NONLINEAR DISCRETE-TIME ROBUST OUTPUT
REGULATION PROBLEM

Weiyao Lan  Jie Huang

Department of Automation and Computer-Aided Engineering,
Chinese University of Hong Kong, Hong Kong, China

Abstract: In this paper, we will establish a framework that can convert a robust output

regulation problem for discrete-time nonlinear systems into a robust stabilization problem

for an appropriately augmented system consisting of the given plant and a specific
dynamic system called internal model. We then apply this framework to solve the local

robust output regulation problem for a general class of discrete-time nonlinear systems.
The results of this paper gives a discrete-time counterpart of the recent results on the
continuous-time robust output regulation probléopyright(©2005 IFAC
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1. INTRODUCTION a given plant can be systematically converted into

a robust stabilization problem for an appropriately

The robust output regulation problem aims to design augmented plant, thus setting a stage for solving the

a feedback control law for an uncertain plant such robust output regulation problem using a variety of
that the output of the plant can asymptotically track stabilization techniques.

a class of reference inputs and/or reject a class of

disturbances while maintaining the closed-loop stabil- X .
nonlinear robust output regulation problem for over

ity. Here both the class of reference inputs and the . : .
. a decade, the research on the discrete-time nonlinear
class of the disturbances are generated by autonomous

differential equations. For continuous-time systems, Gutput regulation problem has been limited only to
the problem has been extensively studied since 1970
for linear systems ( Davison (1976), Francis and Won-
ham (1976), Francis (1977) et al.) and since 1990s for
nonlinear systems (Isidori and Byrnes (1990), Huang
and Rugh (1990), Huang and Rugh (1992), Huang and
Lin (1993), Huang and Lin (1994), Khalil (1994),
Byrneset al.(1997),Khalil (2000), and Huang (2001),

In spite of extensive research on the continuous-time

the special case where the plant is assumed to con-
Yain no uncertainty, e.g., Castillo and Gennaro (1991),
Castillo et al. (1993), Huang and Lin (1993, and
Huang and Lin (1994). The objective of this pa-
per is to study the robust output regulation problem
for a general class of discrete-time uncertain nonlin-
ear systems in a spirt similar to the recent work on

. continuous-time nonlinear systems given in Huang
to name just a few). Recently, a new framework for
. : and Chen (2004).
studying the robust output regulation problem was
proposed in Huang and Chen (2004). Under this new Due to the page limit, the proof of the most results of
framework, the robust output regulation problem for this paper is omitted. A full version of this paper can
be found in Lan and Huang (2005),
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2. PROBLEM DESCRIPTION that,
R1: the matrixw is a Schur matrix, i.e., the

Consider a discrete-time nonlinear system described,oqulus of all the eigenvalues of the matg&-égg,oto)

by are smaller tha.
R2: the solution of the closed-loop system (5) is such
I(t + 1) = f(l’(t), u(t)7 U(t)v ’LU), I(O) = Zo, (1) thathmt_‘oo e(t) =0. |

€(t) = h(l'(t)au(t%v(t)vw)a t= 07 ]-7 e

Remark 2.1.Using the center manifold theory for
map (Carr, 1981), it can be shown that condition
R1 implies that, for all sufficiently smalk.y, vg
andw, the solution of the closed-loop system (5) is
bounded for allt = 0,1,2,---. It can also be seen
that a special case of the above problem where the
plant does not contain the uncertain parametevas
solved in Castillo and Gennaro (1991) and Huang
and Lin (199®). From Theorem 2.2 of Huang and
v(t+1) = Ayu(t), v(0) =wvo, t=0,1,--- (2)  Lin (1993), it can be deduced that the robust output
regulation problem defined above is solvable only if
the following assumption holds.

wherez(t) € R" is the plant stateu(t) € R™ the
plant input,e(t) € RP the plant output representing
the tracking errorw € RV the plant uncertain pa-
rameters, ana(t) € R? the exogenous signal repre-
senting the disturbance and/or the reference input. It
is assumed that(t) is generated by an autonomous
system

where all the eigenvalues df; are simple and located
on the unit circle. Without lost of generality, assume

Ay is given by A1l: there exist sufficiently smooth functiongv, w)
andu(v,w) defined inV x W whereV andW are
A, =diag{So, S1, - , Sy} 3) some open _neighborhoods of the originsJf and
RN, respectively, such that(0,0) = 0, u(0,0) = 0,
whereSy; =1,2k+ 1 =nand and
S; = l: cos wg Sinwi:| , w; >0, 1=1,2,--- k. x(Av,w) = f(x(v,w), u(v, w), v, w) (6)
—sinw; cosw;
0="h(x(v,w),u(v,w),v,w)  (7)
We will consider the class of dynamic state feedback Equations (6) and (7) are called discrete regu|ator
control laws of the form equations for uncertain nonlinear systems. However,
like the continuous-time case, solvability of the dis-
u(t) = k(z(t),2(t)) @ crete regulator equations is not sufficient for the solv-
2(t+1) = g(z(t), 2(t),e(t)) ability of the robust output regulation problem. Addi-

tional assumption has to be imposed on the solution
of the discrete regulator equations. This additional
assumption is made to guarantee the existence of the
steady state generator introduced in the next section.

wherez(t) is the compensator state vector of dimen-
sionn, to be specified later. The dynamic output feed-
back controller can be viewed as a special case of (4)
when z(t) does not explicitly appear in (4). Letting
z. = col(x, z), the resulting closed-loop system can
be written as

3. PROBLEM CONVERSION

z(t+1) = fe(ze(t),v(t),w), zc(0) =z (5)
e(t) = he(wc(t), v(t), w) In this section, we will establish a framework for tack-
where ling the robust output regulation problem for discrete-
time nonlinear systems which is a discrete analog of
_ flx, k(z, 2),v,w) what was obtained in Huang and Chen (2004). Similar
Fel@e, v, w) =1 o b k(. 2), v, w)) to the continuous case, this framework will be estab-
he(e, v, w) = h(z, k(z, 2), v, w) lished in two steps. First, introduce the concepts of

discrete-time steady state generator and discrete-time
internal model, and establish the existence conditions

For simplicity, all the func_tl_ons involved in this setL_Jp of the discrete-time steady state generator, and the
are assumed to be sufficiently smooth and defined.

. : . internal model. The internal model and the given plant
globally on the appropriate Euclidean spaces, with the )
. . together defines an augmented system. Second, show
value zero at the respective origins. We also assume

. ) : that, in a suitable set of coordinate and input trans-
that0 is the nominal value of the uncertain parameter formations, the solvability of the robust stabilization
w, and £(0,0,0,w) = 0, h(0,0,0,w) = 0 for all ' y

PN problem for the augmented system will lead to the
we ' solvability of the robust output regulation problem of
Discrete-time Robust Output Regulation Problem the original plant. As a result, we can convert the
Design a feedback control law of the form (4) such robust output regulation problem of the given plant



into a robust stabilization problem of the augmented 7 (v(t + 7),w) — a1m(v(t), w) — agm(v(t + 1), w)

system. ——apm(v(t+r—1),w)=0 9
Discrete-time Steady State Generator Let g,

grtm — R be a mapping for some positive integer (i) Let Q@ = {w | w = Lw + - + lwp >
m < I < n+ m.Under assumption Al, the discrete- 0, 1[y,---,l; = 0,+1,+2,---}. Then there exist
time nonlinear system (1) and (2) is said to have a @y = 0, andw, - - - ,w,, € Q for some finite integer
discrete-time steady state generator with outpuif ny such that

there exists a tripl€d, «, 3}, where : RI+7 — R°,

a:R* — N, and3 : R° — R! for some integes are ni -
sufficiently smooth functions vanishing at the origin, m(u(t),w) = > Ci(w,v0)e’"  (10)
such that I=—ny,

_ wherej = /-1, and forl = 0,+1,--- ,+ng, C;
O(v(t + 1),w) = a(O(v(t), w)) (8) arem-dimensional column vectors, fér# 0, w; =
go(x(v(t),w),u(v(t),w)) = 5(9(U(t)7w)) _d)—ly and Cl* — C—l WhereC’l* is the Conjugate
If, in addition, the linearization of the paiB(6), a(6)) complex ofC;.

at the origin is observable, thef, o, 3} is called a (iii) There exist some integarand functions); (w, vy) €
linearly observable discrete-time steady state genera-,,, o
R™, 1=1,---,s,suchthat

tor with outputg,. 1
Remark 3.1.()) The abovg definition is clearly a dis- m(o(t),w) = Z i (w, vo)v”] (t) (11)
crete analog of the continuous steady state generator =

introduced in Huang and Chen (2004). However, un-
like the continuous case where the steady state generahere
tor is a set of nonlinear differential equations, here the

steady state generator is a set of nonlinear difference vl) = [v}, v} 1vy, -+, vl 71y,
ions. -2, 2  1-2 -2 l
equations v 03, o1 vous, e, v P, -, L.

(i) In the sequel, we will always assume thgfx, u) =

col(zy, -+ ,xq,u) for some integed < d < n. Inthis

case, the steady state generator is a dynamic Systemy nark 3.2 By Lemma 3.1, if7(v,w) is a poly-
) 2. A, ,

that can generate the partial (whén< n) or whole nomial function ofv or a trigonometric polynomial

(.whend': n) solution of t.h € dlscrgte regu_lator €qua- fynction of ¢ along the trajectory of (2), then there
tions. It is known that the information provided by the . - integer- and real numberay, - - - , a, such

solution of the discrete regulator equations is neces-tham(v w) satisfies a difference equation of the form
sary for designing a feedback control law to solve the ). We’ will call the monic polynomialP(\) —
output regulation problem. But since the solution of A" — a,A"1 — -+ — ay) — a; a zeroing polyno-
the discrete regulator equations relies on the uncertainmial Of:T(v w) if (v, w) satisfies (9)P()) is called
parameter, it cannot be directly used in the feedbacka minimaI’zeroing ;;)olynomial ofr(v, w) if P())
control design. In contrast, the steady state generator zeroing polynomial ofr (v, w) of 7Ieast degree.
is independent of andw, the information provided et (v, w), i = 1,--- 1, for’ some positive inte-
by the steady state generator can be used forfeedbacEerL béI polynon%ials’inv. They are called pair-

design. wise coprime if their minimal zeroing polynomials
Pi(N\), -+, Pr(X) are pairwise coprime. Without lost
As will be seen later, the concept of the steady stateof generality, assumé; # 0,1 = 0,1,--- ,ng in
generator will lead to a general characterization of the (10). Then from (10), a minimal zeroing polynomial of
internal model. At this stage, let us first establish the 7 (v, w) can be defined aB(\) = (A — 1) [T, (A —
existence conditions for the discrete-time steady statee’“!)(\ — e~7“t). Clearly, all the zeros of’(\) are
generator which is parallel to the one given in Lemma simple and lie on the unit circle. 1
3.1 of Huang and Chen (2004) for continuous-time
case. To this end, let us introduce a property of the
polynomial functions. Letr(v, w) be a polynomial
in v with coefficients depending ow, we have the
following equivalent conditions.

We are now ready to give the sufficient conditions of
the existence of a discrete-time steady state generator.

Lemma 3.2.Under assumption Al, and assume there
exist I polynomials; (v, w) in v with their minimal

Lemma 3.1.Assumer (v, w) is anm-dimensional an- zeroing polynomials?; () = A — g, AT~ —«- —

alytic function ofv. Along the trajectory of (2), the

following are equivalent ap\ — a;1,1 = 1,--- I, and a sufficiently smooth
’ function’ : R+ — RI+™ vanishing at the
() There exist some set efreal numbers, as, - - -, origin such that for alb(¢) of the exosystem and all

a, such that we Ry,



go(x(v, w), u(v, w)) Theorem 3.1.Under assumption A1, and suppose that

= (i (v, w), - 77T1(A'{1_1v,w) . the system (1) and (2) has a discrete-time steady
o1 state generatord, «, 5) with output g,(x,u) =
mr(v,w), -+, T (AT v, w)) (12) col(zy, -+ ,x4,u) and a discrete-time internal model
then, the system (1) and (2) has a discrete-time steadyi€scribed by (14). Then, in the new coordinates and
state generator with outpyt (z, u) as follows, input (17), the augmented system (18) has the property
that, for all trajectorie(t) of the exosystem, and all
N
8(v,w) = Tcol(8y (v, w), - , 07 (v, w)) w e R,
_ -1 i
a(e)_Tqu_l 0 (13) 7(0,0,0,0(t), w) =0
BO)=IT0) 5(0,0,0,0(8),w) =0 (19)
where T' is any nonsingular matrix of dimension 7(0,0,0,v(t), w) =0
Teum = T1 + 72 + -+ rr,and fori = 1,2,---, 1, ’
0; = col(m(v,w), m(A1v,w), -, m(A7 o, w), 1
and® = diag(®4, - -- , ®;) where®; are the compan-
ion matrix of P;(\). Moreover, letE = (Ey,--- , Ey) Remark 3.3.Theorem 3.1 states that, for all trajecto-
be the jacobian matrix df at the origin off(¢+m)xr=um  riesv(t) of the exosystem, and amy € R, the origin
whereE; € R If (v, w),i =1,--- I, are (7,z) = (0,0) is the equilibrium point of the unforced

pairwise coprime, and the paii;, ®;} is observable  augmented system, and the error output equation is
foralli =1,--- I, then the generator (13) is linearly identically zero at(7,z,u) = (0,0,0). Thus, if a

observable. [ controller of the form
i i ﬂ(t) = k(jl(t) ! 7jd(t)7§(t)7 e(t))
- - - 20
Based on the discrete-time steady state generator, the Ct+1) = C(21(8), - . Talt), E(8), e(t)) (20)

discrete-time internal model is defined as follows.
where¢ € ®Z,k(0,---,0) = 0,and((0,---,0) =0,
robustly stabilizes the equilibrium point of the closed-
loop system of (18) locally or globally for all(t) C

V andw € W, then the following controller

Discrete-time Internal Model. Assume, for the non-
linear system (1) and (2)4, «, ) is a discrete-time
steady state generator with outgytz, u), the follow-

ing system
n(t+1) =), ), ut)  14) ult) = Buln(®)) + k(21(6) = By (1)),
is called a discrete-time internal model with output s zg(t) — 6d(7)(t)),€(t),e(t))
9oz, u) if
n(t +1) =~(n(t), z(t),u(t)) (21)
Y(0(v,w),x(v,w), u(v,w)) = a((v,w)) (15) §(t+1)= C(fcl(t) = Bi(n(t)),
I s xa(t) — Ba(n(t)), §(t), e(t))
Attaching the internal model (14) to the given plant solves the robust output regulation problem for the
(1) yields an augmented system as follows original system (1) and (2) locally or globally. There-
fore, Theorem 3.1 has converted the discrete-time ro-
z(t+1) = f(z(t),u(t),v(t),w) bust output regulation problem for the given plant into
(t+ 1) = (n(t), (L), u(t)) (16) a stabilization problem of the augmented system (18).

e(t) = h(z(t), u(t), v(t), w)

h(
Performing coordinate and input transformation
g P 4. SOLVABILITY OF (LOCAL) ROBUST

OUTPUT REGULATION PROBLEM

=n—0(v,w)
ﬁz 7) i=1,---,d (17) In this section, we will solve the local robust output
xz -xi(v,w), i=d+1,---,n regulation problem for the plant (1) by stabilizing the
G=u—Buln) =u~— [5d+1( ) s Bagm ()T corresponding augmented system. For this purpose, let
on the augmented system (16) gives the following of of
system A= --(0,0,0,0), B= %(07070,0)
~ Ooh _ Oh
2(t+ 1) = F((t), 2(1), a(t), (), w) C=5;0000, D=750000)
n(t+1) = 7(77(75)’ () ult),v(t),w) - (18) Theorem 4.1.Under assumption A1, and suppose that
e(t) =h(n(t), 2(t), u(t), v(t), w) (A, B) is stabilizable,(A,C) is detectable. If the



system (1) and (2) has a linearly observable discrete-
time steady state generat@, «, 3) of the form (13)
with output g,(z,u) = wu, and for all A such that
P,(N)=0,i=1,---,1,

A—- )X B

rank{ c D

} =n+m (22)
Then the discrete-time robust output regulation prob-

lem is solvable by an output feedback control lawt

Proof: Since the system (1) and (2) has a linearly ob-
servable discrete-time steady state genertat, 3)

of the form (13) with outputy,(z,u) = u, letting
(M, N) be some controllable pair wheid is a Schur
matrix with appropriate dimensions, afida nonsin-
gular matrix such tha'® — MT NE gives a
discrete-time internal model of the form

0t +1) = Mu(t) + N(u(t) - B(n(t)) + ET~'(t))
(23)
with output g,(z,u) = w, where® and E are as

defined in Lemma 3.2. Then there exists a coordinate
and input transformation of the form (17) with= 0,

=1 —0(v,w),5 = & — x(v,w), 7@ = u— 3n)

This transformation converts the augmented system
(16) into the form of (18) with

f(ﬁaf7ﬂ7v7w)
Zf(x,u,v,w)—f(x,u,v,w)
:f(:f+x,u+6(77),v,w)—f(x,u,v,w)
:f(j+X7a+ﬂ(77]+H(U,W)),U,IU)—f(X7u7’U,U1)
30, 2,1, v, w)

=M+ N(u—B(n) + ET" ') — ()
=M(7+0)+ N(u+ ET ' (+60)) — a(0)
=(M+ NET )i+ Na+ M0+ NET™'0 — a(6)
=(M+ NET Y+ Nu
(i, &, @, v, w) = h(z,u,v,w)

=h(Z+x,0+ B(7+ 0(v,w)),v,w)
By Remark 3.3, it suffices to (locally) stabilize the
equilibrium point at the origin of (18) withh = 0
andw = 0. To this end, linearizing (18) at the origin

(z = 0,7 = 0,u = 0) with v andw being set to zero
gives

(t) 4+ BET'5(t) + Bu(t)
+ NET YH)7(t) + Nu(t)
(t) + DET~'5(t) + Du(t)

(24)

A—AI
0

A—AI
0

0 B

a Schur Matrix, it is easy to conclude that (24) is
I 0 0
- [ M -\ N]

It can be shown that (24) is stabilizable and detectable.
stabilizable by the decomposition
BET™! B }
0 I 0
To show that (24) is detectable, first note that C) is

In fact, noting that(A, B) is stabilizable andV/ is
[ M+ NET™ ' =X N
0ET ' 1
detectable and/+NET ! = T®T 1, the following

matrix
A— I BET!
0 M+NET™' -\ (25)
C DET™!

has full rank for allA ¢ o(®) and|\| > 1. For the
case\ € o(®), by Remark 3.2) is on the unit circle.
Thus, the following decomposition

[A— NI BET!
0 M+NET!'—-)\I
. C DET™!
[A—-X 0 B][I o0
= 0 M-XMN||0 I
C 0 DJ||oET!

shows that the matrix (25) also has full rank fore
o(®) and|A| > 1 by the condition (22) and/ is a
Schur matrix. Thus, (25) has full rank for aN| > 1,
i.e., (24) is detectable.

As aresult, system (24) can be stabilized by a dynamic
linear output control law of the form

a(t) = —Ke(t)
£(t+1) = QE(t) + Le(t)

Finally, the following controller

u(t) = —K&(t) + B(n(t))
0t +1) = Mn(t) + N(u(t) — B(n(t)) + ET~'1(t))
§(t+1) = Q¢(t) + Le(t)

solves the discrete-time robust output regulation prob-
lem for the original system (1) and (2). 1

5. CONCLUSIONS

In this paper, we have established a framework that
can convert the robust output regulation problem for a
class of discrete-time uncertain nonlinear plant into a
robust stabilization problem for an augmented system.
Due to this framework, similar to the continuous case,
the discrete-time robust output regulation problem can



always be tackled in two steps. The first step is to form Davison, E. J. (1976). The robust control of a ser-
the augmented system which consists of the given vomechanism problem for linear time-invariant
plant and the internal model. Whether or not the first multivariable systemsIEEE Trans. Automat.
step can be accomplished depends on the existence of  Contr. 21, 25-34.
the internal model, or what is the same, the steadyFrancis, B. A. (1977). The linear multivariable reg-
state generator. We have shown that the steady state  ulation problem.SIAM J. Contr. and Optimiz.
generator hence the internal model always exists if the 15, 486-505.
solution of the discrete regulator equations satisfiesFrancis, B. A. and W. M. Wonham (1976). The inter-
conditions given in Lemma 3.2. The second step is to nal model principle of control theonputomatica
robustly stabilize the augmented system either locally 12, 457-465.
or globally, which will in turn lead to the solution of Huang, J. (2001). Remarks on the robust output reg-
the local or global robust output regulation problem. ulation problem for nonlinear system$EEE
Trans. Automat. Cont6(12), 2028—2031.
Huang, J. and C. F. Lin (1983 Internal model prin-
ciple and robust control of nonlinear systems. In:
Proc. 32nd IEEE Conf. on Decision and Control

We have given the solvability conditions of the local
robust output regulation problem for a general class of
nonlinear systems.

Technically, the local version of the discrete-time ro- pp. 1501-1506.

bust output regulation problem does not pose moreHuang, J. and C. F. Lin (1983 On the discrete-time
specific difficulty than its continuous counterpart be- nonlinear servomechanism problem. IRroc.
cause the same eigenvalue placement technique works  Amer. Contr. Conf.San Francisco, CA. pp. 844—
for both the discrete-time and continuous-time sys- 848.

tems. However, the global version of the discrete-time Huang, J. and C. F. Lin (1984 On a robust nonlinear
robust output regulation problem seems to be more servomechanism probledtEE Trans. Automat.
challenging than its continuous counterpart because Contr. 39, 1510-1513.

the global robust stabilization problem for discrete- Huang, J. and C. F. Lin (198} A stability prop-

time nonlinear systems is more difficult than that for erty and its application to discrete-time nonlin-
continuous-time systems. A simple example may be ear system controlEEE Trans. Automat. Contr.
motivating. Consider a scalar continuous-time linear 39(11), 2307-2311.

systemi = ax + u where the uncertain parameter  Huang, J. and W. J. Rugh (1990). On a nonlinear mul-
belongs to any fixed compact set. Clearly, a high gain tivariable servomechanism probleAwutomatica
state feedback contral = — K« with K sufficiently 26, 963-972.

large robustly stabilizes the system. However, for a Huang, J. and W. J. Rugh (1992). Stabilization
scalar discrete-time linear systefft + 1) = ax(¢t) + on zero-error manifolds and the nonlinear ser-

u(t), there exists no linear state feedback controller vomechanism probleniEEE Trans. on Automat.
that can robustly stabilizes the system when the uncer- Contr. 37(7), 1009-1013.

tain parametet belongs to an interval whose length Huang, J. and Z. Chen (2004). A general framework
is greater than. for tackling the output regulation problentEE
Trans. Automat. Contd9, 2203-2218.

Therefore, in order to handle the global robust output Isidori, A. and C. I. Byrnes (1990). Output regula-

regulation problem for discrete-time nonlinear sys- tion of nonlinear svstemsEEE Trans. Automat
tems, more research on the robust stabilization of the Contr. 35(2) 131_1)/40 ‘ ‘
discrete-time nonlinear systems has to be carried OUtKhaI' ’ ’ :

. L . il, H. (1994). Robust servomechanism output
first. This is indeed one of our current research topics. . :
feedback controllers for feedback linearizable

systemsAutomatica30, 1587-1589.

Khalil, H. (2000). On the robust servomechanisms
for minimum phase nonlinear systenst. J. of
Robust and Nonlinear Contrdl0, 339-361.

Byrnes, C. |., F. Delli Priscoli, A. Isidori and W. Kang Lan, W. and J. Huang (2005). Robust output regula-
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