{ Bf; — Di1R,}' D]}
. BNNR;J%/BZY\}N - DNNR;]%IDﬁN ) ’

Boo  Bo

By :=block diag (Bi1 -~ By ),

Doy Do
D, :Z[ 0 Helf)f} » Dog = [Dor -+ Don'],
Dy :=block diag (D11 --- Dy ),

R, :=block diag ( Ruo Ru1 -+ Run ),
R” = blOCk dlag (va va e RU )

Q:= [Q%O Qof], Qoo : Z Cjo,

QOf Qf
Qos:=[Qo1 -+ Qon |
= [ClTOCM C]’J\;OCNN] )
Qy :=block diag (Q11 -+ Qnn )
= block diag (C{,C11 -+ CANCnn ) -

However, the purpose of this paper is to find
the approximate saddle—point equilibrium with-
out the knowledge of the small perturbation pa-
rameters. In the later analysis, the following as-
sumptions are made without loss of generality.

Assumption 1: The Hamiltonian matrices T};
are nonsingular, where

A, =S
o= | g, 2|

Assumption 2:
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In order to find the approximate saddle-point
equilibrium, the asymptotic structure of the MARE
(6) will be derived. Let us introduce a scaling
matrix

| In, O
oo [l 0]

In order to avoid the ill-conditionedness caused
by a large value 5;1 which is contained in the
MARE (6), the following useful lemma is intro-
duced (Mukaidani et al., 2003).

Lemma 1: The MARE (6) is equivalent to the fol-
lowing generalized multiparameter algebraic Ric-
cati equation (GMARE) (8)

GP)=ATP+PTA-PTSP+Q =0, (8)

where A : = ®.,A., S := .S. D, and

Py P Fo
pi=| 070 , Ppo = : ,
[Pfo Py 70 :
Pno
Pog = Plle = [e1Pfy - enPRy ],
Py apPl - a1n Py
azn Pyy

Py PL

T
Pn_11 Pn—12 - an—inPyy_1
Pn1 Pn2 -+ Py N

The GMARE (8) can be partitioned into
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It is assumed that the limitation of «;; exists
as €; and €; tend to zero (see e.g., Khalil and
Kokotovié, 1978, 1979), that is



;= lim ay. (10)
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Let Pyo, Pfo and Pf be the limiting solutions
of the above equation (8) as ¢; — 40, j =
1, ..., N. In this case, the following equations
are obtained.

pOjE)A()o + Agopoo + p%Af() + A}ﬂopf()

—PaoSooPoo — PS¢ Pro — PaySos Pro
— PS¢ Poo + Qoo = 0, (11a)
A%y Py + Py Aoy + PfyAy — Py Sop Py
—PfOSfPf + Qoy =0, (11b)
Pl Ay + AT Py — PISpPy+ Q5 =0, (11c)
where
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The ARE (1lc) appears nonsymmetric in the
form. However, we will show that the ARE (11c)
admits at least a symmetric positive semidefinite
stabilizing solution.

Lemma 2: Assume that the following AREs
admit a unique symmetric positive semidefinite

stabilizing solution P]*j, j=1,..., N, respectively

T px* * *
AJ]P]]+P A P SJJ j]JrQJJ =0.

Then there exists a symmetric positive semidefi-
nite stabilizing solution Py to the ARE (11c). It
can be written as

Pj :=block diag ( P - Pyy). (12

Finally, O—order equations (13) are given.

FooA+ AT Py + PjySFy + Q =0, (13a)
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PYE;; +EL Py + PSP+ Wj; =0, (13¢)
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The limiting behavior of P, as the parameter

lull == +/e?+ -+ &3 — +0 is described by the

following theorem.

Theorem 1: Under Assumptions 1 and 2, and
the condition that (A;;, Cj;) is observable, there
exists a small o* such that for all |u| € (0, o*) the
MARE (6) admits a symmetric positive semidef-
inite stabilizing solution P, if the following two
conditions are satisfied.

(i) The ARE (13c) admits a symmetric positive
semidefinite stabilizing solution ]3;]».

(ii) The ARE (13a) admits a symmetric positive
semidefinite stabilizing solution F.

Moreover, the solution P, can be written as

ozp, = [ B 0D 1Py -0l
P |y o) P + 00
o) = | 2 g ] +otun. o)

Proof. The proof of the existence of P, is obtained
by the implicit function theorem (Gajié¢, 1988). To
do so, it is sufficient to show that the correspond-
ing Jacobian is nonsingular at || = 0. It can be
shown, after some algebra, that the Jacobian of
(8) in the limitation as || — 0 is given by

d(vecfi, vecfas, vecfs)

J = F =
v Od(vecPyg, vecPyo, vecPr)T lju|=0
Joo Jo1 O
= Jwo Ji1 Ji2 |, (15)
0 0 Joo

where vec denotes an ordered stack of the columns
of its matrix and

Joo = In, ® ALy + ALy @ I,

Jo1 = (Ing ® A7) Ungin + Ao ® Iy,
Jio = Aof R Ingy, J11 = Af ® In,,
J22=Iﬁ®;13:+;1?®[ﬁ,

Ago = Aoo — SooPgy — SofPjo,

Ago = Ao — SorFoo — St Pjo,

Aoy = Aoy — Sop P,

N
Ay = Ap = SePf, n="> ny,
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where ® denotes Kronecker products and Uy, is
the permutation matrix in the Kronecker matrix
sense.

The Jacobian (15) can be expressed as



detJ = dethg . detJu
det[l,, © A7 + Ag @ I,,],  (16)

where 1‘_1() = /_10() — A()ff_ljtlfifo. ObViOUSly, Jjj,
7 = 1, 2 are nonsingular because the matrices
f_lf = A — Sfp}‘ is stable. After some straight-
forward but tedious algebra, it is easy to verify
that A — SPS‘O = Ay — AofA;1Af0 = Agy. There-
fore, the matrix Ag is also stable if Assumption
2 holds. Thus, detJ # 0, i.e., J is nonsingular at
| = 0. The conclusion of Theorem 1 is obtained
directly by using the implicit function theorem.
The remainder of the proof is to show that P, is
the positive semidefinite stabilizing solution. Since
it can be done by using the similar technique in
(Mukaidani et al., 2003), the proof is omitted. O

3. APPROXIMATE SADDLE-POINT
EQUILIBRIUM

The required solution of the MARE (6) exists un-
der the condition of Theorem 1. Our attention is
focused on the design of the approximate strategy
which does not depend on the values of the small
perturbation parameters. Such an approximate
strategy is obtained by eliminating O(|u|) item of
the linear state feedback strategy (5). If ||u|| is very
small, it is obvious that the linear state feedback
strategy (5) for each group is approximated to

at = wT . @] = -R;'B"Px
_ Py 0
=R, 'BT [ 00 —*} x, (17a)
P}, P;
v =" o7 - 05" =R\ DT P
Py, 0
_ p—1pn7 | oo Y
=R,'D [P}“o P}ﬂ}x, (17b)

where B = ®.B, and D = ®.D..

When |u| is sufficiently small; it is easy to find
from Theorem 1 that the resulting perturbation—
independent strategy pair (17) is close to the full-
order strategy pair (5). We are now interested in
how the approximate strategy effects the original
game. In other words, we want to know if the
approximate strategy pair is still in a saddle—point
equilibrium, and how the game value changes
if the approximate strategy pair constitutes a
saddle—point equilibrium.

Theorem 2: Under the conditions of Theorem 1,
the use of the approximate strategies (17) results
in J(a*, v*) satisfying

J(@, o) = J(u*, v*) + O(|ul?).  (18)

Moreover, J(a*, v*) > J(u*, v*) for S > 0, and
J(@*, v*) < J(u*, v*) for S < 0.

Before proving this theorem, the following lemma
is useful (Mukaidani et al., 2001).

Lemma 3: Consider the iterative algorithm
which is based on the Kleinman algorithm

(A _ SP(z))TP(Hl) + P(i+1)T(A o SP('L))

+PWTSPO L Q=0, i=0,1, .., (19a)
o [pw T,
PO= 00 Do | (19b)
jo Tr

with the initial condition obtained from

= Fgy 0
PO =P = { 530 ] . (20)

Under Assumptions 1 and 2, there exists a small
o such that for all || € (0, 7), 7 < 0* Kleinman
algorithm (19) converges to the exact solution of
P, = &.P = PT®, with the rate of quadratic
convergence, where PE(Z) = o, PO = pOTP,
is positive semidefinite. That is, the following
relation holds

|PD — Pl =0(|u|*), i=0, 1, ..., (21)

where

v =2|S| < o0, B=|[VG(P)],
s 1c(PON o — _ OvecG(P)
1= 5GP, 0= i, VG(P) =T,

Proof: When @* and v* are used, the value of the
performance index is given by

J(a*, 7%) = %x(O)TXex(O),

where

(Ae - Sepe)TXe + Xe(Ae - Sepe)
+P.S.P. +Q =0, P, :=®,P. (22)
Subtracting (6) from (22), it is easy to verify that

Ve = X — P, satisfies the following multiparame-
ter algebraic Lyapunov equation (MALE)

(Ae - Sepe)T‘/e + Vve(Ae - Sepe)
+(Pe_pe>se(Pe_Pe):O' (23)

Hence, since A, — S, P, is stable, using the stan-
dard Lyapunov theorem (Zhou, 1998), V., = X, —
P,>0for §>0V,=X,—P.<0for S<0

1
are satisfied. Taking J(u*, v*) = Ex(O)TPex(O)
into account, J(a*, v*) > J(u*, v*) for S > 0,
J(@*, v*) < J(u*, v*) for S < 0 are obtained. On
the other hand, subtracting (6) from (19a), the
following MALE holds



(Ae — SePINT (P — P,)
+(PUHY — P (Ae — S.PY)
+(P. — P)S (P, — PY) =0, (24)

where Pe(i) = CIDeP(i). When i = 0, the following
equality holds.

(A — S.POY (P —P,)
(P —Pe)(Ac = S.P)
+(P. — PO)S(P. — P{Y)
= (Ae — S.P)"(PMV —P.)

+(PV = Po)(Ae — ScFe)

+(P. — P.)Se(P. — P.) = 0.
Therefore, it is easy to verify that Ve = Pél) — P,
because A, — S.P, is stable from Theorem 1 of

(Khalil and Kokotovié, 1979). Using Lemma 3, the
following relation satisfies.

|Vel = |1Xe = P.| = [PV = .|
< @] [PV~ P| <[P~ P|=O(lul?). (25)
Hence, V., = X, — P. = O(|u|?) results in (18). O

Using the similar analysis we have the following
result.

Theorem 3: Under the conditions of Theorem 1,
the following result holds.

J(@", v)=JW", v) +O(|pl),  (26a)
J(u, 0°)=J(u, v*) +O(|ul)-  (26b)

Proof. Since the proof can be done by using the
above technique, it is omitted. O

Finally, the main result is easily derived as the
major extension of the existing result (Xu and
Mizukami, 1997).

Theorem 4: Under the conditions of Theorem 1,
the approximate strategy pair (17) constitutes an
O(]p+]) near saddle—point equilibrium, that is,

J(
J(

N

5 v) = O(|ul) < J(@*, v7),  (27a)
5 07) < J(u, 07) +O(ul). - (27b)

N

)

Proof: We will give the proof to the inequality
(27b). A similar proof can be obtained for another
inequality. Let us rewrite the inequality (27b) as

+J(u, v*) = J(u

<
*
~
—~~
[\
oo
~

Using (18), (4) and (26b), we get (27b) readily. O

4. CONCLUSION

In this paper, the group differential game problem
for the MSPS has been studied. A method to
find the perturbation-independent approximate
strategies to the players is developed, which use
the zero—order solution of the MARE in the ap-
proximate strategy. Since each approximate strat-
egy of the player does not depend on the small
parameters (perturbations), the decision making
can be carried out even if the player does not
have the knowledge of the small parameters. It has
been proved that the perturbation—independent
approximate strategies constitute an O(|u|) near
saddle—point equilibrium.

Applicability of the theoretical results will be used
as the application of the business model with
decision support. This problem will be addressed
in future investigations.
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