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Abstract: In this paper, an output feedback discontinuous controller is proposed
for a class of nonlinear systems to attenuate the disturbance influence on the
system performance. Our main goal is to globally stabilize the nonlinear system
in the presence of unknown structural system uncertainties and external distur-
bances. Our approach consists of constructing a high gain nonlinear observer
to reconstruct the unavailable states, and then design discontinuous controller
using a backstepping like design procedure to ensure stability of the nonlinear
system. The design parameters of the observer and the controller are determined
in a complementary manner to ensure stability. As a result the whole system
can be stabilized while internal stability of the system states is also ensured.
Finally, an example is presented to show the effectiveness of the proposed scheme.
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1. INTRODUCTION

Output feedback stabilization has been the sub-
ject of constant research over the past several
decades. Despite these efforts, robust stabiliza-
tion of general nonlinear systems remains an open
problem (Khalil, 1996). For linear systems or non-
linear systems that can be linearized near the
equilibrium point, the well known H., control
method offers a systematic approach in which the
influence of system uncertainties can be directly
incorporated into the design. However, for non-
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linear systems, the solution of the nonlinear H,
control problem has proven to be very difficult.
Indeed, the synthesis of H,, optimal controller
requires solving the Hamilton Jacobi-Isaacs (HJI)
equation (James and Baras, 1995), which is either
very difficult or in most cases impossible to solve.
Solving the HJI equation can be avoided by the
inverse optimal design proposed as in (Krstié¢ and
Li, 1998). However, in this approach, a prescribed
performance level cannot be guaranteed.

Several researchers have proposed various ap-
proaches for the disturbance attenuation problems
of nonlinear systems with different forms and as-
sumptions. In (Isidori and Lin, 1998), the nonlin-



ear functions in the system are linearized near the
equilibrium x = 0. The control law can then be
obtained by utilizing the solution of the Riccati
Algebraic Equation for the linearized plant to get
a global solution of the Hamilton Jacobi Isaacs
partial differential equation arising in the non-
linear H,, control. Though the control target is
obtained, only a single input single output (SISO)
system with specific formulation is considered.
In (Marino and Tomei, 1999), a SISO nonlinear
system with unknown parameters is considered
and it is transformable to be a minimum phase
system where the nonlinearity depends on the
output only. It is the same situation as in (Ezal
et al., 2001) where the nonlinearity also solely
depends on the measured output and the distur-
bance attenuation with local optimality can be
realized according to the linearized plant. From
these references, we note that it would be interest-
ing to consider the disturbance attenuation task
for a more general nonlinear system.

Many kinds of observers have been proposed for
linear and nonlinear systems when the state vari-
ables are not available. When there are uncertain-
ties in the system, high gain observer owns the
advantage to acquire the states information while
neglecting the influence of disturbance (Farza et
al., 2004), Due to the high gain in the feedback
form, the observer is effective in ensuring the con-
vergence of the estimation error such that the real
states can be obtained for the controller design.

In this paper, we present a more general system
plant with null space dynamics and range space
dynamics together. Only partial states can be
measured and one subsystem in the null space
dynamics possesses a certain property with re-
spect to the Lyapunov stability theory. Our ap-
proach has two main objectives: (i) to globally
stabilize the nonlinear system, in the input-to-
state (ISS) sense, in the existence of the struc-
tural unknown system uncertainties and external
disturbance by an output feedback discontinuous
controller, and (ii) to attenuate the disturbance
influence on the system performance to a pre-
scribed level. The attribute of this approach is
that: (a) we can construct a high gain nonlinear
observer to observe the states and only partial
state estimation of the nonlinear system is neces-
sary; (b) a resulting discontinuous controller can
be designed according to the backstepping like
design procedure to ensure the stability of the
nonlinear system; (c) the design parameters in the
observer and the controller are related and should
be determined together to ensure stability. Hence
the whole system can be stabilized while inter-
nal stability of the system states is also ensured.
Usually, a discontinuous term is used to handle
the matched Ls[0,00) type system disturbance
where the upper-bound knowledge is available

(Utkin, 1992) (Xu et al., 2003). However in this
paper, a discontinuous term is used to ensure
convergence of the observer since the switching
surface is defined to be a combination of the esti-
mated states while there are no uncertain term in
the observer dynamics. In the example, it is shown
that the stabilization can be achieved under the
proposed controller while the high nonlinear sys-
tem is originally not stable without control efforts.

Notations: R™ denotes an n-dimension real vector
space; || - || is the Euclidean norm and induced
matrix norm; A;(A) denotes the i-th eigenvalue

of the matrix A; Re(-) denotes the real part

Of(x,y) and

with respect to its argument; Dy f = =7

_ 9f(xy)
Dyf = —%y ~ are row vectors.

2. PROBLEM FORMULATION

A general nonlinear system with control input u(+)
and uncertainties d(-) can be written as follows:

x =f(t,x,u,d). (1)

Without any additional assumption, it is very dif-
ficult to design a suitable control law to stabilize
this nonlinear system. Hence, in this paper we
study a class of nonlinear systems in a cascade
form and only output information is available.
More explicitly, we consider a system of the form

z=1fi(t,z,y) + Go(t,z,y)d(t)

x1 = Axo + fl(t,Z,Xl) + Gl(t, Z,Xl)d(t) (2)
X3 = Bu + £5(t, 2, x) + Ga(t, z,x)d (1)
y=x; :=0Cx

where z € RP, x; € R"™ and x3 € R™ are
the states, u € R™ denotes the control input,
d € R! is the external disturbance. A € R™*™,
B € R™™ and C € R™ (™™ The mappings
fo € R? and Gy € RP*! are known and smooth
with respect to z, y and continuous with respect
to time ¢. f{ € R", G € R f, € R™ and
Gy € R™* are unknown functions. The relation
m < n holds for the system.

This system maintains the popular triangular
structure used in the backstepping approaches
(Khalil, 1996) (Isidori and Lin, 1998), but ex-
tended with additional structure given by the
uncertainty terms and disturbances. In addition,
only the output y = xi, but not the state, is
assumed to be available. The control objective
of this paper is to stabilize the system, which is
originally not ISS stable in the existence of the
external disturbance input when u = 0, to be
ISS stable with respect to the external disturbance
by using the measurable output information. The
system in (2) satisfies the following assumptions.



Assumption 1. ||fi]|2 < eulxal]®? + ciz2l|z]?,
[£2]1* < carl|x[|*+eozl2l]?, where c;; (i = 1,2, =
1,2) are known positive constants. |G;(-)|| < i,
where (3; are positive constants.

Assumption 2. The function f; has the following
property,

I£2(t,2,%) — B2(t, %1, %2) || < anlle]| + azllz]|?,
(3)

where f; (t,x1,X2) is the estimate of the function
fo(t,z,x), e = x—%, a1 > 0 and ag > 0 are known
positive constants.

We further make the following assumption on the
null space z-dynamics according to the definition
of the ISS Lyapunov functions (Sontag, 1989)
(Marquez, 2003). In the z-dynamics, y and u can
be treated as two external inputs.

Assumption 3. There is a nonempty set of ISS
Lyapunov Functions, V, such that, for any choice
of C! function Vy(t,z) € V: R" x RT — R,

71 (lzll) < Vo(t,z) < v (=),
DtVO + (DZVO) [fo(t, Yy, Z) + GO(ta Yy, Z)d(t)]
< —sllzl® + allyll® +sld]?, (4)

where v1(-),72(:) : Rt — R are class Koo
functions, 73, 74 and 75 are positive constants.

3. HIGH GAIN OBSERVER DESIGN

In this section, a nonlinear observer with high
gain is proposed for the partial system dynamics
to estimate the state x = [x1,x%2]?. Based on
the structure of the system plant, the observer is
constructed as the follows

{ﬁcl — ARy + kK (x1 — %1)

. R 5
X9 = Bu+f2(t,x1,§<2)+kK2(x1 7)21). ( )

Define e; = x; — X;, then the error dynamics is
€1 . —kK; A e n fi :l* Gid (6)
é| | —kKy 0] |eo fo —f5 + Gad

In order to extract the design variable k in the

presentation of the state space equation (6), we
define e = [eq, e3/k]". Then

e=kE,e+f+Gd (7)
- f1 | Gy .
where f = |:f2—f‘2/k':|7G_ |:G2/k:|7k>1lsa

positive constant, K; and Ky are designed gains

—-K; A
—-K5 0
i.e, 3P > 0 such that PE, + E'P = —Q.

such that the matrix F, = [ ] is Hurwitz,

According to Assumption 1 and Assumption 2,
the terms f and Gd in (7) could be upper-bounded
as

If2 — B
L2
< enlxa||* + (c2 +

I£]12 < [1fa]* +
(&%)
k2
1
IGdll < maz{f:}(1 + L)ldll

)z)? + Sle]|?
k

A .
< 2maz{Bi}|d| = gldl, i=1,2,
A
where 5 = 2max{3;}.

Remark 1. Note that the term (f+Gd) is bounded
by the states, hence we cannot ensure a bounded
state estimation error by this observer design.
Fortunately, we have one degree of freedom to
increase the value of k. Furthermore, as shown in
the following section, we can design a nonlinear
discontinuous controller and also can increase k
such that the stability of the whole controlled
system can be finally ensured.

Remark 2. Assumption 2 implies that the func-
tion f(-) cannot be highly nonlinear with respect
to the argument x,.

4. CONTROLLER DESIGN AND STABILITY
ANALYSIS

Since the system in (2) has a cascade form, we
can apply a backstepping like method to design
the controller as summarized in Theorem 1.

Theorem 1. Under the control law designed as

u=u, + Us, (8)
u.=-I""[Dio + (Dx,0)(A%z + kK1e;)

+(Ds,0) (F2(t, x1,%2) + k:ngl)} , 9

I'o
Us = —Rs70r o (10)
[T
AT
where o = X2 + mﬁl eR™ T = (Ds,0)B €

R™*™ the designed function r(t,%) > 0 is a
positive scalar function and ks > 0 is a positive
constant, the system is globally ISS stable with
respect to the external disturbance input.

Proof: The proof can be seperated into the
following three steps.



Step 1: Construct a Lyapunov function V; (¢,z,e) =

Vo(t,z) + €T Pe where Vj satisfies (4), and select
c12k? + s
276k2
of the Lyapunov function V;(-) becomes

6 such that < 73, then the derivative

Vi(t,z,e) = Vo(t,z) + keT (PE, + EF P)e
+2e! Pf 4+ 2¢T PGd

—sllzll® +vallyl* +yslld] - k| Q] [lelf?

1
2 2 2 2
HWWWﬂ+Eﬂ@ﬁ%JWWHMmH

g
+ﬁllellz} +2|[P|1*[le* + 7Hdll2

. (012 k2 —+ 042) 2
0= 2 ol (a2 ) Iy

0]
<WQHMﬂﬂ2mPW 1>nn2

2
+( 5+ ) e
k‘2 2
Deﬁneyzfy3—%7u_ %4_75 and
a1
0 = klQll - 2%l PI* - 2|1 P[I* - ookz then

- ully?
Vi(t,z,e) + o pld|?
SWM“MW+@+—+)WW

Step 2: In this step we would like to find a desired
signal X3 to stabilize the X3 subsystem. First con-
struct a new Lyapunov function Vs(t,z,e,%1) =
Vi(t,z,e) + 1%x¥'%,, then

Vo=V + %7 A%y + xT kK ey, (11)
AT
a desired X3 —————%; can be designed,
r(t, %)

where r(+) is a positive scalar function, then (11)
becomes (¢ > 0)

. . All2
Vo =V; — unxlw + kxTK e,

o (142 FIKE g
<vi- (1 %2+ L2
Iy
= vt mw
< —v|z))2 = dlle]? + (va + 2 + L)l
Il = dllel? + (0 + 22+ Ly
A1 Fikar q
(- 512 + e 212)

e A R

T 2q
using [[%1[|* = fx1 = e1[* > [x1]* = [le1[* and
llei]|> < |le]|?, then (12) becomes

> 0 is to be ensured, and

. pllyl”?
Va+ 2 pld|®

q A2 k2K )2
< 7VHZH2 _ [5 5 _ <| H o ”2 IH HeH2
r q
(1A R?E 2
r 2q

(L ) i (13)

where r and ¢ are designed such that

Y[ [
T 2q -

s 4 (AP RIE
2 r 2q

A2 k’2 K 2 c
{MH_l;H_m+£+ﬂﬂza
q Y6 p

should be satisfied at the same time. The feasibil-
ity of the proposed controller is based on whether
we can obtain such a solution r(-) to satisfy all
the three conditions, i.e,

2 2 2
59 1A KK
27 r 2q
C
>+ 2y Lo (14)
Ye p

Hence if we obtain a solution r(-) to satisfy the

. 2
inequality in (14), then (13) becomes V5 + —“”p%” —
plld]* < 0.

Step 3: In this step, we would like to design
a robust discontinuous control signal to realize
the regulation problem. To begin with, design
the switching surface as o0 = X2 — X5 = X9 +
#;)fq € R™. If all the states are measurable, the
switching surface should be selected as a function
of the states o(x1,x2). However, here the states
are not measurable, so we use the estimated one
X instead. Define a fourth Lyapunov function

1
Vs(t,z,e,%1,0) = Va(t,z,e,%x1) + §O'T0'. Then

6 =Dio + (Dg,0)(A%s + kK7 e1)
+(Dx,0)(Bu + fa(t, x1,%2) + kKoe1).

Design u as in equation (8) in Theorem 1, then
V3 V2+0' o. Hence

plly
v+t' ~ uld]?

< o' [Dio + (Dx
+(Dx,0)(Bu+ fg(t, x1,X2) +
= —k|IT"o| < 0. (15)

)(AXQ + k:Klel)
k‘ngl)

Integrating both sides of (15), and simplifying the
definition V3(t) = Va(t,z(t), e(t), %1 (t), o (t)) and
V3(0) = V3 (0, 2(0), &(0), %1 (0), #(0)), we have



t
Va(t) — V(0 sfpﬁ/nyn?dwu/ndnwv,
0 0

(16)

t t
- / Iyl2dr < Bu() + 02 / P, @7)
0 0

where 5,(+) 2 ;’—szg() is a function related to the
initial condition only. |

From (15), we have 076 < —k4||TTo|| < 0, hence
it is straightforward that the sliding manifold will
be reached in finite time.

Corollary 1. Under the proposed output feedback
controller (8) - (10), we have: (a) if d € L2[0, 00),
all the system states are bounded; (b) if d €
L2[0,00) N Lo [0, 00), im0 y(t) = 0, and 2z, x2
are bounded.

Proof: (a) If d € L»[0,00), then [, ||d||?dr <
My, where My is a finite constant. From (16),

V3(ta Z(t)7 e(t)a X1 (t)a O'(t))
< V3(0,2(0), €(0), %1(0), 7(0)) + M. (18)

Because V3(+) is radially unbounded in z, e, X and

o, (18) means that z, e, x and o are bounded.
AT

Furthermore x; = e; + X1, X9 = 0 — —Xq,

X9 = €3 + Xa, hence x is also bounded.

(b) f d € L3]0,00) N Loo[0,00), then we have
Jylldidr < Mg and |id]
is a constant. Inequality (15) becomes V3 <
ff)%HyHQ + pe?, which shows that |ly|| < peq is
bounded. Thus from the system dynamic in (2),
%1 is bounded and as a result y = x; is uni-
formly continuous. Note that in (17), fot llyll2dr
is bounded because d € L3[0,00). Using Bar-
balat’s Lemma (Narendra and Annaswamy, 1989),
it is straightforward to reach the conclusion that
limy o y(t) = 0. |

€4, where €q4

Note that the discontinuous unit vector control
law us in (10) may cause chattering when the
system enters the sliding mode in a finite time.
In order to eliminate the chattering phenomenon,
u, can be modified as

I'To
s — *ks—a 19
u ITT || 4+ ce=At (19)

where € and A are positive constants.

Corollary 2. Consider the uncertain nonlinear sys-
tem in (2), with d € L3[0,00), the controller in
(8), (9) and (19) guarantees that: (i) a finite Lo
gain performance is achieved; and (ii) all the state

variables are bounded. Moreover, if d € L2[0, c0)N
L]0,00), then y converges to zero asymptoti-
cally.

Proof: The proof is similar as in Corollary 1. W

5. ILLUSTRATIVE EXAMPLE

In this section, the nonlinear system as in (2) is
considered with the z dynamics of the form

5= =254 zy1 + 2y2 + 2di () + zda(t), (20)

where y = x; = [ylayQ]Ta X1 = [I1173012]T7 Xg =
[wo1,222]", d = [di(t),da(t)]" = [e7 01, e 05,
fi(t,z,x1) = [hi(t)z115in(2), he(t)z12c08(2)]T,
hi(t) = 0.1sin(nt), ha(t) = 0.1cos(wt), A = B =
Loy, f2(t,2,%) = [z215in(211), T228in(712)] T,

(211) COS(Ilg):|

(z11) sin(x12) |’
[sin(xgl) Sin($22):|

(x21) cos(xa2) |’
For z dynamlcs Vo(z,t) = 222 is selected. Hence
we have v3 = 0.75, 74 = 2 and 75 = 2. The
following parameters can be a; = 1, ag = 0,
cii=1,¢9=0,¢=4,v% =05, =12 and
p = 1.5. In the observer design: K1 = Ko = Isx2,
k = 18. The minimum disturbance attenuation

level in this case is p = /3. For an identity
Q = Izx2, from PE, + EI' P = —Q, we have

Gl (t, z, X1) =0.5 |:C(.)S

Ga(t, 2,x) =0.5

1.0 0 =05 0
0 1.0 0 -0.5
P= -05 0 15 0
0 -05 0 1.5
Hence ¢ = %9 + AT—_T)AQ, where 7 is selected

as 0.02197 < r = 0.0222 < 0.02222. In
the controller design, ks = 1 is selected. The
initial conditions are [2(0),x1(0)7,x2(0)T]T =
[1,5,4,3,2]7 and %(0) = 0.

Simulation results are shown as the follows. In
Fig.l, u = 0 is first applied. It is shown
that the states diverge which means that the
system is not stable without an output feed-
back stabilization controller. In the following dis-
cussion, according to (19), a smooth function
is then constructed instead of sign function as

o .
—kém In F’LgQ(a)(b),the €S-

timated states from the observer and the real
states are compared. The estimation errors con-
verge to zero asymptotically as shown in Fig.2(c)(d).
Since our control target is to minimize the desired
Ly disturbance attenuation level. From F'ig.3, the
output integration term fot lly(7)||?dr is smaller

us; =



than the disturbance term fot |d(7)||?dr which
means the real disturbance attenuation level is
preal < 1. Hence it is obvious that the desired
attenuation level p = /3 derived from theory is
obtained finally. Also the switching surface profile
is as shown in Fig.4.

6. CONCLUSIONS

For a class of nonlinear system with unknown
systems uncertainties and external disturbances,
we have realized an output feedback control law
based on a high gain nonlinear observer that
achieves desired global Input-to-State Stability
with disturbance attenuation. The problem dealt
with in this paper has triangular structure which
is a general form in dealing with output feedback
stabilization problems.

REFERENCES

Ezal, K., P. V. Kokotovi¢, A. R. Teel and
T. Basar (2001). Disturbance attenuating
output-feedback control of nonlinear systems
with local optimality. Automatica 37(6), 805—
817.

Farza, M., M. M. Saad and L. Rossignol (2004).
Observer design for a class of MIMO nonlin-
ear systems. Automatica 40, 135-143.

Isidori, A. and W. Lin (1998). Global Ly gain de-
sign for a class of nonlinear systems. Systems
and Control Letters 34, 295-302.

James, M. R. and J. S. Baras (1995). Robust
H,, output feedback control for nonlinear
systems. IEEE Transactions on Automatic
Control 40(6), 1007-1017.

Khalil, H. K. (1996). Nonlinear Systems. Prentice-
Hall. London.

Krstié, M. and Z. Li (1998). Inverse optimal
design of input-to-state stabilizing nonlinear
controllers. IEEE Transactions on Automatic
Control 43(3), 336-350.

Marino, R. and P. Tomei (1999). Nonlinear output
feedback tracking with almost disturbance
decoupling. IEEFE Transactions on Automatic
Control 44(1), 18-28.

Marquez, H. J. (2003). Nonlinear Control Sys-
tems: Analysis and Design. Wiley - Inter-
science. New Jersey.

Narendra, K. S. and A. M. Annaswamy (1989).
Stable adaptive systems. Vol. 3. Prentice-Hall.
Englewood Cliffs, New Jersey.

Sontag, E. D. (1989). Smooth stabilization implies
coprime factorization. IEEE Transactions on
Automatic Control 34, 435-443.

Utkin, V. I. (1992). Sliding Modes in Control
and Optimization. Vol. 34. Springer-Verlag.
Berlin.

Xu, J. X,, Y. J. Pan and T. H. Lee (2003). A
VSS identification scheme for time-varying
parameters. Automatica 39(4), 727-734.

uuuuuu

States

-2000

-2500

Fig. 1. The system states without controller.

@ (b)

ol -— === -

or 4 — ————
-10 — x21 — x22
20 — — estimated x21 -10 — — estimated x22

x21 and estimated x21
&
S

x22 and estimated x22
Y
S

-40

o 1 2 3 4 5 0 1 2 3 4 5
Time(sec) Time(sec)

(©) (d)

e

2 2

o r
o

|
i
|

i

Estimation error e21
o b
|
w

Estimation error e22
N

|
IS
|

&

!
@
!

o

<)

8 10

o

8 10

4 6 a 6
Time(sec) Time(sec)

Fig. 2. (a) x21(t) and Z21(¢); (b) x22(t) and Taa(t);
(c) ear(t) = wa1(t) — 221(t); (c) ea2(t) =
X292 (t) — 32‘22 (t)

3
T

>

w

Integration of [Jy| and [Jd| from 0 to t
o
N

N

15
Time(sec)

Fig. 3. The integration of ||y||? and ||d||?.

(@)

. . . .
o 0.5 1 15 2 25
Time(sec)

(b)

o

o

0

.

nL

«

N
Nl
0

Fig. 4. The evolution of o (t): (a) o1(t); (b) o2(t).



