THE RATE OF CHANGE OF AN ENERGY FUNCTIONAL FOR AXIALLY MOVING CONTINUA
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Abstract: In this paper, with the utilization of a transport theorem and three-dimensional
version of Leibniz’s rule, the procedure for deriving the time rate of change of an energy
functional for axially moving continua is investigated. In the control engineering, the
correct solution of the time derivation of an energy functional is essential for designing an
effective controller, especially, in the Lyapunov method. The key point to get the correct
solution for axially moving continua is that the time derivation of an energy functional
should be taken into account under Eulerian description with a physical concept. A novel
way of deriving the time rate of change of the energy functional, then, is proposed.
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1. INTRODUCTION

Axially moving continua can be found in various
engineering applications. Vibration control schemes
for moving continua include references (Yang et al.,
2004, 2005; Choi et al., 2004; Fung et al, 2002; Li et
al., 2002; zZhu, 2002; Li and Rahn, 2000; Lee and
Mote, 1999) among others. To design a suitable
controller, most of above references have employed
the Lyapunov method, in which an effective control
law is established through the time derivation of the
energy functional of the considering system. Thus, it
is essential that the time differentiation of the energy
functional considered should be exactly performed in
a proper mathematical manner.

Renshaw et al. (1998) have suggested a derivation
method in Eulerian description for the energy
functionals of prototypical axially moving string and
beam models, and have concluded that a conserved
Eulerian functional is the Jacobi integral of the
system and qualifies as a Lyapunov functional when

it is positive definite. The conclusions have been
accepted for calculating the time derivation of the
energy functionals of axially moving systems in
some papers.On the other hand, other papers have
accepted the one-dimensional transport theorem or a
differentiation method in Lagrangian description to
get the time derivation of the energy functionals.
Hence, the motivation of this paper is to establish a
general theory for calculating the time differentiation
of the energy functional of axially moving continua.

2. PROBLEM FORMULATION

Fig. 1 shows the schematic of an axially moving
string with the fixed two support rolls. Let t be the
time, x be the spatial coordinate along the longitude
of motion, v be the traveling speed of the string,
w(x,t) be the transversal displacement of the string
at spatial coordinate x and time t, and | be the
length of the string from the left to the right supports.
Also, let p be the mass per unit length and T, be the



tension applied to the string. Because the string
travels at an axial speed, v, the total derivative
operator (material derivative) with respect to time
should be defined as

D

B e, )
where (-);=0(-)/ot and (), = o(-)/ox denote the
partial derivatives. The mechanical energy of the
string between x=0 and x =1 is then given by

Dw 1.1
Vetring = J.O [—j dx +EIOTSW§ dx . (2)
By using the extended Hamilton’s principle for
axially moving continua (see Section 4, below), the
equations of motion and boundary conditions of the
axially moving string are derived as follows:

PVt + 2 VW +pV2WXX —Twy =0, O<x<I,

w(0,t) =w(l,t)=0. 3)
In the process of designing a controller using the
Lyapunov method, it is essential to treat and analyze

the time derivative of a Lyapunov function candidate,

that is, the mechanical energy of the system
considered. The Eulerian description of the
mechanical energy of the span [0, 1] in Fig. 1 is

1.1
Veu = EIO[P(Wt +VWX)2 +Tswf]dx . (4)

Alternatively, the Lagrangian description of the
mechanical energy of the set of particles between
X=vt and vt+1 is
1o vt+l
Viag :E vt
where V| 4 =Vg, at t=0. But, note that dvg, /dt

and dV 44 /dt are distinct.

[p(wt +vwy )2 +Tsw§]dx , (5)

For dvg, /dt, the following result is derived:

dVEuI
dt

:—J'Oat [p(wt + VW )2 + Tow2 ]dx

|
:E(TSV—pvs)Wfo ) (6)

where the first equality has been derived using the
one -dimensional Leibniz’s rule of the form

r 9 120t 0 00 jB("af(t Xdes f B(t))dm) (e, A(t))w (7)

and (3) has been used in deriving the second equallty.

Using (7), the first equality in (6) can also be derived
from the equation

dVE“' = I(: 0 [p(wt +vwy)? +Tswf]dx

] dx ®)

[p(wt +vwX) + ToWy

where dx/dt =0 is treated as zero at x=0,1 .

For dV 44 /dt, conversely, the limits of integration
are time dependent. Hence, the result using (7) is

—dVLag == _[VM 0 [ (W +VWy )2 +T WX]dX

vt+1

dx 2
] =Tgvwy y

[p(wt +vwx) +Tgwy

©)

vt

It is observed that (9) is valid only at t=0 because
(3) applies only when the material particles
associated with V., include the string span [0, 1],

and hence (9) is a valid energy functional only at
t=0. From the reason, the followings have been
concluded: A positive definite Lagrangian functional,
even though it is a material derivative, cannot be
used as a Lyapunov functional, because its time
derivative is not valid for more than an instant.

However, strictly speaking, the way of evaluating the
Eulerian functional (6) is not correct. In fact, the
derivation methods given by (6) and (8) are only
mathematics without considering a physical concept
of axially moving continua. Therefore, the correct
evaluation of the time derivation of the Vny in (2)

should be given in the following form:

dv.
Smng J'(IJ o [p(wt +WW, )2 +TSW§]dx

[ 2 2]' 2|!
+EV P(We +VWy )« +TWy | =Tvwg . (10)

which will be explained in detail in the next section.

3. RATE OF CHANGE: THE CORRECT METHOD

To obtain the time derivation of an energy functional
of axially moving continua, a three-dimensional
version of the rate of change is derived in this section.
To accomplish this, with noting that time-varying
means moving and/or deforming while time-invariant
means fixed, that is, neither moving nor deforming,
the following symbols are first defined:

(AL) Lj(t)‘”‘—m"v is the system volume as a

open

collection of translating material particles comprising
the part of translating continua passing through a
specific region of interest, that is, a control volume.
The specific region is supposed to be time-varying
but not fixed, and then (™™ seems like an open

open

system since the variation of the region means that
the material particles comprising the system volume
can be crossing the system boundaries.

(A2) On the other hand, if the specific region of
interest is fixed, the mass of the part of translating
continua is constant. Hence, such case seems like a
closed system, and then the system volume is
described as Lj(t)‘mfm‘”.

clos
(A3) When the system is a stationary continua,
that is, not axially moving, then from (A1) and (A2),
Lj(t)‘m—”x is used as the system volume for an open

open
system with the varying specific region of interest
while ™™ is for an closed system with the fixed

clos

specific region of interest.

U denotes the control volume for (A1), and

the external boundary of which is the control surface
defined as SO - The control volume for (A2) is

time-invariant due to the fixed specific region of



interest, and then defined as Umpﬁ*. The control
surface that encloses U\Z,;efx is used as s\;p—e;‘*-FOV the
stationary continua systems in (A3), U(t)‘zge:ov and
U‘foix are defined as the control volumes for

m_ fix Eir\(j

open

() 3™ ™, respectively.

clos

Note that, to derive the three-dimensional version of
the rate of change, the translating continua system
have to be analyzed in view of Eulerian description
since our attention is focused on what happens on the
moving continua (i.e., system volume) in the specific
region of interest (i.e., control volume) as time
passes. Hence, now consider the system with
U”(t)‘m—m"v in (Al) which is a typical case for the

open
continua systems. Let G be the traveling velocity of
the axially moving continua, and Gg be the moving

velocity of time-varying control surface bounding the
time-varying control volume.

At first, it is necessary to deal with the function o(t)
defined by an integral of the form

o0 = f5 - PEED AU =[5

open
where X is the position vector relative to a chosen
origin, p is the continua density, and the quantity ¢
denotes the property of interest per unit mass, and
then y represents the continua property that occurs

in U()‘m ™ such as fluxes of mass, linear

open

m_mov W(i,t) dU 1 (11)

open

momentum, angular momentum, internal energy, and
kinetic energy, et cetera. In (11), the volume integral
is a triple integral.

Note that the position vector X is a time-independent
variable in Eulerian description whereas, in
Lagrangian description, the vector X is a time-
dependent variable. Hence, in Eulerian description,
X describing a material point at time t is called the
field coordinate, and the velocity given in field

coordinates is oX/ot=0 even though the material
velocity (Cartesian velocity) is given as dx/dt =

Now, an expression for the time rate of change
de/dt for o(t) in (11), that is, a three-dimensional

version of axially moving continua, is derived in
Eulerian description. By introducing a physical
notion such as fluid dynamics, the time derivation
de/dt for the system (A1) is obtained as

m_mov i/ dU

open

d
dt fu ®

_JU(t)‘ZpeTOV l//dU +§S(t)‘zp;0vl//u nas . (12)
Applying (12), the time rate of change for other

systems in (A2) and (A3) can be easily obtained.

For the stationary continua systems with t)‘m—“*

open

and (|- ™, since the material velocity U is zero, and

dos

then the time derivations of the systems are given as,
respectively,

V_mov V/ dU 1 (13)

open

m “Xl//dU :IU‘V fix l//dU : (14)

clos

l//dU :j'

dt
_tJ.u

Remark 1: Note that, from (6)-(8) and (12), it is seen
that the calculation method used in (6)-(8) in spite of
acted in Eulerian description is only Leibniz’s rule
without considering the physical idea, that is,

d 0 .
aju(t)y/du :DU(OEWU +§sm‘/’“8 -nds}. (15)

Hence, the controller designed by using (15) might
bring about an erroneous stability result in actual
translating systems, and such a situation is shown in
Section 5, below.

u)

clos

From the above results, with noting that the form of
(12) for (A2) is the same as Reynolds transport
theorem, the followings are observed:

(C1) Calculating the rate of change of any
property for axially moving continua needs a flux
term with the translating speed of moving continua,
regardless of the moving velocity of varying control
surface bounding the varying control volume.

(C2) From (12) which denotes the classic
Reynolds transport theorem in the case of (A2), it can
be asserted that (12) is a general transport theorem
since (12) has been extended to a translating system
with a varying control volume (and a varying control
surface).

(C3) From (13), it is seen that, even in the case
of stationary continua with the varying control
volume, Leibniz’s rule in (15) cannot be directly
employed to this system. Indeed, Leibniz’s rule in
(15) is purely mathematical not stemming from a
physical concept such as fluid dynamics, and hence,
w in (15) is not identified with any material property.

(C4) As mentioned in (C1), when evaluating the
time derivation for translating continua, a flux term
with the traveling speed of continua is always
contained. This means that the time derivative used
in the translating continua can be treated as the
material derivative in (1), that is,

d D 0 .
ajua)'/’du :aju(t)'/’du :IU(t)g'/’dU +§S(t)‘/’u'nds’

which is also obtained from (12). Hence, in analyzing
the behavior of the translating continua system, the
relationship of d(-)/dt=D(-)/Dt can be employed,

and which is useful to analyze the system.

Finally, for the one-dimensional axially moving
string introduced in (3), the material velocity G in
(12) is v . Note that in this system the material points
at x=0,1 still have the material velocity v despite
the fixed boundary positions, which means the fixed
control volume, i.e., Ug =0. Hence, the velocity term

in (12) is given as G=v , and then v.-A at the
boundaries is given as -v at x=0 and +v at x=1
because n is the outwardly positive unit normal



vector to S(t) . Thus, using (12), the time derivation
Of Viring in (2) is obtained as

; AVitring 1010
Vstring :$:§Iog[p(wt +VWx)2 +T3W3]dx
(16)

Note that (16) is the same as (10) and entirely
different from the results in (6) and (9).

1 I I
+§v [p(wt +vwX)2 +Tswf]0 :Tsvw§ o

4. ENERGY CONSERVATION: HAMILTON’S PRINCIPLE

In this section, it is investigated if the energy of the
translating continua expressed by (12) is
conservative via Hamilton’s principle since which
has been expanded through the principle of
conservation of mechanical energy to dynamic
problems (see Benaroya and Wei, 2000).

The classic Hamilton’s principle for this system can
be obtained by integrating d’Alembert’s principle for
a continua system with respect to time over an
internal t, to t; . However, this is not generally the

case where the system is comprised with translating
material elements, which denotes a translating
continua system. Supposing the material elements
comprising the translating continua are moving at the
speed of G, then the Cartesian velocity is given as
dX/dt=U in Eulerian description. This means that on

the occasion of translating continua systems, the
system configurations at two distinct times can not
be readily prescribed. That is, the two end points of
w(X,t) at the beginning and ending times are varied,
not fixed, due to dx/dt =0 . Thus, a novel Hamilton’s

principle extended to such systems is required to
generalize the analysis to include the translating
continua systems.

Now, consider the translating system with u(t)‘m—m"v

open
in (A1) again. Then, for the system, d’Alembert’s
principle is given as
m_mov +MI’1.C.

open

da DW(X,t)) o _
_d‘ b oo (725 ‘WX’”}"“] 7

where L .
U

o .
dot)

n_mo denotes the Lagrangian of the time-

open
varying system volume. Hence, by applying (12) to
the last term in (17), the following is obtained

oL v_mov + W, ¢
U(t)‘ol;en -

N a[( Dt
U= at Dt

open

j. &N(i,t)} du

DW(X,t)) oo v |- 4
— §S(t)‘v7mov |:(,0 Dt j &N(X,t):| u-n dS — 0 , (18)

open

where L

U= denotes the Lagrangian of the time-

open
varying control volume. Note that comparing (17)
and (18), it is observed that the variation of the
property in the system volume can be rewritten in

terms of that in the control volume. The advantage of
this approach is that the system configuration in the
control volume is prescribed at all times since the
rate of change of the volume integral in (18) has been
derived under the condition of dx/dt=0. Thus, now

integrating (18) with respect to time, the extended
form of Hamilton’s principle for a translating
continua system is given as

ty ts
LNy oL dt + jto W, . dt

Ito §s(t)“;‘;e':vv |:(,0 Dt] M}U nds dt _O.(19b)

(19a)

Now, the principle of conservation of mechanical
energy is established by using the extended
Hamilton’s principle in (19b) as well as the
derivation method in (12). Following (Benaroya and
Wei, 2000), for translating continua system, let the
virtual displacement sw of the translating material
particle coincide with the actual displacement Dw .
Hence, from considering the relationship of
Sv= Dt-Dw/Dt , the variational operator can be

defined with the material derivative operator such as
S(-)= Dt-D(-)/Dt . Let W, is zero, then replacing
LU (t)‘vimov a
N2
Dw oA
_§S(t)“;;er:ov [(pg] ‘| u-ndS =0. (20)
—| K. mmw +P.
dt[ U(t)‘open U(t) open

the variation with the material differential and
open
Now applying the derivation method (12) and
mmu and P.
Jt)

D DV \2
= ]
open Dt
d mmov] = O y (21)

n_mov denote the Kinetic

open

eliminating the common Dt factor, (18) yields
Dt J U™ ot
material derivative operator to (20) yields
open

where K .
Ut

and potential energies of the system volume. From
(21), it is observed that the total mechanical energy
of the translating continua system is constant, and
which is a statement of the principle of conservation
of mechanical energy.

5. NUMERICAL SIMULATIONS

In this section, comparing two control systems of the
axially moving string designed using the derivation
method proposed and the Leibniz’s rule, respectively,
the correctness of the proposed method is
demonstrated through a mathematical analysis and
numerical simulations. Fig. 2 shows the considered
axially moving string with a hydraulic touch roll
actuator in the right boundary. Let the mass and
damping coefficients of the hydraulic actuator be m,

and d., respectively. The control force f.(t) is

applied to the touch rolls to suppress the transverse
vibrations of the axially moving string.



5.1. Vibration Control: Proposed method (12)

By employing the extended Hamilton’s principle in

(19b), the governing equation and boundary

conditions of the axially moving string are derived as
Pt + 2 VWi +p‘/2Wxx =Ty, O0<x<lI, (22)
w(x,0) =wp(X), w;(x,0)=w;o(x), w(0,t)=0, (23)
= (t) = mewy (1) + dewe (1) + Tswy (1) - (24)

To suppress the vibration energy of the axially

moving string as well as to attenuate the effect of the

disturbance at the output of the controller, a
boundary controller is proposed as follows:

) =m& (1), (25)

& () ==& (O + WX 1) |y , (26)
fo (8) = —dowi (1) + kyW(x, 1) [xop +MevsWye (1) +ko&o (1) 4(27)
where & eR for i =12 are the controller states with
the material velocity feedback at the right boundary
as the input signal, i.e., W(x,t)|x_1=w (1) +vswy (),
and where o, , k; , and k, denote the control
parameters with positive values.

Now, a positive definite functional V (t), as the total

energy of the moving string system including the
actuator, is defined as follows:

V(t) =Vstring (t) +Vactuator (1) » (28)

1,1 2 1.1 2
where Vgying (t) = Ejop(wt + VW, )“ dx +EIOTSWX dx,

Vactuator () = %mc{ W (1) + vgwy (”}2 +%k2 (6812 +§22) .

Note that the position of the actuator is fixed at the
right boundary of the string span while the string is
axially moving. Hence, for Vaguawr (t) , both of G
and Ug in (12) should be set as all zero. Thus, by

using (12) and Example 1, the time derivative of the
Lyapunov function candidate V (t) is obtained by

V(t) :Vstring t) +vactuator ®

1710 2 2]
:Ej'og[p(vsw)ﬁwt) + T wg [dx
1 |
+EVS [p(vswX +wt)2 +TSW§]O

+ 22 [ [ ) + v O + ko6 + 22)
= VT (@) —ka (W () +vew ()* 0. (29)

From (29), it is concluded that all the signals in the
closed loop system are bounded. By using LaSalle’s
invariance principle, it is concluded that the solutions
of the closed loop system asymptotically tend to the
zero solution. Further, the controller given by (25)-
(27) eliminates the effect of the disturbance n(t) at
the output of the controller, and the asymptotic
stability of the closed loop system is still guaranteed
in this case. For details of the above results in this
subsection, we can refer (Yang et al., 2005).

5. 2 Vibration Control: Leibniz’s rule (15)

In this subsection, the string system in Fig. 2 is
analyzed from a purely mathematical standpoint, i.e.,

dX/dt =0 here. Hence, we face a basic problem such

as which Hamilton’s principle among (19a) and
(19b) should be treated in this case. Depending on
the employment of (19a) and (19b), the boundary
condition of the string system and boundary
controller to suppress the vibration energy of the
axially moving string as well as to attenuate the
effect of the disturbance at the output of the
controller are distinctly given, respectively, as:

(S1) By employing the classic type (19a):

— fo (1) = mewy (1) + (dg — o) (1) + (Ts — vH)wy (1), (30)

aM)=mé (), (31)
&) =—a& O +w (), (32)
fo () =—dewi (1) + kgwi (1) +ko & (1) (33)

(S1) By employing the extended type (19b):
—fo (t) = mewy (1) + dew (1) + Tgwy (1) (34)
L) =mé (1), (35)
&) =-a &) +w (1), (36)

fo ) =—dowe (1) + ke (1) +kada (1) —pv(we (1) +vwy (1)) . (37)
The stability of the closed-loop systems (S1) and
(S2) can be easily proved by following the procedure
in Subsection 5.1. However, the stability is proved
using Leibniz’s rule given by (15) in this subsection.

Following (6)-(8), a conserved Eulerian functional is
considered, and then a positive definite functional
Veu (t) , as the total energy of the moving string

system, is defined as:
11 11
Veur () = Joat dx + [ (Ts - pud)wy dx

1 1
+omont () + kg (6 +62), (38)
Using Leibniz’s rule given as (15) (or (7)), the time
derivation of Vg, (t) in (38) is obtained as

Veu (t) =% | ;g[pvvf + (T, - r2)w2ax
+%g[mc{wt(l) v (O +ko (& + 22)]

=—kw2(l) <0. (39)
From (39), it is also concluded the same stability
result as that of Subsection 5.1.

5.3. Simulation Results

In this subsection, the correctness of the stability
results is verified by numerical simulations. Let
p=1 kg/m, v=0.5 m/sec, m;= 0.1 kg, d, =0.02
N/m/sec, Ty=1 N, and =1 m. Figs. 3 and 4 draw

the displacement of the whole string under the
disturbance, in which k; =1, k, =10, and «; =10 are
given. Fig. 3 shows the simulation results for the
moving string with the boundary controller (25)-(27),
whereas Fig. 4 depicts those with the boundary
controller (31)-(33) (or (35)-(37)).

It is seen in Fig. 3, in the case of the moving string
controlled by (25)-(27), the initial vibrations
dissipate asymptotically despite the disturbance.
However, as shown in Fig. 4, the string vibrations



under the boundary control action with (31)-(33) (or
(35)-(37)) do not dissipate to zero and diverge even
though the mathematical analysis guaranteed the
asymptotic stability despite the disturbance.

The main reason of the unstability result of closed-
loop systems (S1) and (S2) is due to the time
derivation method of the Lyapunov function
candidate Vg, in (38). Since the time differentiation

was performed in a not correct mathematical manner
at the first step in control design, the following
designed controller as well as the mathematical
analysis all have lead to such unsuitable results.

6. CONCLUSIONS

In order to get the correct solution of the time
derivation of the energy functional for axially
moving continua, Eulerian description should be
taken into account, but surely with a physical
concept. As shown here, if a controller designed
from only a purely mathematical standpoint is put
into operation, an erroneous stability might be
brought about in actual working, especially, axially
translating continua systems. On the basis of the
contents here, various controller design and system
analysis for axially moving continua can be
established in the correct mathematical manner.
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Fig. 2 Axially moving string with a hydraulic
actuator at the right boundary
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Fig. 3 Displacement of the moving string controlled
by (25)-(27): k; =1, k, =10, @ =10, n(t) =cos10t.

Displacement
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Fig. 4 Displacement of the moving string
controlled by (31)-(33) (or (35)-(37)):
ki =1, k, =10, @ =10, n(t) =cosl0t.



