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1. INTRODUCTION

The classical Cayley-Hamilton theorem (Gant-
macher, 1974; Lancaster, 1969) says that every
square matrix satisfies its own characteristic equa-
tion. The Cayley-Hamilton theorem has been ex-
tended for rectangle matrices (Kaczorek, 1995c),
block matrices (Kaczorek, 1995b; Victoria, 1982)
pairs of matrices (Chang and Chen, 1992; Lewis,
1982; Livsic, 1983; Lewis, 1986; Mertzios and
Christodoulous, 1986), pairs of block matrices
(Kaczorek, 1998) and standard and singular two-
dimensional linear systems (Kaczorek, 1992/93;
Kaczorek, 1994; Kaczorek, 1995a; Smart and Bar-
nett, 1989; Theodoru, 1989).

The Cayley-Hamilton theorem and its generaliza-
tions have been used in control systems, electrical
circuits, systems with delays, singular systems,
2D linear systems, etc., (Kaczorek, 1992/93; Kac-
zorek, 1995¢; Lancaster, 1969).

In this note the Cayley-Hamilton theorem will be
extended for n-dimensional (n-D) real polynomial
matrices. The known extensions of the classical
Cayley-Hamilton theorem are particular cases of
the proposed extension.

2. PRELIMINARIES

Let R™*"[s1, Sa, ..., 8] be the set of m X n real
polynomial matrices in n variables s1, s2, ..., Sp.
Consider an n-dimensional (n — D) polynomial
matrix of the form

A(S1,82,...,8,) =
g an
_ S GGl in
= E E E Aivig..in S 85 .5y (1)
i1=0i3=0  i,=0

€ Rmxm[shSQa ey STL]

where A; i, i, € R™*™ (the set of m x n real
matrices) and g, K = 1,...,n are nonnegative
integers.

It is assumed that the matrix (1) is invertible, i.e.
the n-D polynomial

det A(s1,82,...,8n) =
Ni N N,
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is nonidentically vanishing.

Let
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where ®;,4,...;,, € R™*™ and (1, o, ..., fn) is the

n-D index of the matrix (1).

If the coefficient an, n,.. N, # 0 then all ug, k =
1,...,n are finite otherwise some of them may be
infinite.

Lemma The matrices ®;,;,...,,

satisfy the equali-

ties
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Proof. From definition of the inverse matrix and
(1) and (3) we have
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Comparison of the matrix coefficients of the same
powers of s;* for i, =0, £1,4+2,..; k=1,..,nin
(5) yields (4). O
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3. MAIN RESULT

Theorem. Let the n-D polynomial matriz (1) be
invertible and let (3) hold. Then

N1 No
E : § E : Aiyig--- 11+7€1712+7€2, Sintkn = 0
1;=012=0 in =0 (6)

fork;=1,2,... (j=1,..,n)

where a;,i,..4, are the real coefficients of the n-D
polynomial (2) and Ny (k = 1,...,n) are nonneg-
ative integers.

Proof. Taking into account that AdjA(s1, $2, ..., $n)
= A7 Y(s1, 82,..., 5,,) det A(s1, 82, ..., 5,,) (Adj A de-
notes the adjoint matrix) and using (2) and (3) we
may write

Adj(81,82, ..y 8n) =
]\/Il M2 Mn
Sk
= E E E Ky 811 857 o =

k1=0ko=0
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where My (k = 1,...n) are nonnegative integers.
Comparison of the matrix coefficients at the same

powers of sf for iy, = —1,-2,..; k=1,...,nin (7)
yields (6).0

kn=0

Remark. If instead of (3) we use the expansion

A*1(51752 vy Sp) =
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then the equalities (6) take the form

11+k1’12+k2’ intkn = 0
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Note that the well-known extensions of the classi-
cal Cayley-Hamilton theorem (Chang and Chen,
1992; Kaczorek, 1994; Kaczorek, 1995a; Lewis,
1982; Livsic, 1983; Lewis, 1986; Mertzios and
Christodoulous, 1986; Smart and Barnett, 1989)
are particular cases of the proposed extension.
For A(s) = [Is— A] the proposed theorem is equiv-
alent to the classical Cayley-Hamilton theorem for
the matrix A. If A(s) = [Es — A] (E,A € R™*™)
we obtain the generalization of the theorem for
singular systems and for

Inlzl — A
—As

—A
A(z1,22) = 2 —2A4

A]_ c R’I’Ll XMnq A4 c RTLQX’I’LQ

we obtain the generalization of the theorem for
2D linear systems described by the Roesser model



(Kaczorek, 1992/93).

Examples. Three examples of n-D invertible
polynomial matrices for n = 1,2,3 will be con-
sidered.

The inverse matrix of the 1-D polynomial matrix

=15 -

S

(a5 3] 0]

= A282 + Als + AO

has the form

A7l(s) =
2572 — 453 4454 856 + ...
—25 1 44572 — 4573 4+ 857° — 16570 +
s72 9263 4257 — 450+ . .
sT2 53492505 4564 | T
= @157+ PosT 4 D5 + PysT 4
+ D550 4+ Dgs™ O + ...
where

(1)3: _ 7(1)4:

Taking into account that det A(s) = s + 2s% +
2s (ap = 0,a1 = az = 2, a3 = 1) and using (6)
and (11) we obtain:

for k1 =1

G,O(I)l + a1<I>2 + 02@3 + (13(134 =
e S i
741 —4 —1
42 00
“lod)= o)
for k1 =2

ag®s + a1P3 + ao®4 + a3ds =
=2 —4 =2 +2 42 +
- —4 -1 00
00 00
+[82]_ 00]

and for k1 =3

ag®3 + a1 P4 + a2 ®s5 + az3Pg =

42 00
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+ -8 —4| (00
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The inverse matrix of the 2-D polynomial matrix
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where
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Taking into account that

det A(sy,82) = 5355 + 5,82 + 53
(a2 = a1 = agz = 1)

and using (6) and (13) we obtain for k1 = ks =1
ap2®P13 + a1 Paz + ageP33 =
00 -1 0 10 00
_[00}+[ 0 —1]*[01}_[00}
and for ]{11 = kg =2

ap2®Po4 + a11P33 + a2 Pyy =

“[oal o] [0 A= 03]



The inverse matrix of 3-D polynomial matrix

_ 14 5;5985, 51528
A1(51,52,53)={ 152535 515253 | _
518983, $15253
(14)

11 10
= [1 1} 518283 + {0 0] = Ai11515283 + Aooo

has the form

A7 sy, 82,83) =

1 -1 B
—114s7tsytsst |
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where

00 1 -1
@111{01],®000{_1 1} (15)

Taking into account that

det A(s1, $2,83) = S18283
1l fori=j=k=1
%ijk =3 0 otherwise
and using (6) and (15) we obtain

@ijkPitky rjth ktks = 0

i,5,k € {0,1,...}
for ki,ko, ks € {0, 1, }

and k1 +ko +k3>1

4. APPLICATION

Application of the Theorem will be illustrated by
the following two examples.

Consider the discrete-time linear system with A
(h > 1)delays described by the equation

Tip1 = Ao + Arwiy + Asxi_o + ...
(16)
..+ Apzi_p + Bu;
where xz; € R" is the state vector, u; € R™ is
the input vector and Ay € R"*", k = 0,1,...,h,
B e R™*™,

The characteristic equation of (16) can be written
in the form

det[Tz — Ag — Ayz7' — Agz™2 — .. — Ahz_h] =
= ZPdet[I:"TY — Ag2h — A2 — L — Ay =

=27 "N —an 12V —an 02N 2+ (A7)
e — a1z — agp)

N =n(h+1)

The matrix

A(z) = [T — Apz2 — Ay2h =t — L — A

is invertible.
Let

A7Yz) = Z Dz7" (18)

From Theorem and (17), (18) we obtain

N
Y ar®ip fork=0,1,2,.. (19)
i=0
Example. Consider the 2D linear system de-
scribed by the equation

Tiy1g41 = AoZij + Arzipr; + Aoy j1 + Buy;
(20)

ij€Z.=1{0,1,2,..}

where z;; € R" is the state vector, u;; € R™

is the input vector and A, € R™*", k = 0,1,2,

B € R™™,

The characteristic equation of (20) has the form

det[[zlzg — AO — Alzl — AQZQ] =

n n

=33 aizidd (21)

i=0 j=0

The matrix

A(Zla 22) = [12122 — Ay — Az — A222]

is invertible. Let

A o, ) = D0 Byyeriay (22)

i=0 j=0

From Theorem and (21), (22) we obtain

Z Z @i Pitky ks =0
i=0 j=0 (23)
fO’I' kl, kg = 0, 1, 2, .

5. CONCLUSION

The classical Cayley-Hamilton theorem has been
extended for real polynomial matrices in n vari-
ables. It has been shown that the known exten-
sions of the Cayley-Hamilton theorem are artic-
ular cases of the proposed extension. Application
of the proposed extension has been illustrated by
examples.
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