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Abstract: This paper addresses the asymptotic stabilignatiched time delay systems.
Piecewise Lyapunov-Razumikhin functions are introducadttie switching candidate
systems to investigate the stability in the presence ofitefilumber of switchings. We
provide sufficient conditions in terms of the minimum dwaéthé to guarantee asymptotic
stability under the assumptions that each switching caelits delay-independently or
delay-dependently stable. Conservatism analysis is atsaded by comparing with the
dwell time conditions for switched delay free syste@spyright©2005 IFAC
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1. INTRODUCTION In particular, we are interested in the stability analysis
of switched time delay systems. In fact, time delay

Switching control offers a new look into the design systems are ubiquitous in chemical processes, aero-
of complex control systems (e.g. nonlinear systems, dynamics, and communication networks (Kharitonov,
parameter varying systems and uncertain systems)1999; Dugard and Verriest, 1998). To further compli-
(Skafidaset al, 1999; Morse, 1996; Hespanhat cate the situation, the time delays are usually time
al., 2003; Hespanha, 2004). Unlike the conventional varying and uncertain(Wu and Grigoriadis, 2001). It
adaptive control techniques that rely on continuous has been shown that robugf® controllers can be
tuning, the switching control method updates the con- designed for such infinite dimensional plants, where
troller parameters in a discrete fashion based on therobustness can be guaranteed within some uncertainty
switching logic. The resulting closed-loop systems bounds (Toker an@®zbay, 1995). In order to incor-
have hybrid behaviors (e.g. continuous dynamics, dis-porate larger operating range or better robustness,
crete time dynamics and jump phenomena, etc.). Onecontroller switching can be introduced, which results
of the most challenging issues in the area of hybrid in switched closed-loop systems with time delays.
systems is the stability analysis in the presence of For delay free systems, stability analysis and de-
control switching. We refer to (Hespanbkgal., 2003) sign methodology have been investigated recently in
for a general review on switching control methods.  the framework of hybrid dynamical systems (Morse,
1996; Skafidaset al, 1999; Yan andOzbay, 2003;
Hochcerman-Frommest al, 1998; De Persigt al,
1 This work is supported in part by AFOSR and AFRL/VA under 2004; Hespanha, 2004). In particular, (Skafidaal.,

agreement no. F33615-01-2-3154 1999) provided sufficient conditions on the stability of
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the switching control systems based on Filippov solu- wheretmax= maXxc¢ {1i} is the maximal time delay
tions to discontinuous differential equations and Lya- of the candidate systems jn.

punov functionals; (Morse, 1996) proposed a dwell-
time based switching control, where a suff|C|entIy
large dwell-time can guarantee the system stability. A
more flexible result was obtained in (Hespanha and [fljt—ry == sup ||f( ),

Morse, 1999), where the average dwell-time was in- t-r=

troduced for switching control. In (Yan arﬁzbay, where f is an element of the Banach spaCét —
2003) the results of (Hespanha and Morse, 1999) werer,t], R").

extended to LPV systems. LaSalle’s invariance princi-

ple was extended to a class of switched linear systemg_emma 1.Suppose for a given tripléf; € 4, i € F,

for stability analysis (Hespanha, 2004). Despite the there exists symmetric and positive-defirftes R™",
variety and significance of the many results on hybrid sych that the following LMI with respect t® is
system stability, stability of switched time delay sys- satisfied for somgy; > 1 anda; > O:

tems has seldom been addressed due to the general T —

difficulty of infinite dimensional systems (Hale and RA+AR+paiR BRA | 4 )
Verduyn Lunel, 1993). AR —aiR

ThenZ; is asymptotically stable independent of delay
(Dugard and Verriest, 1998; Kharitonov, 1999).

We use|| - || to denote the Euclidean norm of a vector
nR", and|f|;_y for theeo-norm of f, i.e.

Two important approaches in the stability analysis
of time delay systems are (1) Lyapunov-Krasovskii
method, and (2) Lyapunov-Razumikhin method . Var-
ious sufficient conditions with respect to the stability If all candidate systems of (1} € 4, are delay-
of time delay systems have been given using Riccati- independently asymptotically stable satisfying (2), we
type inequalities or LMIs (Kao and Lincoln, 2004; denote4 by 4.

Kharitonov, 1999; Wu and Grigoriadis, 2001; Dugard

and Verriest, 1998). In the presence of switching logic Lemma 2.Suppose for a given triplefj € 4, i € ¥,

for time delay systems, stability can be guaranteedthere exists symmetric and positive-defirftes R"<",

by introducing multiple Lyapunov functions properly. and a scalap; > 1, such that

The main contribution of this paper is a collection of 10, PAM,
results on the stability of switched time delay systems { P T
using piecewise Lyapunov-Razumikhin functions. We MIAR R
provide sufficient stability conditions in terms of the where

dwell time of the switching signals for the delay in-

dependent case and the delay dependent case, respec- Qi = (A +A.) P +P(A +A.) + pi(cti +Bi)

tively.
Th i ized as follows. The problem def M= (A A

e paper is organized as follows. The problem def- . oA
inition is stated in Section 2. In Section 3, the main R = diag(aiP, BiR),

results on the Stablllty of switched time delay SYS- and o >0, Bi > 0 are scalars. Theﬁi is asymptot-

tems are presented in terms of the dwell time of jcally stable dependent of delay (Dugard and Verri-
the switching signals. Conservatism analysis is pro- est, 1998; Kharitonov, 1999).

vided by comparing with the dwell time conditions for

switching delay free systems in Section 4, followed by . . )
concluding remarks in Section 5. Similarly we denoteq by 4y if all candidate systems

of (1) are delay-dependently asymptotically stable sat-
isfying (3).

In what follows, we will establish sufficient conditions
to guarantee stability of switched system (1) for the
delay independent case and the delay dependent case.

] <0 3)

2. PROBLEM DEFINITION

Consider the following switched time delay systems:

s - X = Aqp)X +Aq X(t— Tqe))s t>0 Therefore, we will assume that= 4 and4 = 44 re-
t X(t) = (p(t) Yt € [—Tmax O] spectively in the corresponding sections in this paper.
Q) It is well known that switching between stable candi-

wherex(t) € R" is the stateg(t) is a piecewise switch-  dates may result in divergence of the switched system
ing signal taken values on the sgt={1,2,....1}, i.e. (Liberzon and Morse, 1999). An important method
q(t) =kj, kj € F, forvt € [tj,tj; 1), wheretj, j €eZrtu in stability analysis of switched systems is based on
{0}, is the jth switching time instant. We introduce the construction of the common Lyapunov function
the triplets; := (A, AL T)) € R x R™M x RY to de- (CLF), which allows for arbitrary switching. However,
scribe thd!" candidate system of (1). Thus fdt > 0, this method is too conservative from the perspective of
we havex; € 4:={%; : i € ¥}, whereZ is a family of controller design because it is usually difficult to find
candidate systems of (1). In () : [~Tmax 0] — R" the CLF for all the candidate systems, particularly for
is a continuous and bounded vector-valued function, time delay systems whose stability criteria are only



sufficient and conservative. A recent paper (Zbgi
al., 2003) explored the CLF method for switched time

delays systems with three very strong assumptions: (i)

each candidate system has the same time del@y

each candidate is assumed to be delay independently

stable; (iii) TheA-matrix is always symmetric and the
A-matrix is always in the form odl. In the present

ApparentlyV; can be bounded by

u ([IX) <Vi(t.x) <vi([x]), vxe R, (8)

where
ui(s) ;== kis%, Vi(s) =K<, (9)

in which Kj := omin[R] > 0 denotes the smallest sin-

gular value ofR andk; := omayP] > 0 the largest

paper, we consider an alternative method using piece-Singular value of.

wise Lyapunov-Razumikhin functions for a general
class of systems (1) and obtain stability conditions in
terms of the dwell time of the switching signal. This

Proposition 4. For each time delay systen2s with
Lyapunov-Razumikhin function defined by (7) as-

method can be used for the case with delay indepen-SUme (6) is satisfied for sonv(s). Then we have

dent criterion (2) and the case with delay dependent

criterion (3).

3. MAIN RESULTS ON DWELL TIME BASED
SWITCHING

For a given positive constamp, the switching signal
set based on the dwell tin® is denoted byStp],
where for any switching signai(t) € Stp], the dis-
tance between any consecutive discontinuitieg(f,
tiy1—tj, j € Z* U{0}, is larger thammp (Hespanha
and Morse, 1999; Morse, 1996). Sufficient condition
on the minimum dwell time to guarantee the stable
switching will be given using piecewise Lyapunov-
Razumikhin functions. Note that the dwell time based

switching is trajectory-independent (Hespanha, 2004).

Before presenting the main result of this paper, we
recall the following the lemma (Hale and Verduyn
Lunel, 1993) for general Retarded Functional Differ-
ential Equations (RFDE) in the form of

X(t) = f(t,x) (4)

with initial condition ¢(-) € C([—r,0],R"), wherex
denotes the state variabbesver the intervalt —r, t],
andx (8) =x(t+6), -r <8 <0.

Lemma 3.(Hale and Verduyn Lunel, 1993) Suppose
uv,w,p: R* — R* are continuous,nondecreasing
functions,u(0) = v(0) = 0, u(s), v(s), w(s), p(s) pos-
itive for s > 0, andv strictly increasing. If there is a
continuous functioV : R x R" — R such that

u(lx) <Vt ) <v(lIxl), teR,xeR", (5

and

V(Ex(t) < —w(lIx(t)]), (6)
V(t+6,x(t+0)) < p(V(t,x(t))) VO e [-r,0],

then the solutiorx = 0 of the RFDE is uniformly
asymptotically stable.

A particular case of (4) is a linear time delay system
>, i € F, where we can construct the corresponding
Lyapunov-Razumikhin function in the quadratic form

Vi(t, ) =x" (HRX(t), R=PT >0.  (7)

<

"
X ftr—i tr ;I X[fty—ti tn), Vtm>th > 0. (10)
I

Proof. Define
Vi(t,x):= sup Vi(t+0,x(t+8))
—T1;<6<0
fort > 0, we have
Ki([X|—t,.0)% S Vi (t,%) < Ki([X|j_g, )% >0 (12)

The definition ofVi(t,x) implies 38 € [~T;,0], such
thatV;(t,x) =V (t+ 6o, X(t +60)). Introduce the upper
right-hand derivative o¥ (t,x) as

(11)

Vir = imsupE [V (t-+ hx(t 1) ~Vi(t x(t))],
h—0t

we have

(i). If 8o =0, i.e.Vi(t+6,x(t+8)) <Vi(t,x(1)) <
pVi(t,x(t))), we havevi (t,x) < 0 by (6). There-
foreV," <0. B

(i). If —1j < B9 < 0, we haveVi(t + h,x(t+h)) =
Vi(t,x) for h > 0 sufficiently small, which results
inVi* =0.

(iii). If 80 = —Tj, the continuity ofVi(t,x) implies
Vit <o.

The above analysis shows that
Vi(tm) <Vi(th), Yt >tn > 0.
Recall (12), we have
Ki(\x\[tm—n,tm])z <Vi(tm) <Vi(tn) < 'zi(\x\[tn—ri,tn])27
(14)
for any tyy >ty > 0. This implies (10) and proves
Proposition 4. [ |

(13)

Suppose all of the conditions of Lemma 3 are satisfied
for general RFDE (4), we also have the follow result.

Lemma 5.(Hale and Verduyn Lunel, 1993) Suppose
|(p|ﬂ0*r.,to] < 01,01 > 0, andd; > 0 such thatv(d1) =
u(dy). For alln satisfying 0< n < &, we have

V(t,x) <u(n), Yt >to+T. (15)
Here _
T_ N"iél) (16)

is defined byy = inf, 1))<s<5,W(s) and N =
[(v(d1) —u(n))/al, where[-] is the ceiling integer
function anda > 0 satisfiesp(s) —s > a for u(n) <
s< V(6;|_).



3.1 The Case with Delay Independent Criterion

Consider the switched time delay systemslefined
by (1) and assume each candidate syskem € F

delay-independently asymptotically stable satisfying

(2) (i.e. 4 = A). A sulfficient condition on the mini-

mum dwell time to guarantee the asymptotic stability
can be derived using multiple piece-wise Lyapunov-

Razumikhin functions.

Theorem 6.There exists a finite constait> 0, such
that the switched time delay system (1) wkhe 4

is asymptotically stable for any switching rujt) €

S[tp], wheretp > 0 is defined byip := T + Tmax

Proof.Consider an arbitrary switching interval, tj 1)
of the piecewise switching signaglt) € Jtp] , where
a(t) = kj, kj € F for Vt € [tj,tj11) andt; is the ji
switching time instant forj € Z* U {0} andtp = 0.

The state variablgj(t) defined on this interval obeys:

5 { Xj = AgXi(t) + At —Tig), tE [tj, tjsa)
LX) = @i(t), VEe [t — Tt

17
For the convenience of using "sup”, we defiétj 1) =
limp_o- Xj(tj+1+h) = Xj41(tj+1) based on the fact
thatx(t) is continuous fot > 0. Therefore; (t) is now
defined on a compact séj,tj,1]. The initial condi-
tion @j (t) of Zy; is @j(t) = xj_1(t),t € [tj — Ty, 1] for
j € Z*, which is true because := T + Tmax > Tmax
And go(t) = @(t),t € [Ty, 0].
Construct the Lyapunov-Razumikhin function

Vig (%), 1) = X] (DR Xj (1), t € [tj,tj ]

for (17), we have

K 15117 < Vi (,%)) < Kig [%5]1%, vx; €R™. (19)

(18)

A straightforward calculation gives the time derivative

of i, (t,j (t)) along the trajectory of (17)

ij (tvxj) = X-jr (AIJ H<j + H<jAkj )Xj
+2x] (DRGAGXj(t—Tig),  (20)

where

2] ()P, A Xj (t — T, ) < Qi X] (8 =T ) Pl X (t — T, )
-+ X (8P AR TAL P X (1), Yoy > 0.

Applying Razumikhin condition witlp(s) = P S, Pi; >
1, we obtain

X}- (t— Tk; )ij X| (t— Tkj) < pij}r (t)pkj X (t)
for
ij (t+6,x(t+8)) < pijkj (t,xj(t)) V@€ [—Tkj ,0].
Let

AT -1 A D—1aT
~ S = A Py B A+ Pig A B 0P A B "A P
(22)

(21)

we have

ij (t,Xj) < —X-jr(t)s(ij (t). (23)

Because3; € 4, we haveS, > 0 from Lemma 1.

Furthermore we can seleafs) = ijsz in Lemma 3,
such that (6) is satisfied, wheng; := Omin[S;] > 0.

Define
A= max—i, (24)
icF Kj
= maxE (25)
H-= iceF W

For some < B < 1and O< a < 1, we choose
— AL A—a?
Ti= Sl Zg="m
o a*B(p—-1)
wherep:=minic# {pi} > 1.

(26)

We claim that|x;(t)|| < ad; for anyt >tj +T,t
[tj,tj+1], where we assumie; (t)|, i 1] <9;.

To show this fact, we can choosi = 9j, 82 =
01,4 /Ekj/KkJ. > 01, and select) = ad; in Lemma 5.

It is straightforward that & n < 51 < 52. Recall (15)
and (16), we have

Vi (t,X)) < Kin?, for t>t+T, (27)
where
_ NV(8;)
y_ —
_ [(v(8) — u(n)) /2] v(3y)
Infy-1(u(n)) <5<, WIS)
K2 [(V(81) —u(n))/a]
= 5 (28)
(of ij Kkj
Combining (19) and (27) yields
% (t)|| < adj, for t >tj+T. (29)
Now choosinga = B(px; — 1)Kkjr]2, we have
e
K% [ o]
ita . — —
Sl I (30)
(o ij KkJ
Therefore
|Xj |[tj+'lf,tj+l] < 06]', (31)

which is straightforward from (29) and (30).

Notice thatej1(t) = Xj(t),t € [tj;1 — Tk, tj 1] and
recall the fact thatj;1 —tj > Tp =T 4+ Tmax> T +
Thy,q, WE have

|(pj+1|[tj+1—Tkj+1=tj+1] = ‘Xi ‘[tj+l—Tkj+1~,tj+l]

< ‘Xj|[tj+-|?7tj+l] <adj1=09j11 (32)

and & is defined asdo := [@l[_tax0] = ¥l[-1,.0)
Therefore we obtain a convergent seque(dg,i =
0,1,2,..., whered = a'dg.



Meanwhile, (10) implies

Ki
|Xj|[t7Tkj,t]SHKT(J.|X|[tjfrkj,tj]7 vt € [ty tja]. (33)
|

Hence

sup [Ixj(®)f < sup [Xjlgx, g
teftytja] te(ty tja]

< \F|X|[tj7Tkj 1]
< VA =alVAd,  (34)

which implies the asymptotic stability of the switched
time delay systen; with the switching signag|(t) €
Stp)- This completes the proof. |

3.2 The Case with Delay Dependent Criterion

In a similar fashion, we can investigate the stability
of the switched time delay systea of (1) under the
assumption thaf; € 44. Hence each candidate system
2, i € ¥ is delay-dependently asymptotically stable
satisfying (3).

Theorem 7.There exists a finite constaf > 0, such
that the switched time delay system (1) wkhe 44
is asymptotically stable for any switching ruigt) <
Std], wheretd > 0 is defined byt := Ty + 2tmax:

Proof. Similar to the proof of Theorem 6, we consider
an arbitrary switching interval;j,tj,1) of the piece-
wise switching signab(t) € Std] , where the state
variablex;(t) defined on this interval obeys (17). The
first order model transformation (Hale and Verduyn
Lunel, 1993) of (17) results in

%j(t) = (A + A )X (1)
~Ay / " [ (t+8) + Agx(t + 61, )]d0,(35)
=

where the initial condition; (t) is defined ag);(t) =
Xj-1(t), t € [tj — 21, tj] for j € Z*, andyo(t) defined
by
Wolt) = {(p(t) te [—Tmax O]
(P( Tmax)s [—ZTmax, —Tmax)

By using the Lyapunov-Razumikhin function (18), we
obtain the time derivative of(t,x;(t)) along the

trajectory of (35)
Vi (6,X)) = X ()[R (A +A) + (A +Ag) TR I (1)
[ 2 0 A (g +0) + A 1+ 8 00
Assume Vi, (t + 6,xj(t + 6)) < p(Vi; (t,xj(t))) for

V0 € [-21y;,0], wherep(s) = py;s, py, > 1, we have
(Dugard and Verriest, 1998; Kharitonov, 1999)

ij (t,Xj) < 7X-jr (t)$ij (t)7 (36)

where
S = (P (A + A ) + (A + ) TRy
+ T [0ty P A A P AT AL P
+ B, 2R (A )P (AL PRy
+ Pk (Qk; + By )P ] - (37)

BecauseX; ¢ led we have$j > 0 from Lemma 2.
Therefore we can selegi(s) = vv‘gjs2 in Lemma 3,
such that (6) holds, Wherwﬂ_ = Gmin[Sﬁj] > 0. We
choose

— A, A—o?
Tgi=— [m] (38)
where
e @)

and the other parameters are the same as those defined
in the proof of Theorem 6.

We can obviously apply analogues of Theorem 6 to
obtain the following inequality:

sup [|xj(t)]| < VA&, (40)

telt
where [ (1) -zv, ) < &}, and &}, ; = adf. Note

thatdd can be selected as

68 = ‘lp‘ *ZTma)QO = |(p| [*Tmax.o] = 60'
Itis clear thatjy|, (2.0 ) < 68, which further implies

6J =9j, j € Z* U{0}. The upper bound of the state
variablex(t) of the switched time delay systerfisis
bounded by a decreasing sequefigg,i =0,1,2,...
converging to zero, which implies the asymptotic sta-
bility and proves this theorem. [ |

The dwell time based stability analysis proposed in
this paper is general in the sense that it can be used for
other stability results based on Razumikhin theorems
as long as the correspondingly Lyapunov functions
are in quadratic forms. Particularly, Theorem 7 can be
extended easily to the case whé&ehas time-varying
time delays and parameter uncertainties, which has
important applications such as TCP congestion control
of computer networks (Kelly, 2001).

4. CONSERVATISM ANALYSIS

The dwell time based stability results has been ob-
tained for linear delay free switched systems (Morse,
1996). It is interesting to compare the conservatism of
the results presented in this paper with those for delay
free systems.

In fact, one extreme case of the switched sysi&m

is Tj = 0 andA; = 0 for i € 4, which corresponds to
the delay free scenario. For each candidate sygstem -
Aix, a sufficient and necessary condition to guarantee
asymptotic stability iSSP = PT > 0, such tha; :=



—(ATR + PA)) > 0. Correspondingly a dwell time
based stability for such switched delay free system is

q(t) € Sgp), where
Tp =flinA, (41)
whereA is defined by (25) and
Ki
= — 42
Wi=maxe, (42)
wherew; := omin[Qi] > 0.

On the other hand in our case, fgr=0 andﬁi =0,
we observe that

im § =

aj—0t+

im §=qQ, ieF (43)

aj,pi—0"

from (22) and (37), which indicateg = g = fi by
(25), (39), and (42). Accordingly we can selggt>

1,i e ¥ sufficiently large such tha{tﬁgfl)] =1in
(26) and (38), and obtain
= M A =g
Therefore
Af o
TD:T%ZG—L21>)\ﬂ> finA=%.  (45)
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