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Abstract: In this paper, we present a duality relationship between regular condi-
tional free energy and regular conditional relative entropy given a sub-o-algebra.
This is achieved by using a relation between the Radon-Nikodym derivative of
probability measures and that of regular conditional probability measures. Some
properties of the regular conditional relative entropy under consideration are also
given. The duality relation can be applied in a finite horizon robust state estimation
problem for finite-alphabet hidden Markov models. Copyright®© 2005 IFAC
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1. INTRODUCTION

The duality relationship between free energy and
relative entropy such as presented in (Dupuis and
Ellis, 1997) has a number of important applica-
tions in solving control problems. For example, in
(Dai Pra et al., 1996), this duality was used to
establish a connection between stochastic control
and dynamic games, and in (Boel et al., 2002),
it was used to obtain an error bound for a re-
lated error cost function defined with respect to
a true probability measure. Recently, Petersen et
al. (Petersen et al., 2000) and Ugrinovskii and
Petersen (Ugrinovskii and Petersen, 1999) have
employed the duality relationship to develop a
robust control system design methodology for
stochastic uncertain systems. The duality rela-
tionship between free energy and relative entropy
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also plays an important role in other research
problems; e.g., see (Mitter and Newton, 2003)
for an application to nonlinear estimation and
(Charalambous et al., 2003) for an application
to optimal disturbance attenuation for nonlinear
stochastic uncertain systems.

Over recent decades, hidden Markov models
(HMMs) have been studied in several research ar-
eas such as control theory (Elliott et al., 1994) and
information theory (Ephraim and Merhav, 2002).
It is well-known that the state estimation problem
is a fundamental problem arising in relation to
HMMs. In this problem, given a realized sequence
of the observation process, one endeavors to es-
timate the unobserved sequence of the state pro-
cess. In particular, one usually seeks an estimator
which is optimal in some meaningful sense.

Since HMMs are essentially probabilistic mod-
els, it is desirable to consider a robust state es-



timation problem for uncertain HMMs using a
similar method to that described in (Petersen
et al., 2000; Ugrinovskii and Petersen, 1999).
Then, instead of the expected value of a cost
functional, the conditional expectation of the er-
ror cost, given the c-algebra generated by the
observation sequence, will be used as the cost
functional for the state estimation problem; see
(Dey and Moore, 1995). Furthermore, the regular
conditional relative entropy between regular con-
ditional probability measures considered as an a
posteriori probability distance will be used as a
measure of the uncertainty in uncertain HMMs.

In the HMM robust state estimation problem con-
sidered in (Xie et al., 2004), the following problem
arises: Solve an unconstrained optimization prob-
lem involving maximization with respect to a class
of regular conditional probability measures. This
optimization problem involves conditional expec-
tations and regular conditional relative entropy
given a o-algebra generated by the observation
sequence. This motivates us to investigate the
possibility as to whether the duality relationship
between free energy and relative entropy can be
extended to regular conditional relative entropy.
This question is of interest since the duality re-
lationship for relative entropy has been used to
solve a similar optimization problem in (Petersen
et al., 2000; Ugrinovskii and Petersen, 1999). Such
a duality relationship may also be useful in the
other control and estimation problems similar to
those considered in (Boel et al., 2002; Charalam-
bous et al., 2003; Dai Pra et al., 1996; Mitter
and Newton, 2003). In this paper, we establish a
duality relationship between regular conditional
free energy and regular conditional relative en-
tropy given a sub-o-algebra by using a relation
between the Radon-Nikodym derivative of prob-
ability measures and that of regular conditional
probability measures. All proofs have been omit-
ted in this conference version of the paper.

2. PRELIMINARY RESULTS

Let (Q,F) be a measurable space. Suppose two
probability measures p and v are defined on
the same measurable space (Q2,F). We say a
probability measure p is absolutely continuous
with respect to a probability measure v (denoted
by 1 < v) if u(D) = 0 whenever D € F and
v(D)=0.If p < v and v < p, then p and v are
called equivalent and this relation is indicated by
T2

Definition 1. (Shiryayev, 1984) Let (£2, F,v) be a
probability space and G be a sub-o-algebra of 7. A
regular conditional probability measure v(-|G)(-)
on (Q,F) given G is a function v(D|G)(w) defined
for D € F and w € () such that

(a) For each w € Q, v(-|G)(w) is a probability
measure on F.

(b) For each D € F, v(D|G)(-) is a G-measurable
function on 2 and a version of the conditional
probability of D given G. Also

/BV(D|Q)(w)Vg(dw) =v(DB), VBeg

where vg is the restriction of v to G.

The second statement of the first sentence in Part
(b) of Definition 1 implies that there exists a vg-
null set N such that for all D € F, v(D|G)(w) =
v(D|G), Vw € N¢ = Q — N. Here, v(D|G)
denotes the conditional probability given G and
is a function of w. Note that the vg-null set N is
independent of the sets D € F.

In general, a regular conditional probability mea-
sure may not exist. However if G is generated by
a countable partition of the sample space, then
there always exists a regular conditional probabil-
ity measure given G. Also, if the sample space {2
is a Polish space (i.e., a complete separable metric
space) and F is its Borel o-algebra, then for any
probability measure v on (2, F) and any sub-o-
algebra G C F, a regular conditional probability
measure of v given G always exists; see Theorem
1.1.6 in (Stroock and Varadhan, 1979). We next
suppose that the sample space €2 is a Polish space
and F is its Borel o-algebra. Hence F is separable.
That is, there exists a sequence Fi, F5,... of
elements of F such that F = o{F}, Fy,...}.

We next summarize the relationship between the
absolute continuity of probability measures and
the absolute continuity of the corresponding reg-
ular conditional probability measures; see Part (d)
of Proposition 1.2 in (Wu, 1997) and Lemma 4.4.7
in (Deuschel and Stroock, 1989).

Lemma 2. (a) Suppose pug < vg. If u(-|G)(w) <
v(-|G)(w), pg-a.s., then p < v.

(b) Conversely, if 4 < v, then p(-|G)(w) <
V(19) (@), Hg-a.s.

Suppose p < v. It follows from Part (b) of Lemma
2 that there exists a pg-null set denoted by A € G
such that for each w € A, u(-|G)(w) < v(+|G)(w).
We now define a family of probability measures
(-, w) parameterized by w € Q such that

i (19)(), if w € A*;
i w) = {5(.|g)(w)7 otherwise. M)

Hence for each w, fi(-,w) < v(-|G)(w). Also for
each D € F, a(D,w) is G-measurable. Under
the condition that the o-algebra F is separable,
using the Martingale Convergence Theorem, we
can construct a nonnegative F X G-measurable
function f(w’,w) such that for each w,



(D, w) = /D f@ (A0 w); ()

see Theorem V.58 in (Dellacherie and Meyer,
1982). Here F xG = o0{A1x Az : Ay € F, Ay € G}.
Then it follows from (1) and (2) that for each
w € AN, VD € F,

ulg)w) = [ E

(@', w)r(dw|G)(w). (3)

glljg;gg (w',w) £ f(w',w) and is called the

Radon-Nikodym derivative of the regular condi-
tional probability measure u(-|G)(w) with respect
to v(+|G)(w). Furthermore, (3) implies that for all
DeF,

p(DIG)(w)

o dﬂ(|g) W ldw' w
| e s 19)w),

Here,

HG-a.8S.

We next present a chain rule for the regular
conditional probability measure.

Lemma 3. Suppose p < po < v as probability
measures defined on (2, F).

(a) If g(w',w) is an F x G-measurable function
from Q x to the extended real line whose integral
Jo 9w’ w)pio(dw'|G) (w) exists for any w € €, then
for any D € F,

/ 3w, )0 (d'|G) (w) =
D

/ g(w',w>%<wcw)v(dwﬂg)(w),uog-a.s.

/
dp(l9) , \dpe(9)
= —— (v, w) 7= (W, w),
a1 (1) )
v(-|G)(w)-a.s. and pg-w-a.s.
Here, the last equality holds for all w € © € G
and w' € II(w) € F, where the set © satisfies

ug(®) =1 and v(I(w)|G)(w) = 1,Vw € O.

We use the Radon-Nikodym derivative given by
(2) to define the regular conditional relative
entropy between regular conditional probability
measures.

Definition 4. Consider two probability measures
wand v on (2, F) satisfying u < v. Let A denote
the pg-null set such that Yw € A, u(-|G)(w) <
v(-|G)(w). Then the regular conditional relative
entropy of u(-|G)(w) with respect to v(-|G)(w) is
defined by

R(u(-19)Nv(19)(w)

o | B9 0g %
pr— l/ .

400, otherwise

(W',w)], ifw e A%

where 35 E;gg (w',w) is the Radon-Nikodym deriva-

tive of p(+|G)(w) with respect to v(-|G)(w).

Since EXCI9)(@)[log %(w',w)] is the rela-

tive entropy between the probability measures

w(-|G)(w) and v(:|G)(w) for a fixed w € A€,

it exists on the extended real line; see Section

1.4 in (Dupuis and Ellis, 1997). This implies

that R(u(-|G)||v(:|G))(w) is well-defined. Further-
I

(-19)

more, E#C19))[log 3y(|g) (W' w)] as a function

of w is G-measurable. This follows from the fact
that the regular conditional probability measure
u(-]G)(w) is a stochastic (or probability) kernel
from (2,G) to (,F) and log 35”53 (W' w) is
F x G-measurable; see Lemma 1.38 in (Kallenberg,
1997). Hence R(u(+|G)||v(:|G))(w) is a G-measurable
function from €2 into the extended real line since
for each w € A it is defined to be +oo.

We will use the following equality about the

Radon-Nikodym derivative between regular con-

ditional probability measures to derive our results:

dp, o dug o du(lg)

dv (W)= drg (@) dv(-|G) W),
v(-|G)(w)-a.s. and pg-w-a.s.  (4)

where i < v. The proof of equality (4) is included
in the full version of this paper. Other related
equalities concerning the Radon-Nikodym deriva-
tive between regular conditional probability mea-
sures can be found in Lemma 4.4.7 in (Deuschel
and Stroock, 1989). Then, R(u(:|9)||v(:]9))(w)
can be written as

R(u(10)]14(16)) (@)
= B flog 210]() — log B [£16](@),  pig-as.

The next lemma will give some properties of
regular conditional relative entropy.

Lemma 5. (a) Yw € Q, R(u(-|G)|lv(-|G))(w) > 0.
(b) R(p(-|G)|Iv(-]G))(w) = 0, ug-a.s. if and only if
p(19)(w) = v(-G)(w), pg-a.s.

Let P(Q2, F,G,v) denote the set of all probability
measures on (€2, F) which are absolutely contin-
uous with respect to v and whose restrictions to
G and vg are equivalent in the sense of absolute
continuity. That is, if up € P(Q,F,G,v), then
u < v and pg ~ vg. The probability measure v
is called the reference probability measure and is
fixed. Let P(Q2, F, v|G) denote the set of all regular
conditional probability measures defined by

P(Q,F,v|G)(w) £ {n(|G)(w) : p € P(Q,F,G,v)}.

Note that if p(-|G)(w) € P(Q,F,v|G)(w), then
ug ~ vg and p < v. Hence, properties which



hold pg-a.s. also hold vg-a.s. and vice versa.
Let P(Q, F,v|G)(w)
= {u(19) W) : u(-19)(w) € P(Q, F, v|G)(w)
and R(u(-G)|[v(-G))(w) < 00,vg-a:s.}. (5)
We first define the (almost sure) convexity of the
set P(2, F,v|G)(w). Then the strict convexity of
the regular conditional relative entropy is defined

on the set P(Q, F,v|G)(w) in the sense of almost
sure under vg.

Definition 6. We say that the set P(Q2, F,v|G)(w)
is convex if the following property holds:

For given i1 (-G)(w), p2(1G) (w) in P, F, v|G) (w)
and A € (0,1), there exists a probability measure
i on (Q,F) whose regular conditional probabil-
ity measure fi(-|G)(w) € P(Q,F,v|G)(w) satisfies
A(10) (@) = 11 (19)(@) + (1= N (16) (@), vg-a.s.
That is, there exists a vg-null set N such that for
each D € F and Vw € N°¢,

A(D|9)(w) = pm(DIG)(w) + (1 = Ap2(D[G) (w).

This property is denoted by

M (19) (@) + (1 = Np2(t1G) (w) € P(Q, F,v|G)(w).

Definition 7. We say that the regular condi-
tional relative entropy R(u(-|9)||v(:|G))(w) is a
strictly convex function of u(-|G)(w) on the set

P2, F,v|G)(w) in the sense of almost sure under
vg if the following property holds:

For given 1 (|G) (w), p2(+|G)(w) in P(Q, F, v|G)(w)
satisfying 11 (-|G)(w) # p2(-|G)(w), vg-a.s., and
A e (0,1),
RAp(19) (@) + (1 = Mpa(-1G) (W) |lv(-]19)) (w)
<AR(pa(19)Iv(-9))(w) + (1 = A)
Rp2(-19) v (-19)(w),

Lemma 8. With the above definitions,

(a) The set P(Q, F,v|G)(w) is convex.
(b) R(u(-|G)||v(:]G))(w) is a strictly convex func-
tion of u(-|G)(w) vg-a.s. on P(Q, F,v|G)(w).

vg-a.s.

3. A DUALITY RELATIONSHIP FOR
REGULAR CONDITIONAL RELATIVE
ENTROPY

In order to state our main result, we first in-
troduce a measurable function g¢(w) mapping
Q into the extended real line. Also, we as-
sume that ¢ is either bounded from below or
bounded from above. Then under this assump-
tion, the expectation of g exists, and so does
the conditional expectation of g given G with
respect to any probability measure. Furthermore
for each u(-|G)(w) € P(Q,F,v|G)(w), we may

assume that R(u(-G)[v(-19))(w) + E#[glF](w) is
well-defined for each w. This follows since out-
side of a wvg-null set, the regular conditional
relative entropy satisfies R(u(-|G)||v(-|G))(w) <
oo. Then for each u(-|G)(w) € P(Q, F,v|G)(w),
R(u(19)||(-19)) () +E#[g|G) () is G-measurable.
We next give a definition of the notion of es-
sential infimum. There is a similar definition for
the essential supremum of a family of measurable
functions in (Chow and Teicher, 1988) for a fixed
probability measure.

Definition 9. The essential infimum h(w) of the
family {R(u("|9)[v(-|9))(w)+E*[g]G](w), n(-|G)(w)
€ P(Q, F,v|G)(w)}, denoted by

w) = einf
w(-19)(W)eP(Q,F,v|G)(w)

{R((19)v(19))(w) + E[g|G](w)}, (6)
is defined by the properties:

(a) h(w) is G-measurable;
(b) R(u(-19)Iv(-19))(w) +EH#[g|G](w) = h(w), vg-
a.s., Vu(-|G)(w) € P(Q, F,v|G)(w); X
(c) for any h(w) satisfying (a) and (b), h(w)

h(w), vg-a.s.

IN

Clearly, if such an h(w) exists, then it is unique in
the sense that two such essential infima are equal
Vg-a.s..

Lemma 10. With the above definitions, there
exists a countable subset Py(2, F,v|G)(w) of

P, F,v|G)(w) such that
{R(1C19)IIv(1G))(w)
+E[glG](w)} = h(w).

in
B(-1G)(w)EPo(Q,F,v|G)(w)

Let N denote the set of all positive integers. Also
let aAb = min(a,b) and aVb = max(a, b). We next
give a definition of the notion of lattice property.

Definition 11. A set {1,y € T'} is said to have
the lattice property if given 1,2 € I', then there
exist 3,74 € I' such that

7/’73 = 7/}71 M%, 7/’74 = w’Yl \ 1/)72, a.s.
Lemma 12. The set

{R(u(19)llv(-9)) (@) + E*[g]G](w),
p(19)(w) € P(Q, F,v|G)(w)}

has the lattice property. Also, there exists a de-
creasing sequence

{R(pn(19) [V (-19)) (w) + E*"[g]G](w),
pn(-1G)(w) € P(Q, F,v[G)(w)}

such that



Jim R(pn (-|9)[[v(-]9)) (w) + B [g]G)(w) =

M(‘lg)(w)e%?éfw\g)(w){R(MHQ) 1))
PRI, s

If g(w) is a bounded measurable function, then
the essential infimum (6) can be attained in the
set P(Q, F,v|G)(w).

Theorem 13. Let g(w) be a bounded measurable
function. Then the following conclusions hold:

(a) We have the variational formula
— log E"[e™9|G](w)

= einf

a N('|g)(w)675(§l,}",y|g)(w){R(M('|g)||y('|g))(w>
+ E“[g|G)(w) }. -

(b) Let up be a probability measure on (€, F)
satisfying

1
E’[e 9]’

%(w) = e 9W) Vw € Q.

dv

Then the infimum in the variational formula (7)
is attained uniquely at po(-|G)(w).

4. A SPECIAL CASE

In this section, we consider a special case in which
the sub-o-algebra G is generated by a countable
partition of the sample space ). Let G be a sub-
o-algebra of F satisfying

g:O'{Bl,BQ,...} (8)

where ) = U; B;, each B; is non-empty set, and
Bi N Bj = @ for i 7£ ] Such Bl,BQ,... define
a countable partition of ) and each B; is called
an atom of G. Such a G can be considered to
be generated by a sequence of random variables
with finite or countable range; e.g., in a finite
horizon robust state estimation problem for finite-
alphabet hidden Markov models, such a G is gen-
erated by the observation sequence. It is obvious
that G is separable.

Consider the reference probability measure v on
(Q,F). For each D € F, we define a function for
w € Qand D € F as follows:

v(B;)
v(D),

, if w e B;,v(B;) > 0;

if w S Bi, Z/(BZ) =0.
9)
Hence v(:|G)(+) is a regular conditional probability
measure relative to F given G. Next the regular
conditional probability measure of any probability
measure on (2, F) given G is defined by (9).

v(D|9)(w) =

Let A denote the class of all atoms with positive

probability under vg. Also, let A denote the

class of all atoms with zero probability under
vg. Let v(-|B;) denote the conditional probability
measure with respect to v given B; € A. It follows
from (9) that the regular conditional probability
measure v(D|G)(w) for each D € F and w € Q
can be written as

v(D|G)(w)
= Z v(D|B;)Ip, (w) + Z v(D)Ip, (w).
B;eA B;eA

Also for any w € B; € A, v(-|G)(w) = v(:|B;).

Let 1 be another probability measure defined on
(Q,F) satistying 4 < v. Let A,, denote the
class of all atoms with positive probability under
tg. Also, let A?L ; be the union of all atoms
with zero probability under ug. It is obvious that
ug(Azg) = 0 since the number of the atoms of G
is countable.

Without the assumption that F is separable, the
next lemma will state the relationship between
the absolute continuity of probability measures
and the absolute continuity of the corresponding
regular conditional probability measures for the
case in which the sub-o-algebra G is generated by
a countable partition of the sample space.

Lemma 14. u(-|9)(w) < v(:|G)(w), pg-a.s. if and
only if p < v.

Based on the sufficiency part of Lemma 14,
we now define the Radon-Nikodym derivative of
1(+|G)(w) with respect to v(-|G)(w) by
du9)
W' w
aig) )
du(|Bi)
_ W(UJI), Yw € Bl S AMQ and w’ S Q,
c, Yw € Agg and W’ € Q.

du(|Bi)
dv(-[By)
u(-|B;) with respect to v(-|B;) and ¢ is a nonneg-
du(19)

ative constant. It is obvious that W(w’ ,w) is
F x G-measurable. Then
du(-l9)
D|G)(w) = /
uoig)w) = | S
Furthermore, the regular conditional relative en-

tropy of u(-|G)(w) with respect to v(:|G)(w),
R(u(1G)#(-1G))(w) given G, is defined by

R(p(-[9)v(:19))(w)
HC19) @), du(-19) oV i w 40 .
E log G i (@ @l i € 0 = D

400, otherwise.

Here is the Radon-Nikodym derivative of

(W, w)v(dw'|G)(w), pg-a.s.

As before let P(§2, F,G,v) denote the set of all
probability measures on (€2, F) which are abso-
lutely continuous with respect to v and whose



restrictions to G and vg are equivalent in the sense
of absolute continuity. Hence, Y € P(Q, F, G, v),
A = Aug, A = A, and A) = A5 . Also,
let P(92, F,v|G)(w) be defined by (5). Note that
the regular conditional probability measures are
defined by (9). For B; € A, P(Q,F,v|B;) de-
notes the set {u(:|B;) : p € P(Q,F,G,v) and
u(-|G)(+) is defined by (9)}. Also, let P(, F,v|B;)
denote the set {u(-|B;) : p(-|B;) € P(Q, F,v|B;)
and R(u(-[G)|lv(-]9))(w) < oo,vg-a.s.}. Hence

P(Q, F,v|G)(w) = P(Q, F,v|B;) Vw € B; € A.

Proposition 15. With the above definition, the
essential infimum h(w) defined by (6) has the
following representation:

hw)= > inf

o O IBEP(QLF | B)

+Eg|Bi|} g, () + Y elp,(w),
BicA

{R(p(:1B) v (-B:))

where c¢ is a nonnegative constant.

Note that the duality relationship for standard
relative entropy cannot be directly applied to
each atom in A. This is because of the following
constraint: Vu(-|B;) € P(Q, F,v|B;), pg ~ vg.

Corollary 16. Suppose the sub-o-algebra G is de-
fined by (8). Under the same conditions as in
Theorem 13, the variational formula (7) holds.
Furthermore, for a given w belonging to B; € A,
we have the variational formula

—logE"[e™|B;] =

inf {R(u(-1B:)|lv(:|By)) + E"[g| By}

N('lBi)e’TB(Qv}—vu‘Bi)

5. CONCLUSION

In this paper, the well-known duality relationship
between free energy and relative entropy has been
extended to the case where the relative entropy
between two probability measures is conditioned
on a given o-algebra. An application of the duality
relationship for the regular conditional relative
entropy has been to solve an unconstrained op-
timization problem arising in a finite horizon ro-
bust state estimation problem for hidden Markov
models; see (Xie et al., 2004).
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