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1. INTRODUCTION

Many physical systems are subject to frequent
unpredictable structural changes, such as random
failures, repairs of sudden environment distur-
bances, abrupt variation of the operating point
on a nonlinear plant, etc. Such systems can best
be modeled as hybrid systems or jump systems,
with a state vector that has two components, x(t)
which is real set S = {1,2,...,N}. The first
component is in general referred to as the state,
and the second one is regarded as the mode.

The stability and control theory of hybrid sys-
tems has received a lot of attention over the past
decade, see, for example, (Aubin, 1994; Ye et
al., 1998; Branicky, 1998; Michel and Hu, 1999;
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De Carlo et al., 2000; Liberzon and Morse, 1999)
and the references therein. This study has to a
large extent been motivated by an interest in
embedded and digital control. Embedded systems
are naturally hybrid, since by definition they in-
volve the interaction of a digital device with a
predominantly analog environment. The recogni-
tion that in addition to discrete and continuous
dynamics, embedded systems often involve consid-
erable levels of uncertainty has recently motivated
a research effort into stochastic extensions of hy-
brid systems see, for example, (Bensoussan, 2000;
Glover and Lygeros, 2004; Hu et al., 2004) to name
a few. Much of the work in this area has been
driven by an interest in control of communica-
tion networks (Hespanha, 2004), or control of dis-
tributed systems over communication networks.
A number of stability results have been obtained
for classes of stochastic hybrid systems, such as
piecewise deterministic Markov processes (Davis,



1993) and variants of switching diffusion processes
(Yuan and Lygeros, 2004)

One feature of such networked embedded systems
that has been overlooked in the stochastic sta-
bility literature is the presence of delays. Delays
are unavoidable in control problems that involve
communication networks; what is worse, the delay
typically depends on the traffic of the network,
and is therefore itself uncertain. It is well-known
that time-delay often results in instability and
poor performance.

The present paper attempts to address this prob-
lem by studying the stability and control the-
ory of stochastic hybrid delay systems. In earlier
work (Yuan and Lygeros, 2004) the authors have
provided conditions to ensure the asymptotic sta-
bility and boundedness of a class of delay switch-
ing diffusion, where the evolution of the discrete
state is governed by a Markov chain whose tran-
sition rates depend on the continuous state. In
this paper we derive conditions for asymptotic mo-
ment stability for a simpler class of systems, ones
where the switching sequence is fixed. We then use
these conditions to derive stabilization and robust
stability results for the special case where the
diffusion process is governed by switched linear
dynamics.

2. STOCHASTIC HYBRID DELAY SYSTEMS

Let (Q, F, F, P) be a complete probability space
with a filtration F; which is right continuous and
Fo contains all P-null sets. B(t) = (B},...,B™)T
denotes an m-dimensional Brownian motion de-
fined on this probability space. Let Z, denote
all nonnegative integer numbers. Let 7 > 0 and
C([-7,0];R™) denote the family of all continuous
R™-valued functions on [—7,0] with norm |¢| =
SUpP_,<g<g |p(0)], where |-]| is the Euclidean norm
in R*. If A is a vector or matrix, its transpose
is denoted by AT. If A is a matrix, its trace
norm is denoted by |A| = /trace(AT A) while its
operator norm is denoted by ||A|| = sup{|Az| :
|z| = 1} (without any confusion with ||¢||). If A
is a symmetric matrix, denote by Apax(A) and
Amin(A) its largest and smallest eigenvalue, re-
spectively. Let C%, ([—7,0];R™) be the family of
all Fp-measurable bounded C([—,0]; R™)-valued
random variables £ = {£{(0) : —7 < 6 < 0}.
For any fix ¢, if x(t + 0) is a continuous R"-
valued stochastic processes on 6 € [—7,0], we let
xp ={x(t+0): —7 <6 < 0}. For any real valued
function ~ : [-7,4+00) — R, denote by v () =
max{v(t),0} and v~ (¢) = — min{y(¢), 0}. Let o(t)
be a right continuous piecewise constant func-
tion taking values in a finite state space S =
{1,2,..., N}. Let {pr}32, be a sequence satisfying
pPo = O,’T § Pk+1 — Pk- Let Hij : C([—T, 0],Rn) —

C([—7,0];R™) be a function describing the discon-
tinuous change in state at the transition times p;.

Consider a stochastic hybrid delay systems of the
form
dz(t) = f(x(t),z(t — 7),t,0(t))dt
Tgla(t), 2(t - 7), 6o (D)dB(),
O'(t):ik, pk§t<pk+1,ik65,k€Z+,
Lo = Hik—lik ({L‘p; )7
(1)
on t > 0 with initial data zg = £ € C]b_-o([—r7 0]; R™),
a(0) = ip, where
FR"XR" xRy xS —R"
and
g:R"XR" xRy x § — R™™,
Throughout this paper, we assume that f(0,0, ¢, )
=0 and ¢(0,0,¢,i) =0 for t > 0 and ¢ € S. This
implies that Eq. (1) has the solution z(t) = 0
corresponding to the initial value o = 0. This
solution is called the trivial solution. The main
aim of this paper is to investigate the stability of
this trivial solution, in the following sense.

Definition 1. (i) The trivial solution of Eq.(1) is
said to be stochastically stable in mean square if
for any € > 0, there exists a 61 = d1(¢) such that

Bla(t;€,i0)|* <& (2)
whenever ¢ > 0 and ||£]| < 0.

(ii) The trivial solution of Eq.(1) is said to
be stochastically asymptotically stable in mean
square if it is stochastically stable in mean square
and there exists a do such that

Jim Ela(t:£, o) =0 (3)

whenever €] < 2.

Subsequently we shall impose the following hy-
pothesis:

Assumption 2.1. Given any initial data zy =
{x(0) : =7 <0 <0} = ¢ € CL ([-7,0;R"),
0(0) = 49, Eq. (1) has a unique solution denoted
by x(t; £, i) on t > 0. Moreover, there isan M > 0
such that

207 f(2,y.,1) + 33|g(x,y, 0. 6)]* < M(|z]* + [y[?)
forz,y e R*",t >0and i € S.

Let C*1(R" xRy x S; R ) denote the family of all
non-negative functions V(x,t,7) : R x Ry x § —
R4 which are continuously differentiable twice in
z and once in ¢. For V € C*1(R™ x Ry x S;R;),
define the operator LV : R” x R” x Ry x § — R
by

LV(I,y, t? 7’) = Vl;/(x? t’ Z) + Vx(x’ t? Z)f(x? y’t7 Z)

1
=+ §trace[gT(x, Y, tv Z)VLK:C (337 ta Z)g(ZIJ, Y, tv Z)]a (4)



where '
Vi, i) = LD,
N[OV (x,t,9) oV (x,t,1)
Va(z,t,1) = < or T om. ,

. 0%V (x,t,i
Vaa(,,1) = (837(-6';n)> :
? J nxn

3. MOMENT STABILITY

In this section we shall discuss stability in mean
square for Eq. (1). Consider a general nonlinear
stochastic differential delay equations

du(t) = F(z(t), o(t — 7), t)dt
+G(t),2(t — 1), 0)dB(t),  (5)

on t > 0 with initial data xo = £ We assume
that there exists a unique solution for Eq. (5) and
denoted by z(t;£). Moreover we assume

Assumption 3.1. There is an h > 0 such that
227 F(x,y,t) + 33|G(z,y,1)|* < h(|z* + |y|*)

for z,y € R",t > 0.

Lemma 3.1. Let c¢1,co be positive number and
71,72 are real function such that v;(s) : Ry — R,
v2(s) : Ry — Ry. Assume that there exists a
function V(x,t) € C**(R™ x R4;R,) such that

cila]* < V() < eolof? (6)
for all (z,t) € R” x Ry, and
LV (2,y,1) < y(t)]a]* + 0t = 1)lyl*  (7)
for all (z,y,t) € R™ x R™ x R, where
LV (x,y,t) = Vi(w,t) + Va(z, 1) F (2, y,1)

1
+ §trace[GT(x, Yy ) Ve (2, 8,4)G (2, y, t)],

7(8) = 7(0),72(0) = 72(0), =7 < 6 < 0. Then
for any t > t; > 0, we have

ty
s)ds + ¢
Bla(p <Ju=r 2T 2
C1

X El|zt, ||* exp </t(71(8) +72(8))ds) .

t1
(8)
Moreover, if t —t; > T,

ty

by Ya2(s)ds + co
C1

Bllz¢]|* <2(1 + 2hr)

< Bl P [ (0(6) + (60
1 (9)

Proof Fix any £ € Cg- ([-7
x(t;€) = x(t). Define U(z,t) €

7,0]; R™) and write
Y nXR+) by

U(z,t) =V (z,t) +/t_ Yo (s)E|z(s)|?ds.  (10)

By Ito’s formula (see Mao (Mao, 1997)), we can
derive that

Bl < BUG(0).0) = BU(s(t1).10)

+E ,CU(()

t1

t1
< (/ V2
tl—T

+ / (1 (5) + 72(5)) Ele(s) Pds. (11)

ty

x(s —7),8)ds

(s)ds + c2) El|, ||

By Gronwall inequality, we have

;1177 Y2(8)ds + c2

&1

Ela()]? <
% Ellzo,|? exp ( / (1(s) +72(s))ds> .
1 (12)

For any 6 € [—7,0] and t—t; > 7, by Itd’s formula
again, we obtain

a(t + 0) =
t+6
+ [ (PG ats =)

+1G(a(s), a(s — 7), )| ) ds

t+0
+2/t 2T ()G (a(s), 2(s — 7), 8)dB(s). (13)

-7

ja(t = 1)

Using the Burkholder-Davis-Gundy’s inequality
(see Mao (Mao, 1997)) we can show that

t+4-6
/t 2T (5)G(w(s), 2(s — 7), 5)AB(s)

E sup
—7<6<0

<va ([ o ()Gia(s) (s 7). s
< @E( sup

—7<6<0

Nl

lz(t + 0)]?

1
2

X /;T |G(z(s),2(s —T), s)|2ds)

|G (2(s),z(s —7),8)|*ds. (14)

t—T1

Substituting (14) into (13) and using Assumption
3.1, we obtain



E sup |z(t+0))?

—7<6<0
< 2E|x(t —7)|?
+2F

. (2xT(s)F(ac(s), z(s—1),8)

+ 331G (2 (s), a(s — 7), 5)|)ds
< 2E|z(t —7)|?

+2h /:T (E|x(s)|2 + Bla(s — T)P)ds. (15)

The required assertion (9) follows (12) and (15).
The proof is therefore complete. O

We can now state our main result.

Theorem 8.1. Let Assumption 2.1 hold. Let «, c3,
¢4 be positive numbers and let ~s, 4,75 be real
function such that v3(s) : Ry — R, v4(s),75(s) :
R, — R, and fp'”“ (v3 + )t ()ds < «a for
all k > 0. Assume that there exists a function
V(x,t,i) € C*H(R™ x Ry x S;Ry) such that

(i) eslz]® < V(a,t,i) < eq]z]? for all (x,t,i) €
R” x Ry x S
(i) LV (2,9, ) < 7a(t)[x]2+7a(t —)[y[? for all
(z,y,t,3) € R x R" x Ry x S
2 - ¢35 (Pk)
(lll) ||Hlk—17fk( )H — :kk 7—74< )dS+C4
forall k =0,1,2,..;

1
< arranrm 12, 17
+ o0

(iv) D° 7" (pr) < +oo, where (o)
k=0

Pk+1

/ (3 + va) T (s)ds for all k = 0,1,2,...
Pk

and v3(0) = v3(0),74(0) = 74(0),0 € [-7,0].

Then the trivial solution of Eq. (1) is stochasti-
cally stable in mean square.

= In(vs(pr))+

Proof Fix any { € C% ([-7,0;R"),ip € S,
write z(t;€,i0) = x(t) for simplicity. For any
€ >0, let

cs
(1+2h7 (J72va(s)ds + c4)
x ce” T L7 k), (16)

If E||£]|*> < 8. Let ¢ € [po,p1), by Lemma 3.1, we
have

Ele¢|?

<exp ([ uto) + tonas)

< cexp (— >, 7*(/%)) (17)
k=1

Elx(t)]

2 7Y4(0) + ¢4
C3

and

El¢|®

X exp (/0 (v3(s) + 74(8))d8>
< eexp (— Z’y*‘(p@) . (18)
k=1

In the following, we will prove

> 7*(,%)) (19)

k=141

0
Ellz,-|? < 2(1+ QT)M
1 c3

Elz(t)]* < eexp <—
for all t € [p1, p1+1) and

Ella(t,- )II* < cexp (— > 7*(%)) - (20)

k=l+1
By (17) and (18) , we know that (19) and (20)
holds when I = 0. We now assume (19) and
(20) are true when [ = 4. Using Lemma 3.1 and
condition (iii), for ¢t € [pi+1, pita)

Ell‘(t)|2 < fpi:»l—T ’yzis)ds +ey
% Blle(pisa) |* exp (/ () + 74<s>>ds>
o <_ 2 7+(pk)> (21)
k=i+2

and

Pi+2
T ya(s)ds +cy
Blle,~ |? <2(1+2) 22
i42

C3

< cexp (— > v*(%)) : (22)

k=i42

By Mathematical induction, (19) and (20) are true
and therefore we have

Elz(t)|]* <e forallt>0.

The proof is therefore complete. O

Theorem 3.2. Under the conditions of Theorem

3.1, i S5 () = oo, where 7~ (py) =
pk“(% +74)"(s)ds for all k = 0,1,2,..., then

the trivial solution of Eq.(1) is stochastically
asymptotically stable in mean square.

Proof We know from Theorem 3.1 that the
trivial solution of Eq.(1) is stochastically stable
in mean square. For any € > 0, let § is defined by
(16). If E||¢||? < & and t € [po, p1), in the same
way as the proof of Theorem 3.1, we have

Blx(t)?

o0
< eexp ( Zv"‘
k=

1



and
Elle,- |

ésexp< Zv Pr) /73+74) (8)d8>~

(24)

In the same way as the proof of Theorem 3.1, we
can show

o0

Bla@? <eexp(~ > (o) = D5 (o)
k=i+2 k=0

-/ Cat)(ss) (29

Pit1
whenever t € [p;11, pit2)-

since 3420 4 (p) = +o0, we must have

Jim Elz(t)]* =0,

as required. |

4. STABILIZATION OF HYBRID LINEAR
DELAY SYSTEMS

For systems where control inputs are available,
a related question that is of great interest is
stabilization (cf. (Gao and Ahmed, 1987; Mo-
erder et al., 1989; Willems and Willems, 1976)).
The aim here is to select values for the con-
trol inputs (typically through a feedback mech-
anism) that ensure that the closed loop system
possesses desirable stability properties. There are
many results on stabilization for stochastic hy-
brid systems, which are concerned with the de-
sign of feedback controls under which the un-
derlying equations become asymptotically stable
in moment e.g. in mean square (cf. (Tomlin et
al., 2000; Wicks et al., 1998)). From the mathe-
matical point of view, the technique used in these
papers is the method of the Lyapunov functionals
and the conditions imposed are used to guarantee
the diffusion operator acting on the Lyapunov
functionals is negative-definite and hence follows
the asymptotic stability in moment. To the best
of our knowledge, there is only few results on
stabilization for stochastic hybrid delay systems.
In this section we will discuss the stabilization by
feedback control in the sense that the underlying
stochastic hybrid delay systems will become stable
in moment.

Let us consider the following linear delay system
dx(t)

+Z Dy(c
O’(t)—lk, pk<t<pk+1,ik€S,k€Z+,
_Hlk 1Zk( p;)

t) + Ei(a(t))z(t — 7)ldBi(t),

(26)

= [Alo(®)2(t) + Flo()x(t — ) + Clo(t))u(t)]dt

Here w is an F;-measurable and RP-valued control
law. For each mode o(t) = i € S, we write
A(i) = A; ete. for simplicity, and A;, F;, Dy,
Ey; are all n X n constant matrices while C; is an
n X p matrix.

The main aim of this section is to design a
switched delay-independent memoryless state feed-
back controller of the form

u(t) = H(o(t))x(t)

based on the state z(t) and the mode o(t), such
that the following closed-loop system of (26)

da(t) = [A(o(t))(t) + F(o(t))z(t - 7)

+C(U(t))H(0(t))$(t)]dt
+Z [Di(o (t))(t) + E(o (t))x(t — 7)ldBi(b),
O’(t)—lk, pk<t<pk+1,ik€S,kEZ+,

- Hlk 1ZA( p;)

(27)
becomes stochastically asymptotically stable in
mean square. Here, for each mode o(t) =i € S,
H(i) = H; is a p x n matrix. Let @; be positive
definite matrix and denote by

A =5 ain (= Qudi = ATQ: = QuCiH;
— (C:H) Qi — QiF, FFQi —2) D@QiDm)
k=1
and

Ai =t Amax (1 +2) E,Z;QiE,“) :

k=1

Theorem 4.1. Let the condition (iii) of Theorem
3.1 hold. If there exist N positive definite matrices
Q; such that )\, > ); for all i € S, then Eq.
(26) is stochastically asymptotically stable with

controller u(t) = H(r(t))x(t).
The proof is based on Theorem 3.1.

5. ROBUST STABILITY OF HYBRID
LINEAR DELAY SYSTEMS

In many practical situations the system parame-
ters can only be estimated with a certain degree of
uncertainty. The robustness of stability is there-
fore an important issue in the stability theory (cf.
(Mao, 1997; Mao, 2000)).

Let us now consider the following equation

da(t) = [(A(a(t)) + AA(o(t)))2(t)
+(E(o(t)) + AF(o(t)x(t — 7)ldt

+Z Di(o(t))z(t) + E(o(t))a(t — 7)]dBy(t),

O’(t)—lk, pk<t<pk+1,z’k€S,k€Z+,
- Hlk 1%( p;)

(28)



We shall simply write A(i) = A; etc. Assume that
AAI = MiHiNi and AFI = GiHiRi,

where M;,G; € R"™P and N;,R; € R9*" are
known real constant matrices but H;’s are un-
known p x g-matrices such that

HI'H; <1, Vies. (29)
Equation (28) can be regarded as the perturbed
system of the following hybrid linear delay system

o(t) = [(A(o(t) + AA(a(t)))x(t)
+(F(o(t)) + AF(o(t)))x(t — 7)]dt,
J(i):ik7 pk§t<pk+1,’ik65,k€Z+,
Loy = Hil«—lik (‘Tp;)
(30)

by taking into account the uncertainty of system
parameter matrices as well as the stochastic per-
turbation. Assuming that system (30) is asymp-
totically stable, we are interested in finding the
conditions under which the system can tolerate
the parameter uncertainty and the stochastic per-
turbation without losing the stability property.

Theorem 5.1. Let the condition (iii) of Theorem
3.2 hold. If there exist constants p; > 0 and N
positive definite matrices @); such that \; > \; for
all 1 € S, where

Ai = )\min( — QZAZ — A?Qz - :quzMzMzTQz
— Iui_QNiTNi — QiFiFZTQi

— Q:iGiGIQ; — 2> DI,QiDy;)
k=1

and

5\1’ = )\max (I + RZTRZ + 2 Z E]Z;Q'LEIM)
k=1
Then Eq. (28) is stochastically asymptotically
stable.

The proof is based on Theorem 3.1.
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