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Abstract: In this paper the identification of SISO Wiener models in presence of bounded
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1. INTRODUCTION

In this paper we will focus on a particular class of
nonlinear systems, commonly referred to as Wiener
models (see Figure 1) which consists of a linear dy-
namic system followed by static nonlinear block A/
The identification of such a model is carried out on
the basis of the sequences u, and y,, while the inner
signal x4, i.e. the output of the linear block, is not
assumed to be available. Despite its simplicity, such
model has been successfully used in many engineering
fields, thanks to its ability to embed process structure
knowledge like, e.g., the presence of nonlinearity in
the measurement equipment. The identification of
Wiener models has attracted the attention of many au-
thors exploiting a number of different techniques (see,
e.g., Billings, 1980; Bai, 2003; Wigren, 1993; Crama
and Schoukens, 2001; Greblicki, 1992). The main dif-
ficulty in the identification of nonlinear block-oriented
systemsis that the internal signal is not available for
measurement. Most of the contributions assume in-
vertibility of the nonlinearity; as amatter of fact under
such an assumption the inner signal can be recovered

1 Corresponding author

from the output measurements through inversion of
the previously estimated nonlinearity. However, many
output nonlinearities encountered in real world prob-
lems are non-invertible, thus the invertibility assump-
tion appears to be quite restrictive.

In al the papers mentioned above, the authors as-
sume that the measurement error 7, is statistically
described. This paper deals with the identification of
Wiener models with non-invertible nonlinearity when
the measurement errors are assumed to be unknown
but bounded (see, eg., Milanese et al., 1996). The
key step in the proposed procedure is the inner sig-
nal estimation since the nonlinearity is assumed to be
non-invertible, which means that, given the measured
output y,, the inner signal z; cannot be evaluated
uniquely even in the case of exactly known polyno-
mial and noise free measurements. Some guidelines
on how to deal with this problem through the design
of a suitable identification experiment have been pro-
vided in (Ceroneet al., 2003). In this paper algorithms
for the solution of such a problem are provided to-
gether with a simulated example showing the effec-
tiveness of the proposed approach.



2. SET MEMBERSHIP IDENTIFICATION OF
WIENER SYSTEMS

Consider the SISO discrete-time Wiener model shown
in Figure 1, where the linear dynamic block, which is
modeled by a stable discrete-time system with non-
zero steady-state gain, maps the input signa u, into
the unmeasurable inner variable x, according to

B(q™")
Alg™)
where A(-) and B(-) are polynomials in the backward
shift operator ¢, (¢~ wy = we—1),

Al =14+aqg ' +.. . Fawg ™, (2

B(g ) =bo+big +...+bug ™. (3
and A(-) isassumed to be stable. The nonlinear block
transforms z; into the noise-free output w; through the
following polynomial function N'(z;, )

ur = G(q™uy, @

Ty =

wy = N (x¢,7) :Z’ykajf, t=1,...,N; (4
k=1

whose order n istaken to befinite and a-priori known,
N isthe length of the input sequence. Let y; be the
noi se-corrupted measurements of w;

Yt = Wt + Nt %)

Measurements uncertainty is known to range within
given bounds An,, i.e.,

| e |[< Ay (6)

Unknown parameter vectors v € R™ and § € RP
are defined, respectively, asv" = [y1 2 ...l
07 = a1 ... @pa bo b1 ...bn). Since the
parameterization of the structure of Figure 1 is not
unique we assume without loss of generality, that
the steady-state gain of the linear part be one, that
isg = Z?io bj/(l + > a;) = 1. Preliminary
results on set-membership identification of Wiener
models described by equations (1) — (6) have been
provided in (Cerone et al., 2003). The three-stage
procedure for deriving bounds on parameters v and 6
outlined in that paper can be summarized as follows.
First, exploiting M steady-state input-output data, one
gets the feasible parameter set D, of the nonlinear
block parameters, which is a convex polytope; then
thecentral estimate;© = (7" +~7"*) /2 andthe
parameter uncertainty interval [7"",~/"**] of each
parameter -y; are computed solving the following two
linear programming problems:

min : max
AT = min vy,;, A7 = max 7, @)
J vep, 77 ~eD, 7’

. ,}/mzn + ,ymax
%= ®)
Further, given the estimated uncertain nonlinearity
N (z¢,v) and the output measurements collected ex-
citing the system with an input dynamic signal,
bounds on the inner signal x; are computed. Finally,

such bounds, together with the input dynamic se-
guence, are used for bounding the parameters of the
linear block solving a suitable output error problem.
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Fig. 1. Single-input single-output Wiener model.
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3. EXPERIMENT DESIGN AND ESTIMATION
OF THE INNER SIGNAL

In the case of uncertain polynomia the following
family of polynomials can be defined

I = {pe(xy, we,7) s we € R, y €Dy} (9)
where N
Pz, we,y) = wy — kaxf. (10
k=1

It is assumed that all polynomialsin II; have degree
equal to n, thet is, v, # 0 Vy € D,. In order to
evaluate the inner signal x; one has to find the red
roots of the uncertain polynomial (9).

Now, let us introduce the following definitions of
Output Invertibility Interval and Feasible Inner-signal
Interval.

Definition 1. The set W < R is an Output In-
vertibility Interval for the uncertain polynomial
N (x¢,~) of order n, if for w; € W each polynomial
pe(xe,wy,y) € II; shows either only one real root
when n isodd or two real roots when n is even.

Definition2. The set X C R is a Feasible Inner-
signal Interval for the Wiener system described by
equations (1), (2), (3) and (4) if the set of output values
O ={w € R: wy = N(xy4,7), forsome v €
D,, x; € X} isan Output Invertibility Interval.

The key ideaexploited in this paper isto design an in-
put sequence {u; } which will force the unmeasurable
inner sequence {x } to belong to aprescribed Feasible
Inner-signal Interval X . In such away the correspond-
ing output sequence {w;} will belong to an Output
Invertibility Interval of the polynomial N (z, ).

The following three propositions provide a character-
ization of the Output Invertibility Intervals and the
Feasible Inner-signal Intervals.

Proposition 1. The uncertain polynomial N (z¢,7)
with v € D,, exhibits the following two Output In-
vertibility Intervals when » is odd:

W =|w, +oo[ and W =] — cc,w[  (11)



where

n
W = max max E vk (12)
€Y YED,
k=1
n
w = min min
€Yy yEDS P

ey (13)
1

n
T, = {xt € R: iz, ;%xf = 0,for some~y € D,
(14)
Proof: see (Cerone and Regruto, 2004).
Proposition 2. The uncertain polynomia A (x, )

with v € D,, exhibits the following Output Invert-
ibility Intervals when n is even:

W =Jw, +oc] for 7, >0 (15)
and
W= [*OO,M[ for Yn <0 (16)
where "
— k
= 17
U g ma) wer (D
. . k
= X 18
ey g ) el (9

d <& k
Tt:{xt €ER: d—xt;%xt = 0,for some~y € D,
(19)

Proof: see (Cerone and Regruto, 2004).

Proposition 3. The Wiener system described by equa-
tions (1), (2), (3) and (4), with uncertain output
polynomia N (z;,), exhibits the following Feasible
Inner-signal Intervals:

X =1z, +o0| (20)
and
X =]-o0, z] (21)
where
T = max{:vt €R LT Sgn(vn)
1 —sign(v, -
#w Y waf =0, (22)
k=1

for somey € DW}

1+ (-1)"sgn0)

x:min{mt €ER:

1 — (=1)"sign(yy) :
2 w= )

for some v € DV}

Proof: see (Cerone and Regruto, 2004).

3.1 Input sequence design

In order to drive the inner signal {z,} into the desired
interval X, the input signal {u;} should contain a
DC component up¢ (offset) and a dynamic exciting
signal {u:q} whose amplitudes should be chosen in
such away that x; = xpc + x4q belongsto X Vi.
Since the steady-state gain of the linear subsystem
is constrained to be one, the amplitudes of the DC
componentsin u; = upc + usg and x; are the same,
i.e, upc = xpc. Guidelines for the design of the
dynamic exciting signal {u:q} are provided by the
following two propositions straightforwardly derived
from the definition of £..-norm//,.-norm system gain
which equals the £;-norm of h.

Proposition 4. For agiven upc > 7, each sample of
the sequence {z.} belongsto X if:

lupc — |
Rup
where h is the impulse response of the linear block

and h,,, isan upper bound of its¢; norm; || - ||« isthe
£+, norm of a sequence.

Hura} oo < (24)

Proposition 5. For given upc < z, each sample of
the sequence {z;} belongsto X if:

u — X
omah oo < 122021 (25)
up

When no a priori information on the ¢;-norm of the
linear systems is available, the following result can be
exploited.

Proposition 6. All the samples of the output sequence
{w;} belong to the same Output Invertibility Interval
W (either W = W or W = W) if the samples of the
corresponding measured output sequence {y; } satisfy
the following inequalities:

ye >yVt or y, <yVvt, whennisodd  (26)
or

1+sign(vn)
2

Sign(vn) (ye — SigN(yn ) Ang) >

1-4d gn(7n)

5 y, Vt whenn iseven

(27
where

y=w+An, y=w-—An

Proof: see (Cerone and Regruto, 2004).

Proposition 6 provides sufficient conditions for {w, }
to belong either to W or to W. Thus, when no a
priori information on the ¢, -norm of thelinear systems



is available, the condition z; € X V¢ can be indi-
rectly satisfied varying the amplitude of the dynamic
sequence {u:q} by trial and error until the measured
output sequence {y;} satisfies either condition (26),
when n isodd, or condition (27), when n is even.

3.2 Evaluation of bounds on the unmeasurable inner
signal

Given the estimated uncertain polynomial nonlinearity
and a sequence of measured outputs {y;}, obtained
exciting the Wiener system with a suitable input se-
quence {u;} as described in Section 3.1, in this sec-
tion it is shown how upper and lower bounds on the
samples of the unmeasurable inner signal x; can be
evaluated.

The following proposition provides the bounds for the
case, > 0 and X = X. The analogous propositions
for the other cases are not reported due to lack of
space, since they are only dightly variations of this
result.

Proposition 7. Given the estimated polynomia non-
linearity N (x,~) with~y € D, and ~,, > 0, an input
sequence {u;} which drives the inner unmeasurable
signal into a Feasible Inner-signal Interval X, and the
corresponding measured output sequence {y;}, each
sample z; of the inner sequence {x.} is bounded as
follows:

x;"i” <z <t (28)

where:
n
r = max{xt € X iy + A — Z’kaf =0,
k=1

for somey € DV} (29)

.,L,;n,zn — max{x, i,;n@”}

n
it = min{xt €ER:y—Ane — nykxf =0,
k=1

for somey € Dw} (30)

Proof: see (Cerone and Regruto, 2004).

4. COMPUTATIONAL ALGORITHMS

In this section the computational aspects of quantities
and setsinvolved in the estimation of the inner signal
are analyzed.

Computation of T; — First consider the set de-
fined by equation (14), i.e., the set of rea valued x;
for which the uncertain polynomial shows stationary

points (relative maxima, relative minima or points of
inflexion). Thefirst derivative of the uncertain polyno-
mial isstill an uncertain polynomial, namely

d Z” = _
Dt ,(Itﬁ)zidixt ’Ykmf:* E k%T/f ' (31
k=1 k=1

which, clearly, shows nonlinear relations in the un-
known z; and the uncertain +. It is noticed that a
given z; € R isarea root of the uncertain poly-
nomial (31) if and only if there exists at least one
~ € D, such that z, is the solution of the equation
w_1 kvexrf ™t = 0. In order to find the real roots
of (31), aone-dimensional gridding on the variable z;
is proposed. For each grid point z; one must check
if there exists a solution to a set of 2M linear in-
equalities (i.e., v € D,) and one linear equality (i.e.,
Sp_ kyezy™! = 0) in the unknown v € R™. If a
solution  exists, then z, is areal roots of the uncer-
tain polynomial (31). Such a check can be performed
solving alinear programming problem.
Computation of w and w — Next equations (12) and
(13) which define two nonlinear programming prob-
lems are considered. We note that when x; is given,
problems (12) and (13) simplify to linear programs.
Thus, to compute w and w, for each value of ; € T4,
the solution of two linear programming problemswith
n variables and 2M congtraints is required. A one-
dimensiona gridding procedure is used in order to
carry out the optimization over a finite number of
Ty € Tt.
Computation of  and z — Here, equation (22) and
equation (23) are considered. In order to simplify the
discussion, only odd order polynomias with ~,, > 0
are only considered since similar considerations can
be made in all other cases (y,, > 0, v, < 0, n odd, n
even). In the considered case one gets

T =max{x; € R : py(x,w,y) =0,

2
for somey € D,} (32)

and
z =min{z; € R: p(x,w,v) =0,

33
forsome~ € D, } (33

As amatter of fact equations (32) and (33) show non-
linear relationsin the unknown z, and the uncertain .
The following considerations can be made in order to
develop agorithms for the computation of = and «:

1. for agiven z; € R thefollowing facts are true:

e if x; isthe solution of problem (32), then the set
Li(xs,w,7) = {y € Dy : pt(xs,w,7) = 0} is
not empty;

e if x; isthe solution of problem (33), then the set
Li(ze,w,v) = {7y € Dy : pr(ws,w,7) = 0} is
not empty;

2. let us consider the two nomina polynomias
P (x, W, v°) and p,"" (2, w, v°) Obtained, e.g.,
setting v° = ~°¢ and let us define z° and 2° re-
spectively as the maximum real root of the equation



" (x4, W, %) = 0 and the minimum real root of
the equation p,"°™ (x¢, w,~v°) = 0; it is noticed that
only thetwo intervals [z°, +o00) and (—oo, z°] haveto
be explored in order to find a suitable approximation
of 7 and x respectively.

Stringing together those considerations the following
two a gorithms are proposed for the approximate com-
putation of Z and = respectively.

Algorithm 1. (Computation of )
1. Set o = g and e = prescribed tolerance.
2. Compute r = max{z; € R : p,""(z:,w) =
0,v¢}.
3.5z, =7
4. Set xpr = 2y, + .
5.1f 3y° € D, : pi(an, w,~°) = 0 then
Ty = TM,
else
If |zar — 2| < € then
Ty = T,
return z,;
stop agorithm.
else
a=a/2;
end if
end if.
8. Repeat from 4.

Algorithm 2. (Computation of z)
1. Set o = ap and e = prescribed tolerance.
2. Compute r = min{z; € R : p/ " (zy,w) =
0,7}
3.Setxy =7
4.Set z,, =z — .
5.1f 3v° € Dy : pi(xm,w,v°) = 0 then
else
If |xpr — 2| < ethen
2* = I,
return z*;
stop agorithm.
else
a=a/2;
end if
end if.
8. Repeat from 4.

The main properties of Algorithm 1 and Algorithm 2
are highlighted by the following proposition.

Proposition 8. Algorithm 1 and Algorithm 2 show the
following properties:

1. Algorithm 1 and Algorithm 2 are convergent.

2. Algorithm 1 provides an upper bound z, of Z and
Algorithm 2 provides an lower bound z* of z; the
absolute errors of such bounds are both bounded by
€.
3. The check required by step 5 of Algorithm 1
and Algorithm 2 can be performed solving a linear
programming problem.

Proof: see (Cerone and Regruto, 2004)

Computation of x"%* and 2} — Finally, the com-
putation of the inner signal bounds is considered. In
this case one must compute

2" = max{z; € X : pe(xe,yr + Ang,y) =0,
for somey € D, }
and ‘ A
xzmn = max{f, :%;nm}
where
fmin _ min{z; € R : pe(xs, yr — Ang,y) =0,

for some~ € D}

Since ¥ = max{r; € X pe(Te, yr +
Ang,y) = 0, forsome v € Dy} = max{x; €
R : p(x,ye + Ang,y) = 0, forsome v € D,},
z*** can be computed using Algorithm 1 simply
substituting py (z s, W, y) With py(war, ye + Ang, ).
Moreover, as a matter of fact, 27" can be computed
using Algorithm 2 simply substituting p; (zas, w, )
with py (xar, ye — Ang, 7).

5. A SIMULATED EXAMPLE

In this section the parameter bounding procedure out-
linedin (Cerone et al., 2003) is applied to anumerical
example exploiting the results and the algorithms de-
veloped in the present paper. The system considered
hereischaracterized by (1), (2) and (5) with: v, = —5,
2= =4z = 1, di(w) = w Po(w) = uf
Y3(ug) = ud; A(g™) = (1 — 1.1¢7 + 0.28¢72?)
and B(g~') = (0.1¢7! + 0.08¢72). The con-
sidered nonlinear function is an odd non-invertible
function. Bounded absolute output errors have been
considered when simulating the collection of both
steady state data, {us, s}, and transient sequence
{ut, y: . We assumed that the transient and steady-
state measurement noise sequences {n:} and {7}
are random sequences belonging to the uniform dis-
tributions U[—An, +Amn;] and U[—Afjs, +A7;] re-
spectively. Bounds on steady-state and transient out-
put measurement errors were supposed to have the
same value, i.e, An, = An, £ An, and were
chosen in such a way as to simulate five different
values of signal to noise ratio at the output, namely
60 dB, 50 dB, 40 dB, 30 dB and 20 dB. For a given
An, the length of steady-state and the transient data
ae M = 50 and N = [100,1000] respectively.
From the simulated transient sequence {w, n;} and
steady-state data {ws, 7js }, the signal to noise ratios
SNR and SN R are evaluated, respectively, through

SNRZlOlog{Zivzlwf/ Ztl\ilnf}andm:
1010g {2 w2/ S0 i

The steady-state input sequence {u,} belongs to the
interval [—10,10], upc = 7.53 and the dynamic
sequence {u:q} belongs to the uniform distribution




U[—2.45,2.45]. Results about the nonlinear and the
linear block are reported in Table 1 and Tables2 and 3
respectively. For low noiselevel (SN R = 60 dB) and
for al NN, the central estimates of both the nonlinear
static block and the linear model are consistent with
the true parameters. For higher noise level (SNR <
40 dB), both ¢ and ¢ give satisfactory estimates of
the true parameters. As the number of observations
increases (from N = 100 to N = 1000), parameter
uncertainty bounds Ay; = [y — | /2 and
Af; |07 — 97| / 2 decreases, as expected.

6. CONCLUSIONS

In this paper the identification of SISO Wiener models
has been considered when the output measurements
are corrupted by unknown but bounded noise. A three
stage procedure based on the inner signal estimation,
outlined in a previous contribution, has been proposed.
Results and algorithms for the computation of inner-
signal bounds through the design of a suitable input
sequence have been provided for the case of non-
invertible nonlinearity. A simulated example, showing
the effectiveness of the proposed approach, has been
presented.

Table 1: Nonlinear block parameter central estimates
(75) and parameter uncertainty bounds (A~;)

SNR ~; True V5 Avy;

(dB) Value

582 v -5.000 -4999 21e3
v -4000 -4.000 1.8e4
v3 1000 1.000 4.8eb5

382 v -5000 -5027 36e2
v -4.000 -3995 8.le3
v3 1000 1.001 1.6e3

286 vy -5.000 -5040 82e2
v -4.000 -4.003 6.2e-3
v3 1000 1.000 1.9e-3

184 ~; -5000 -5101 1l.le1l
v -4.000 -4.000 1.0e-2
v3 1.000 1004 5.1e3
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Table 2: Linear system parameter central estimates
(65) and parameter uncertainty bounds

(A6;) when N = 100.

SNR 6, True o Ab;

(dB) Vaue

582 6; -1100 -1100 5.3e3
6, 0280 0280 5.1e3
63 0100 0100 6.1e4
6, 0.080 0.080 5.6e-4

380 6; -1100 -1106 7.9e-2
6, 0280 0288 7.4e2
63 0100 0.100 8.0e-3
6, 0.080 0.081 9.0e-3

283 6; -1100 -1155 2lel
6, 0280 0331 20e1l
63 0100 0105 2.0e2
6, 0.080 0.074 2.9e2

182 6, -1.100 -1.211 39l
6, 0280 0403 3.6e1
63 0100 0.099 4.2e-2
6, 0080 0101 4.7e2

Table 3: Linear system parameter central estimates
(65) and parameter uncertainty bounds

(A6,) when N = 1000.

SNR  0; True 05 AG;

(dB) Value

582 6; -1.100 -1.100 1.9e3
fy 0280 0280 1.8e3
f#; 0100 0.100 1.9e-4
s 0080 0.080 2.2e4

384 ¢ -1100 -1.102 5.8e2
fy 0280 0.282 54e2
f#; 0100 0100 6.1e3
s 0080 0.079 5.9e3

282 6; -1.100 -1.106 8.9e2
fy 0280 0.284 82e2
f3 0100 0.099 8.7e3
s 0080 0.080 1.0e2

182 6, -1100 -1.113 15e1l
0y 0280 0293 1ldel
f3 0100 0101 1.6e2
s 0080 0.078 17e2




