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Haishan Ding, Jianqin Mao

The Seventh Research Division, Beijing University of Aeronautics & Astronautics,
100083, Beijing, China. E-mail: chinodhs@163.com

Abstract:Utilizing the design technique of “parallel distributed compensation”(PDC),
model-based fuzzy controllers are designed for both continuous-time and discrete-time
dynamic fuzzy models. The stability analysis for this class of dynamic fuzzy models is
studied in this paper. New stability conditions for this class of dynamic fuzzy models are
presented respectively. On comparison with the existing research, the results derived are
of less conservative and easy to use relatively, which is test by numerical examples.
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1. INTRODUCTION!

A dynamic fuzzy model is presented by S.G.Cao et
al first. The main idea is to construct a set of local
dynamic systems models to represent the local
dynamic behavior of the system, and then to connect
the set of local models by membership functions to
form a global dynamic model (S.G.Cao, et al. 1997).
A dynamic fuzzy model could be considered as the
extension of a T-S fuzzy system.

Let a dynamic fuzzy model be the design model
(B.Friedland. 1996). Then a model-based fuzzy
controller could be designed by utilizing the

technique of “parallel distributed compensation”
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(Hua O.Wang, et al. 1996). And there have been
many successful applications, for example, the stable
control of a double inverted pendulum is solved in
(Yao Hongwei, et al. 2001).

Stability analysis is one of the most basic issues of
fuzzy control systems. In this paper new relaxed
stability conditions, which only need to calculate
eigenvalues, are presented respectively for this class
of dynamic fuzzy models whose controllers are
designed by the technique of PDC.

The paper is organized as follows: The recast of
dynamic fuzzy models is given in Section 2. The
main results of this paper are presented in Section 3,
and numerical examples are also given. Concluding
remarks are collected in Section 4.

2. FROMULATION OF DYNAMIC FUZZY
MODELS

A dynamic fuzzy models, which is the extension of a
T-S fuzzy model, is described by a set of “If-Then”



fuzzy rules. The premise part of the fuzzy rule
includes linguistic information and the consequence
part of the rule includes a local dynamic model.

For a multi-input discrete-time dynamic fuzzy model,
it can be represented as (S.G.Cao, N.W.Rees and
G.Feng. 1997):

Rlpd: Ifx;is F'; and ... x, is F',,

Then x(k+1)=Ax(k)+Bu(k), 1)
I=1,2,...,m, where Rlpd denotes the /th fuzzy rule,
A,eR™" , BieR"™ ( A;, B;) is the Ith local model of
the dynamic fuzzy model (1), m is the number of the
rules, F'; is the fuzzy set, Fix(k)) denotes the
corresponding membership function, x(k)=[x,(k),
x2(K)...., x,(k)]"€R" are the state variables of the
system, u(k)eR’ are the input variables of the system.
Let u(x(k)) be the normalized membership function
of the fuzzy set F, where F=[1"_,F'; and 0<u<1,
ol
Using a singleton fuzzifier, product inference and a
center-average defuzzifier, the global dynamic fuzzy
model can be expressed as follows:
x(k+1)=A(u(x))x(k)+B(u(x))u(k), 2
where  A(u(x)=Z" ()4, Bux)=E" mp4(x) B,
:u(x):[ lul(x)a #Z(X)a"'a :um(x)l

For a multi-input continuous-time dynamic fuzzy
model, it can be represented as (Sun ZengQi. 1998):
R, I x(f) is My and ... x,(0) is M,

Then X =Ax(£)+Bu(?), 3)
I=1,2,....m, where Rlpc denotes the /th fuzzy rule, 4,
B, denote the same meaning in the discrete time case.
M, M (x(2)), x(?), u(f) and w(x(£)) correspond to F;,
Flixk)), x(k), u(k) and w(x(k)) in the discrete time
case respectively.

As the same, using a singleton fuzzifier, product
inference and a center-average defuzzifier, the global
dynamic fuzzy model can be expressed as following:

X = A(u())e()+Bu(x)u(t), “

3. STABILITY ANALYSIS FOR DYNAMIC
FUZZY MODELS

If the discrete-time dynamic fuzzy model in Eq.(2) or
the continuous-time one in Eq.(4) captures the
essential features of the true model, it can be taken as
the design model. Then utilizing the technique of
“parallel distributed compensation”, a model-based
fuzzy controller can be designed directly. The main
idea is to design a compensator for each rule of the
dynamic fuzzy model (1) or (3) (Hua O.Wang, et al.
1996). For each rule, linear control design techniques
can be used. The fuzzy controller shares the same
fuzzy sets with the dynamic fuzzy model. Suppose
the following fuzzy controller has been designed:

For the discrete-time case, it can be expressed by the
following m rules:

R g If xy(k) is F'y and ... x,(k) is F,,
Then u(k)= —Lx(k), (5)

For the continuous-time case, it can be expressed as

follows:
R If x,(7) is M) and ... x,(¢) is M',,
Then u(t)= —K (), (6)

I=1,2,...,m, where L;,ceR”", K;eR"".

There are two strategies to determine the global
control. One strategy is that the global control is
equal to the local control whose membership is
dominant and the other strategy is that the global
control is equal to the fuzzy “blending” of local
controllers. According to the first strategy, we have
u(ky= —%" o)L (k)= —L,x(k)

(the discrete-time case), (7
or
u(t)= —Z" () Kx(t)= —K,x(t)

(the continuous-time case), ®)

where r satisfies u,(x)=max {1,(x)|1</<m}. And with
respect to the second strategy, we have

u(k)y= —X" - (x)Lpx(k)

(the discrete-time case), 9
or
u(t)= —Z" 1 u(x)Kpx(t)

(the continuous-time case), (10)

Substitute Eq.(7), (9) into Eq.(2) and substitute
Eq.(8), (10) into Eq.(4) respectively, then the
closed-loop systems are described by the following

models:
x(kt1)= 2" pu(x)( A=BiL,) x(k) (11)
x = ") (A= BiK, )x(?) (12)
x(e D)= 2 ") @ A-BL) X)) (13)
X = 2" X pi(x) () A-BiK)) x(t) (14)

For the stability analysis of dynamic fuzzy models
described by Eq.(11) to (14), most results is to find a
common positive-definite matrix P and require all or
part of local models satisfy certain linear matrix
inequations. Because of neglecting the effect of
membership functions, these stability conditions are
conservative in some sense. In our previous work, the
new sufficient conditions for the stability of dynamic
fuzzy models described by Eq.(11) and (12) have
been presented. They are quoted as following (Ding
HaiShan and Mao JianQin. 2003):

Denote S;=A~BiL;, 0;=S"iPS;—P, J,;=max{A(Q;)} as
the largest eigenvalue of the matrix Q;;, where P is an
arbitrary fixed n dimension positive-definite matrix,
(i, j=1,..,m ). To divide the m’ eigenvalues into m
parts. Each part is divided into “positive” sub-part



A" and “inpositive” sub-part A,". That is: {1,1, A2, ...,

/1,-,,7}:Ar+UAr_:{ ﬂ“ril geees /1”'[ }U{ /1}71 RN /I}yn },
( r=1,....m ), where IHn=m, 1<i, j<m, ( s=1,..., [ ;

=1, ..., n).

Theorem 1: The fuzzy dynamic system described by
Eq.(11) is asymptotically stable if there exists an n

dimension matrix P>0, such that ST PS,,—P<0 hold
for r=1,...,m and 4,,+ 4,; +...+ 4,; <0 hold for r=1,...,

m. (proof see (Ding HaiShan and Mao JianQin.
2003))

Denote H=A~BK;, J=max{A(H ;P+PH;)} as the
largest eigenvalue of the matrix Hle»P+PHj,-, where P
is an arbitrary fixed »n dimension positive-definite
matrix, ( i, j=1,...,m ). To divide the m* eigenvalues
into m parts. Each part is divided into “positive”
sub-part A," and “inpositive” sub-part A,. That is:
{1 Ay ovr Ay =INON

= i oo A FOL A s Ay )

( r=1,....m ), where IHn=m, 1<i;, j<m, ( s=1,..., [ ;
=1, ..., n).

Theorem 2: The fuzzy dynamic system described by
Eq. (12) is asymptotically stable if there exists an n

dimension matrix P>0, such that H',,P+PH,,<0 hold
for r=1,...,mand 4,,+ 4,; +...+ 4,; <0 hold for r=1,...,

m. (proof see (Ding HaiShan and Mao JianQin.
2003)).

In what follows, the stability conditions of the
dynamic fuzzy models described by Eq.(13) and
Eq.(14) will be given. For convenience of depiction,
divide the m” eigenvalues A; into “positive” part A
and “inpositive” set A". For the discrete-time case,
A=max{A(Q;); for the continuous-time case,
j=max {A(H";,P+PH;), i, j=1,....;m.

Theorem 3: The fuzzy dynamic system described by
Eq.(13) is asymptotically stable if there exists an n
dimension matrix P>0, such that S’,,PS,—P<0 hold
for =1,...,m and /1,.,+ZlﬂeA+ /Ij,- <0 hold for r=1,...,

m.

Proof: See the Appendix.

Please notice that model (13) can be also written as
x(kt1)= " 2" ui(x) py(x)( Ai=Bily) x(k)
=L " i) () (A=Bil+A;=B L) 2)x(k).

Denote Gj,:(A I_B,LJ+AJ_BJL1)/2 and

Ji=max{A(G;'PG;~P)}, i, j=1,..., m. The following
theorem will be derived.

Theorem 4

The fuzzy dynamic system described by Eq.(13) is
asymptotically stable if there exists P>0, such that
G'..PG,~P<0  hold  for r=l,.,m  and
At le,eA+ lﬁ- <0 hold for r=1,..., m.

Proof: See the Appendix.

For the continue-time case, there is:

Theorem 5: The fuzzy dynamic system described by
Eq.(14) is asymptotically stable if there exists P>0,
such that HT,P+PH.,<0 hold for r=1,..m and

At 25 enr A ji <0hold for r=1,...,m.
i
Proof: See the Appendix.

Notice that model (14) can be also written as
X = e 2 (%) () A=BiK) x(2)
=2 2" (x) (O(A~BiKit+ A=B;K3)/2]x(2).
If we define H; =(4-Bdl+A~BiL;)2 and
Jemax{i( HGP + PH; )}, i, j=l,..m, The
following theorem will be derived.

Theorem 6: The fuzzy dynamic system described by
Eq.(14) is asymptotically stable if there exists P>0,
such that I?Z;P + PH,. <0 hold for r=1,..,m and
At Zi/,eA* A i <0 hold for r=1,...,m.

Proof: See the Appendix.

Remark: Theorems from 1 to 6 only involves of
corresponding eigenvalues which are easy to obtain.
So they are convenient to be used in stability analysis
of dynamic fuzzy models.

Although these stability conditions are not related
with membership functions apparently, it can be seen
from proofs that they are obtained under the
consideration of the properties of membership
functions. And the interaction of local dynamic
models is considered by means of eigenvalues. So
they are more general than some existing results. The
advantages of theorem 1 and theorem 2 have been
given in (Ding HaiShan and Mao JianQin. 2003).
Theorem 4 is more general than theorem 3 in (Hua
0O.Wang, et al. 1996). Theorem 3 in (Hua O.Wang, et
al. 1996) requests that G,«jTP G; —P<0 hold for i<j<m.
While theorem 4 in this paper only requests that 4,,<0



hold for r=1,..,m, which 1is equivalent to
G,,"PG,—P<0 hold for r=1,...m. So theorem 3 in
(Hua O.Wang, et al. 1996) is the special case of
theorem 4. For the same reason, theorem 5 also
includes theorem 1 in (Sun ZengQi. (1998) as a
special case.

In what follows, two numerical examples will be
given to illustrate the effectiveness of the theorems.
Example I: Consider the discrete-time dynamic fuzzy

model used in (Hua O.Wang, et al. 1996):
R, I xo(k) is F'; (e.g. “Small”)
Then x(k+1)=Ax(k)+Biu(k),
R, If x5(K) is F*; (e.g. “Big”)
Then x(k+1)=Ax(k)+Byu(k),
Where x(k)=[ x(k) x»(k)]" and B;=[1 11", B=[-2 11,

1 -05 -1 -05
Ay = , Ay = .
1 0 10

Membership functions and the PDC controller are

chosen as the same as the ones in (Hua O.Wang, et al.

1996), that is L,=[0.65 —0.5] and L,=[0.87 —0.11].

If the positive definite matrix P is chosen to be

08 —-0.06 )
P= , we will have that
-0.06 23

ST1,PS;,—P<0 is not satisfied. So we are not able to
use theorem 2 in (Hua O.Wang, et al. 1996). But
using theorem 3 in this paper, there is 1;,= —0.2923,
= 0.1891, Ay = —0.7475, Jp= —0.2647, A'={l15}
and

Ant Z,lﬂgzv Aji =A1t212<0

At ANt A i = tA12<0.

Therefore the close-loop dynamic fuzzy model is
asymptotically stable. Using theorem 3 in (Hua
0O.Wang, et al. 1996) or theorem 4 in this paper, the
same conclusion is also derived.
But if the positive definite matrix P is chosen to be
21 =07
- {— 07 23

O.Wang, et al. 1996) as well as theorem 3 in this
paper all lose its effectiveness. However, according

}, theorem 2 and 3 in (Hua

to theorem 4 in this paper, we obtain 4,,= —0.7487,
A1o=0.3282, Ay;= 0.3282, A= —0.6816 by calculating
directly. So A'={4,5, 1} and

Ant ZlﬁeA* /1_]‘,' =A1TA12121<0

hort X et Aji harthiatio<0.
So we can conclude that the closed-loop dynamic
fuzzy model is asymptotically stable. The simulation

results of this example are shown as Fig.1 and Fig. 2
(Hua O.Wang, et al. 1996).

Fig. 1 Open-loop response of x;(k)
at x(0)=[0.9-0.7]"

0.9
%, ()

Fig. 2 Close-loop response of x;(k)
at x(0)=[0.9-0.7]"
Example 2: Consider the inverted pendulum system
used in (G.Feng,S.G.Cao,N.W.Rees,C.K.Chak.1997),
where a PDC controller is designed. The system is

described by the following five rules:
R' pei If x1(2) is “near 0” and x,(?) is “near 0”
Then x =A4x()+Bu(?),
Rzpc: If x,(¢) is “near 0” and x,(¢) is “near +4”
Then x = Ax(£)+Byu(t),
R’ pe: If x1(2) 1s “near £n/3” and x,(?) is “near 0”
Then x = A;x(£)+Bsu(?),
R4,,C: If x,(¢) is “near ©/3” and x,(¢) is “near 4” or x(7)
is “near —m/3” and x,(?) is “near —4”
Then x = Ax(¢)+Bu(t),
RSPC: If x1(¢) is “near n/3” and x,(¢) is “near —4” or
x1(¢) 1s “near —1/3” and x,(¢) is “near 4”
Then x =Asx(£)+Bsu(?),

where, x(£)=[ x,(¢) x»(¢)]" and

0 1 0 1

4 = 4y =

117.2941 0 14.4706 0

0 1 0 1
Ay = Ay =

15.8512 0 7.2437 —0.5399

o 1
ASZ

| 7.2437 0.5399}

0 0
B, = B, =

| —0.1765 -0.1765

0
B3 = B4 =Bs {—0 0779}



The local feedback control gains are as follows (Ding

HaiShan and Mao JianQin. 2003):

K,=[-297.2750 —39.6601],K,=[-281.2776 —39.6601]

K3=[-526.6508 —89.8588],K,=[—544.5263 —82.9281]

K5=[—544.5263 —96.7895]

In this example, membership functions are as the

same as the ones in (Ding HaiShan and Mao JianQin.

2003) and the global control is equal to the fuzzy

“blending” of local controllers.

The positive definite matrix P is chosen to be
_ {13.7909 0.4378

for stability analysis.
0.4378 0.4938

Calculate 4; corresponding to ;. We have
An=—4.3516, 41,=—3.8136, 4;3=—1.1630, 4,,=—1.2969,
A15==0.0442, 1,;=—4.8605, 1,,=—4.3516, 1,;=—0.7276,
A= —0.7597, 45=0.4938, 13;= —0.4613, 75,=0.1746,
A33= —4.3516, A34= —5.0013, A35= —4.2042, 14,=0.8547,
A4y=1.4823, A43=—3.7019, A4y= —4.3516, A45= —3.5545,
Asi=—0.3315, 25,=0.3033, A53= —4.4690, As4= —5.1166,
Ass=—4.3516.

So Z/lﬁeN Aji ={das , A3, Aar s A, Asa}. It s easy to

verify that 4,+ 3>, ca+4;; <0 hold for r=1,...5.

According to theorem 5, the pendulum system is
asymptotically stable.

When calculate 4; corresponding to H ;;, it will be

found that }; yen’ Aji =4 . So according to theorem

6, the pendulum system is also asymptotically stable.
However, Hs'P+PH,, is not a negative definite
matrix. So theorem 1 in (Sun ZengQi. 1998) cannot
help anything here.

Fig 1 displays the simulation result with initial
condition x(£)=[0.6 0.2]" and fig 2 displays the
simulation result with initial condition x(r)=[1 0],
where the angles are in radian. Simulations verify the
correctness of the conclusion derived by theorems in
this paper.

0.6

x, ()
[Rad]

T
4
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
I
-

1 ]
0 2 4

t [sec] 6

Fig. 3 Response of the angle of the pendulum
for x(0)=[0.6 0.2]"

x, ()
[Rad]

0
-0.0695

0 2 4

Fig. 4 Response of the angle of the pendulum
for x(0)=[1 0]"

4. CONCLUSION

Stability analysis of dynamic fuzzy models, whose
controller is designed by the design technique of
PDC, is

conditions to guarantee the asymptotical stability are

considered. New relaxed sufficient
presented. The conditions are simple and they are
less conservative compared with existing results.
This is shown by theoretic analysis and numerical

examples.

APPENDIX-PROOFS

Proof of theorem 3. First, if there exits an n
dimension matrix P>0, such that S, PS,—P<0, it is
equivalent with 4,,<0, (r=L,..., m). So we have 1,,e A".
Choosing as a Lyapunov function candidate
V(x(k))=x"(k)Px(k), hence its difference along the
solution of Eq.(13) is
AV(x(k)) = V(x(k+1)) = V(x(k))
= x"(k+1)P x(k+1) — x" (k)P x(k)
= () {[Z" 1t 00 (" ety () (A i~
BiL))IPIE" i) (" 101 () (A
—BiL))~Plx(k)
Denote E=%"-111(x)(4~B.L;), then we have
AV(x(k)) = X" (R)[(Z" =) Ei )P
(" () E)=Px(k)
=x"(K)[Z" =’ (x)(E; "PE; —P)
2 B i) i (x)(E; "PE
—P+ E,"PE; —P)]x(k)
= x"(k){=" -1’ (x)(E;"PE; —P)
+ 2" 2 %) u(x)[E; " PEy,
—P+ E,"PE;,—P—( E,
—E)'P( Ex—E)]}x(k)
<X (R)[X" o dx)(E; "PE, —P)



+ 27 2 i) (x)(E; "PE
—P+ E."PE; —P)Ix(k)
= x ()[Z" 1= Z"jeptix) ()
(E;"PE; —P))x(k)
= x (k) [E" -1x)(E; " PE; —P)]x(k)
E;"PE~P =[X"yy(x)( A~ B.L)"]

PIE" pu(x)( A= BiLy)] =P
=21 2" e (X)) (S PS,—P)
=2 " (xS PSji—P)

+2" 2" g (xS PSi
-P +SliTP S/'i_P )
=5 2" et (x)(Si PS;—P)
2 ety (xS PS
—P+S,"PS;—P—(S;
=Si)"P(Si=Si)]
<E" 2"l (x)(Si PS;—P)
2 ety (Ox)(S PS
—P+S,"PS;—P)
=2 () Qji
Therefore, we have
AV(x(k)) < x"(R)(E" =14i(x) £ 1p1(x) Q) (k)
= (Za,en Hi(X) 1(x) i

20, en Hi () (%) ) (o)

S(Zmzﬁlﬂi(x)zlii—’_
2p,ent Hi(X) (x) A xR

At arbitrary time k&, without generalization, suppose

that g, (x)=max {u,(x)|1<I<m}, then we have
AV(R)) g () (Rt 2aen Aji )l (k)| <0.

Because of the randomicity of ¢, AV(x(k))<0 always
holds. So the fuzzy dynamic system described by Eq.
(13) is asymptotically stable. O
Proof of theorem 4. Denote G;=(4,—B,L;+A4;~B;L;)/2.
It is only needed to substitute L,=max {1(G; PG;~P)}
into the proof of theorem 3. The rest is similar to that
of theorem 3. U
Proof of theorem 5. First, similar as the proof of
theorem 3, we have /4,€A and choosing as a
Lyapunov function candidate V(x(¢))=x"(£)Px(¢), then
its derivative along the solution of Eq.(14) is
V(x(t)) = %" (¢) Px(t)+x"(1)P x(2)
= 2O 1 E" e p10) 1) (A= BK)P x(0)
+x7 () P 2" 2" mpai(x) () (A
~ BK) x(1)
=2 E"pt(¥) ) ([ A~ BK)'P
+P (A~ BiK))] x(1)
S (Za,en #i(X) (x) Aji +

T4 e 45 () ) (o)

SE" ) At X e i () 15(6) Z)| (o)
At arbitrary time ¢, without generalization, suppose
that g, (x)=max {u/(x)|1</<m}, then we have
P ((0) <6 ot g e A3 ()P0,
Because of the randomicity of #, ¥ (x(¢)) <0 always
holds. So the fuzzy dynamic system described by Eq.

(14) is asymptotically stable. ]
Proof of theorem 6.Denote H ji (A BKitA;~BiK;)/2.

It is only needed to substitute

Aj=max {A( H jT,-P+P]7 ji)} into the proof of theorem

5. The rest is similar to that of theorem 5. |
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