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1. INTRODUCTION

Since the performance of a real control system
is affected more or less by uncertainties such as
unmodelled dynamics, parameter perturbations,
exogenous disturbances, measurement errors etc.,
the research on robustness of control systems
do always have a vital status in the develop-
ment of control theory and technology. Aiming
at robustness analysis of nonlinear control sys-
tems, a new method from the point of view of
input-to-state stability (ISS), input-to-output sta-
bility (IOS) and integral input-to-state stability
(iISS) are developed and a series of fundamen-
tal results centralizing on the theory of ISS—,
I0S-Lyapunov functions are obtained by many
scholars (Sontag et al., 1989, 1995, 1996, 2001;
Lin et al., 1996; Praly et al., 1996; Angeli et
al., 2000, 2003). Recently, Mancilla-Aguilar and
Garcia applied the idea to studying the robustness
of switched nonlinear (SNL) systems of the form
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z(t) = fi(x(t),u(t)) (i € Z, where T is the index
set) (Mancilla-Aguilar et al., 2001).

For switched systems, although lots of results have
been presented, they mainly focus on the problems
of stability, controllability, observability and sta-
bilization control (Hespanha et al., 1999; Liberzon
et al., 1999; Sun et al., 2002). For robustness study
of such systems, the relevant literature is not rich,
and (Mancilla-Aguilar et al., 2001) seems the only
one on the ISS of SNL systems, to our knowledge.

In this paper, we will investigate the ISS of general
SNL systems (including the case where there is no
common Lyapunov function). Unlike the existing
results, which mainly focus on establishing ISS
converse theorems for nonlinear systems (Sontag
et al., 1989, 1995, 1996), by opening out the char-
acteristic of SNL systems, we aim at presenting
some sufficient ISS conditions for SNL systems,
including for instance, the relation of the ISS
and the average dwell-time of the switching law.
Precisely, we will investigate SNL time-varying
systems, which may involve in infinite subsystems.
In this case, switching among different subsystems



may lead to discontinuity of the system func-
tion, and dissatisfies the continuity assumption re-
quired by (Sontag et al., 1989, 1995, 1996). Thus,
the results in (Sontag et al, 1989, 1995, 1996)
cannot be generalized to general SNL systems
directly. In some special cases, for instance, where
there exists a common ISS-Lyapunov function
(CISSLF), a sufficient and necessary ISS condition
of SNL systems with arbitrary switching laws is
given (Mancilla-Aguilar et al., 2001) under the as-
sumption that f;(z, ) is uniformly (with respect
to i) locally Lipschitz continuous on z, u. Here, by
using the methods of multiple Lyapunov function
and average dwell-time, some sufficient ISS con-
ditions are given for general SNL systems, which
may have no CISSLF. The ISS-Lyapunov func-
tions of the subsystems are allowed to be different
from each other rather than simply assuming the
existence of a CISSLF. Besides, the uniformity
assumption on the local Lipschitz continuity of
fi(x,u) with respect to i is not required.

The remainder of this paper is organized as fol-
lows. Section 2 describes the problem to be in-
vestigated, and introduces some notations and
definitions. In Section 3, by using the method
of multiple Lyapunov function, a sufficient ISS
condition is given for general SNL systems. In
section 4, by using the method of average dwell-
time, some sufficient ISS conditions are presented
for SNL systems and switched linear (SL) sys-
tems, respectively. In section 5, some concluding
remarks are given.

2. NOTATIONS AND PROBLEM
FORMULATION

Consider the following SNL system

l‘(t) = fa(t,w(t))(tvx(t)a u(t))v Jf(to) = Zo, (1)

where z(-) € R™ and u(-) € R™ are the system
state and input, respectively; and o (-, -) : [to, 00) X
R™ — 7 (Z is the index set, maybe infinite) is
the switching law and is righthand continuous
and piecewise constant on t¢; for every i € Z,
function f; : [tg, 0o) x R*™™ — R™ is continu-
ous with respect to t, x, u, uniformly locally Lips-
chitz continuous with respect to x, u, and satisfies
fi('7 0, O) =0.

Here, it is different from (Mancilla-Aguilar et al.,
2001), fi(t,z,u) is time-varying, and the unifor-
mity of the local Lipschitz continuity of f;(¢, x, u)
is with respect to t rather than <.

Remark 1 By using two arguments ¢ and x in
the switching function o(t,2) we would like to
emphasize that the switching can depend on both
time and events determined by the status of the
system state x(t).

Throughout the paper, RT denotes the real num-
ber set [0,00); for a function y(t) : Rt — RT,
v € K means that v is continuous and strictly
increasing, and satisfies y(0) = 0; v € Ko means
that v € K and v is unbounded; for a function
B(t,s) : RT x Rt — RT, 3 € KL means that
for any fixed s, 8(t,s) € K, and for any fixed
t, B(t,s) is continuous and decreases to zero as
s — oo; for two functions ¢(-) and x(-), symbol
© o x(-) denotes the composite function ¢(x());
V is the gradient operator as usual; | - | denotes
the Euclidean norm in R™ and the corresponding
induced matrix norm, and for a nonempty subset
M C R, |z|m = inf, e |z — n| (obviously, it
holds |z[(0y = [2] when M = {0}); LT denotes
the set of all the measurable and locally essentially
bounded input u(-) € R™ on [tg, c0) with norm

[ull = sup |u(t)] < oo (2)

>to
For any given switching law o(+,-), initial condi-
. N
tion xg € R™, u(-) € L%, z(t) = x,(t;to, o, u)
denotes the state trajectory of System (1) with
the maximal existing interval [tg, T, ), where the

A
constant T, = Ty (tg, 2o, u) < 0o.

Definition 1 Consider the following general non-
linear system

w(t) =g(t,w(t),v(t)), wlte) =wo, (3)
where function g : [tg,00) x R — R™ satisfies

g(+,0,0) = 0. If the trajectory w(t) 2 w(t; to,wo, v)
of (3) is defined well on [ty,0) for every wy € R™
and v € LT}, then the system is called forward
complete. For a closed set M C R™, if System (3)
is forward complete for every wyg € M, v € LT,
and w(t) € M, Vt > to, then M is called a closed

invariant set of System (3).

Remark 2 By Definition 1, if System (1) is
forward complete for any o(t,z), then all of the
subsystems are forward complete.

Remark 3 Obviously, if M is a closed invariant
set of all subsystems of System (1), then it is a
closed invariant set of system (1), too.

Definition 2 (Sontag, 1989) For the forward
complete system (3) and its closed invariant set
M C R"™, the system (3) is called (globally) input-
to-state stable (ISS) with respect to M, if there
exist two functions B € KL and v € K such that
for allwg € R™M\M, v € L and t > 1o,

|w(t; to, wo, v)lam < B(lwolar, t=to) +r([[v]]). (4)

Definition 3 (Sontag et al., 1995) For the forward
complete system (3) and its closed invariant set
M C R", a smooth function Vg (t,€) : [to,00) X
R™ — R* s called an ISS-Lyapunov function of
the system (8) with respect to M C R™, if there



exist functions a, @ € Koo, a, x € K such that for
all £ e R"M\M, p € R™ and t > to,

a(lel) < V,(1,€) < leln0), )
el 2 xli) = P20 4 9y, 6) - gtt,6 )
<~ )

For short, they will be denoted as (Vy; o, @, , X)
in the sequel.

3. ISS CONDITIONS BASED ON MULTIPLE
LYAPUNOV FUNCTIONS

In this section, by using the multiple Lyapunov
function method, sufficient ISS conditions are ex-
plored for SNL systems. For simplicity of expres-
sion, we denote the switching instants of switching
law o(t,z) by t1<to<---<tx<---, and let o(t,
$(tl)):il.

Lemma 1 For the forward complete system (3)
and its closed invariant set M C R™, if the system
(8) has an ISS-Lyapunov function (Vg; o, @, a, x)
such that (5)-(6) hold for all ¢ € R™\M, u € R™
andt > tg, then there exists a C function p € Koo
depending only on @ and a such that

an (t7 6)

T + VWg(tvg) ' g(tagwu’) < _Wg(tvf)

Jor Wy(t,8) = X(|ul), where Wy(t, &) = poVy(t,§)
and X(-) = poaox(-) € K.

This lemma can be regarded as a corollary of the
Remark 2.2 of (Sontag and Wang, 2001).

Lemma 2 For the forward complete system (1),
suppose that M C R"™ is a closed invariant set of
System (1). If for each i € T, subsystem f;(t,z,u)
has an ISS-Lyapunov function (Vi;a,, @, oy, Xi)

such that a(+) 2 sup;cp @i(+) € Ko and

max {Vil,l(tz,x(tl)), ao X(H“”)}

> Vi, (i, z(t)), (7)

then there exists a common time-instant t}, 2
tk (to, o, u(t)) such that

(t,fﬂ(t)) ¢ So’(t,x(t))vvt S [tht:)a (8)

(L:L‘(t)) S Sa(tyx(t)),vt € [t;, OO)7 (9)

where S;={(t,&): V;(t,&)<aox(||ul)) },i€Z, and I*
is the largest integer 1 such that t; < t%(to, xo,u).

Proof By the claim in Lemma 2.14 of (Sontag
et al., 1995), for the subsystem f;, (¢, 2, u) on the
interval [t;,t;41), there exists

ti, & b, (t w(t), u) > (10)

such that (¢,2(t)) € S; for all t > t, and
(t,x(t)) & S;, for all t <t} .

If iy <t} for I = 0,1,2,---, then (t,z(t)) ¢
S;,(1=0,1,2,---) for all ¢ > to. In this case, set
t; = o0o. Otherwise, there exists a nonnegative
integer ly such that tglo < tiy41. Let

l* = minoglglo{l . t;l S tl—&-l}, t:; = t;z* .

Then we have (8), and (¢,z(t)) € S;. for all
t € [tk t;=11). Particularly, by the continuity of
the state trajectory x(t) and the function V;(¢, x)
(¢ € T) we have (t;« 41, 2(t+41)) € S;,. . Thus from
(7) it follows that

‘/il*+1(tl*+1u z(t-41)) < @ o x([lul]).

This together with (10) implies that ¢ ,
Therefore,

(t,z(t) € Si,.

Repeating the above process for | = [* 4+ 2,1* +
3,---, one can get (9). O

1 = tl*+1.

10 vVt € [tl*+1,tl*+2).

Theorem 1 Consider the forward complete sys-
tem (1). Suppose that M C R"™ is its closed invari-
ant set, and the switching instants of the switching
law o(t,z) are t1 < to < -+ < tx < ---. If there
exists ISS-Lyapunov function (Vi; o;, @, o, X4) of
subsystem f;(t,x,u), i € Z, such that

(>

(i) aa € Ky and a,x € K, where o)
infiez 0;(), () £ sup;ez @i(), () £ infiez
ai(*) and X(-) £ sup;ez Xi(");

(ii) (7) holds at each switching instant t; (I =
0,1,2,--+),

then System (1) is input-to-state stable.

Proof First, by Definition 3 and condition (i), for
all £ € R"\M, p € R™ and ¢ > ty, we have

a(l§lm) < Vi(t, ) < a(l€lm), VieZ,

e = x> 2 L by e fut e
< —af|¢lm), VieT; (11)

and by (Praly & Wang, 1996), we know that there
exists a C! function p € Ko, depending only on &
and « such that p(r)aoa (1) > p(r),Vr > 0. Let
Wilt,€) = po Vi(t, €) and x(Jull) = poo x(Jul]).
Then, by Lemma 1 we have for all i € Z,

poallélu) < Wilt,6) < podlléln), (12)
i€ = x(ful) = T < ). 13)

By Lemma 2, there exists t* such that (8)-(9)
hold. Then from (8)- (9) and the definition of
W (t,€) it follows that

Wa(t,x(t)) (tv x(t))

> X([lull), vt € [to, t5), (14)
Wo(t,z(t))(ta'r(t)) <

(full), vt € [t5,00). (15)

o

This together with (13)-(14) gives



AW (1,2 (2)) (L, (1))
4 (;)t) < _Wa(t,w(t))(t7x(t)) (16)

for t € [tg,t%). Hence, for t € [t;-, %) we get

Wi (t2(8)) < Wi (f1e, 2(tp-))e” 70, (17)
and for [ =0,1,--- ,[* — 1,

Wiz (tl+1,1’(tl+1)) < Wil (x(tl)vtl)ei(tHlitl)' (18)

From (7)-(8), the definition of W;(¢,£), (14) and
(13) it follows that for I = 1,2,--- ,I*,

Wi, (tr,2(t) < Wi, (B, 2(0)). - (19)
Thus, by (17), (18)-(19) we have

Wtz (t2(t)) < -
< masc { Wiy (to, 2(to))e =), x(|[ul) }.
This together with (12) and (15) leads to

poa(|z(t)| m) < max{poa(|zolaa)e” ) x(|lul)}

Let B(r,s) = o' o p~(p(a(r))e™*) and v(r) =
altow@wox(r). Then 3 € KL,v € K and

|z(8)lm < B|zolaas t = to) +([[ul]), VE = to.
Thus, the system (1) is input-to-state stable. O

Remark 4 Condition (ii) of Theorem 1 says
that the energy of the system should not be
increasing at switching instants. This is because
that the ISS is a global property holding for all
t > to with respect to z(tg) = zo and u(t),
rather than a limit-sup property. Otherwise, for
instance, if lim sup,_, . |2(t)| pm is considered, then
the condition can be relaxed to that: (7) holds
after finite switching instants.

Remark 5 From the proof of Theorem 1 we see
that 8§ € KL and v € K are independent of
the concrete choice of o(,-). In other words, the
switched nonlinear system (1) is ISS for all o(,-)
satisfying (7).

Corollary 1 For the forward complete system (1),
suppose that M C R"™ is its closed invariant set,
and the switching instants of switching law o(t, x)
arety <ty < --- <t <---. Under the conditions
and notations of Theorem 1, if there are positive
constants k1 < ko, ks, p such that

a(r) = kir?, a(r) = kar?, a(r) = ksr?, Vr >0,
then system (1) is input-to-state stable.

Corollary 2 Consider the forward complete sys-
tem (1) and suppose that M C R™ is its closed
invariant set and the index set T = {1,--- N}

with N < oco. If there exist ISS-Lyapunov function
(w»giaahai,xi)7 Z S 1.7 SUCh th(lt

max{wlfl(tlvx(tl))a [251 OX(||U||)7"' )
an OX(HUH)} > Viz(tlvx(tl))v I= 0,1,---

then System (1) is input-to-state stable.

Proof Let

a(-) = min a,(), a(-

 in ) = max a;(-),

1<i<N

of) = min a;(-), x() = max xi().
Then by the definition of ISS-Lyapunov function
we have a, @ € K, and «, x € K. This means
Conditions (i)-(ii) of Theorem 1 hold. Thus, sys-
tem (1) is input-to-state stable. O

4. ISS CONDITIONS BASED ON THE
AVERAGE DWELL-TIME

In this section, we will use the concept of average
dwell-time to get some sufficient ISS conditions
for both SNL systems and switched linear (SL)
systems.

Definition 4 (Hespanha et al., 1999) For any
given constants " > 0 and Ny, let N, (s,t) denote
the switch number of o(t,x) in [s,t), YVt > s > to,
and let

t—s

)

S[r Nol = { o) No(s,1) < No+ —
Vit > to,vs € [tg,t)}.

Then 7* is called the average dwell-time of S[T*,
A
Nol, and 7, = sup sup ———=—— is called the
] T g tosnty Vet =No
average dwell-time of o(-,-).

4.1 ISS analysis of SNL systems

Theorem 2 For the forward complete system (1),
suppose that M C R"™ is its closed invariant set,
and switching instants of switching law o(t,x) are
ty < to < ---. If there are ISS-Lyapunov function
(Vi i, Vi xi) of subsystem fi(t, z, u)(i € T)
and constants ¢ > 0, ng > 1, such that for all
EER"\M, p € R™ and t > to,

a(lélm) < Vi(t,€) <a(lglm); (20)

el > x(lu) = 28 L ovi e s
< e Vi(t,6) (2)

and for 1 =0,1,2,--+,

max {novd(tthw(tzfﬂ) (tl’ x(tl))a Qo X(”’LLH)}
> Vo(t,xm)) (B, (), (22)

then System (1) is input-to-state stable for all o €
So [0, No| 2 {o(,) € S[r*, No] : 7+ > e ]

C

The proof is omitted.



Remark 6 For 1y, > 1, the condition (22) in
Theorem 2 is obviously weaker than the condition
(7) in Theorem 1. This includes the case where the
energy of the subsystem after a switching instant
is greater than that of the subsystem before the
switching instant.

4.2 ISS analysis of SL systems

In this subsection, we will investigate SL systems
of the form

E(t) = Ao(t,(t)®(t) + Bo(t(r)ult),

(23)
x(to) = Zo,

where A; € R"* "™ B, € R" ™ are constant

matrices for each i € A, respectively.

In the sequel, for any n x n matrix A, J4 denotes
the Jordanian normal form of A, n(A) is the
largest real part of the eigenvalues of A, and
Ay (A) and A,y (A) are the largest and smallest
singular values of matrix A, respectively.

For a given matrix set A C R™*"  A; denotes
the set of all stable matrices of A, Ay denotes
A\ A;. Noticing that n(A) depends continuously
upon the parameter of A, when A; is compact, we
have max ¢4, 1(A4) < 0 and

MMM

In particular, when the number of all stable ma-
trices in A is finite and greater than zero, we have
maxae4, 1(A4) <O0.

‘ max 77(A)| = min
AcAy AcAy

Proposition 1 For any given matriz set A C
R™ " 4f A and Ay are compact, and Ay is
nonempty, then for any ¢ € (0,mingc4, n(A4)|),
there exists a constant M(g) > 0 such that

|eAt| < )\E(A)eaE(A)t
Ae(A) =

, YAe A Vt>0, (24)
max Ae(4) < o0 (25)
where Ao(A)2/M(2) 52450 > 0, a-(A)=n(A)
+e, P(A) is n X n nonsingular matriz satisfying

A= P(A)JsP(A)?

The proof is omitted.

Now, we study the ISS property of the SL system
(23).

For system (23), let A = {4;,i € I} C R™"
and B = {B;,i € I} C R™™ assume that A
and B are compact, and the subset A; consisting
of all the stable matrices of A is nonempty and
compact. For any given ¢ € (0, minge.4, [n(A4)]),
define a.(A) and A\.(A) as in Proposition 1, and
set

= minAE.A1 |a€ (A)|a (26)
af (A) = max {0, maxacaa-(A4)},

{ a (A)

bo(B) = max |B;|, M.=¢e

(1+No) In A (A) (27)
B;eB

For a given switching law o (-, -) and a time interval
[s,t), let T,f (s,t) and T, (s,t) be the total time
of system (23) running on stable subsystems and
unstable subsystems in [s, t), respectively; and for
any a* € (0,a-] and 7* > 0, define

Sla*, 75 Al
= {0’ : 0 €St Ny
TS (s,t) _ aZ(A) —
S0 T S e
(-

l, 7o > 7" and

where the average dwell-time 7, of o(-,-) is given
by Definition 4.

In the sequel, for simplicity of expression, we will
drop the arguments of A (A), aZ (A), af(A) and
bo(B), and denote them by A and by,
respectively.

Theorem 3 For SL system (23), assume that A
and B are compact, and the subset Ay consisting
of all the stable matrices of A is nonempty and
compact. Then for any given ¢ € (O,A'{Ielijll [n(A)])

and a* € (0,a7], there exists T* > L InA. such

that

(i) for all o(-,-) € Sla*,7*;A], System (23) is

forward complete, and

(i) System (23) is 1SS if and only if the control-

free system &(t) = Ayt o 2(t) is asymptotically
(t,z(t))

stable.

+
87575

Proof Part (i) and the necessity of Part (ii) are
obvious. So, below we need only to show the
sufficiency.

For any given t > t(, assume that in [tg, t), System
(23) has switching instants t; < tp < --- < t;. Let
ot z(t;))) =14, (1=0,1,---,4). Then the solution
of system (23) can be expressed as

t
zo(t) = (I)(t7t0)z0 + / (I)(ta S)Bo(s,w(s))u(s)dsa
t
“ (28)
where for s € [t;, t141),

@(t,s) A (t t;) AJ l(t ti_ 1)_

A (tipi—s)
We first show that for any given constant a* €
(0,az], 7" > 121\5’ and o(+,) € S[a*, 7*; A], there
are a > 0 and M > 0 such that

|D(t,s)] < Me™®U=9) Wt > 5>t (29)

Noticing that

_ j_latl§8<tl+1ul:07"'vj_1;
NA&O{Q tj<s<t,

we have ). = ell*NoGHInA for 5 € [t;,¢);

and M7 = elHNe(DIA for s € [t),4,1)



(l=0,1,---,7 —1). In particular, N,(to,t) = j
and Ag-i-l _ e[l—i—NU(tO,t)]ln)\E. Thus,

1D(t, )| < )\g*l+1eae(14ij)(t_tj) .. p0e(Ai)) (g1 —s)

< e[l—i—N,,(s,t)] In )\Eea:rT:(s,t)—a;T; (s,t).

By the definition of S[a*, 7*; A], for any given o €
Sla*,7*; A], we have atT; (s,t) — aZ T, (s,t) <
—a*(t—s). This together with N, (s,t) < No—i—t;—ns

. A
and 7, > 7 > % implies that a = a* — % >

0. Then, by some straightforward calculations we
have

|®(t,s)| < Me™ %) Vs € [to,t),

where M = e(1+No)InAe Thus, (29) is true, which
together with (28) gives

Mb
|2(t)] < Me™t=10) || + =L Ju]].
a

Let ﬂ(ra 3) = Me %r and ’}/(7’) = %7‘_ Then
B(,) €KL, () € Koo, and

2(6)] < B(|zol,t — to) +~([[ul),
i.e. system (23) is input-to-state stable. O

Remark 7 Comparing Theorem 3 with Theorem
2, one can see that for SL system case, some
of the subsystems of system (23) are allowed
to be unstable. But for SNL systems, all of its
subsystems are required to be stable, since the
degree of instability of nonlinear systems is hard
to be characterized.

Remark 8 By Theorem 3, the ISS of SL system
(23) is independent of the concrete choice of o (-, -)

in Sla*, 7; AJ.

5. CONCLUSIONS

In this paper, the ISS of SNL system and SL
system are investigated, respectively. The main re-
sults can roughly be divided into two classes. One
is based on multiple Lyapunov function method,
and the other is based on (average) dwell-time
method. Firstly, by using the method of multiple
Lyapunov function, a sufficient ISS condition is
given for general SNL systems based on a quan-
titative relation of the control and the values of
the Lyapunov functions of the subsystems before
and after the switching instants. Here, the ISS—
Lyapunov functions of the subsystems are allowed
to be different from each other rather than sim-
ply assuming the existence of a CISSLF. So, the
condition is sufficient not only for the switched
systems possessing a CISSLF, but also sufficient
for the switched systems without any CISSLF.
Secondly, by employing the method of the av-
erage dwell-time, some ISS sufficient conditions
are given for SNL systems and SL systems, re-
spectively. Among others, the condition on SNL

systems is characterized by the size of the dwell-
time, and that on switched linear systems is char-
acterized by the average dwell-time and the ratio
of the total time that the system runs on unstable
subsystems to the total time that the system runs
on stable subsystems.
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