DYNAMIC SURFACE CONTROL APPROACH
TO ADAPTIVE ROBUST CONTROL OF
NONLINEAR SYSTEMS IN SEMI-STRICT
FEEDBACK FORM

Zi-Jiang Yang* Toshimasa Nagai *
Shunshoku Kanae * Kiyoshi Wada *

* Department of Electrical and FElectronic Systems
Engineering,
Kyushu University, Hakozaki, Fukuoka 812-8581, Japan
TEL: (+81)92-642-3904, FAX: (4+81)92-642-3939
E-mail: yoh@ees.kyushu-u.ac.jp

Abstract: This paper consider the adaptive robust control of a class of single-
input-single-output (SISO) nonlinear systems in semi-strict feedback form, where
nonlinearities can exist in the input channel of each subsystem. To overcome
the problem of “explosion of terms”, the recently developed dynamic surface
control technique is generalized to the nonlinear systems under study. At each
step of design, a feedback controller strengthened by nonlinear damping terms
to counteract modelling errors is designed to guarantee input-to-state practical
stability of the corresponding subsystem, and then parameter adaptions are
introduced to reduce the ultimate error bound. Finally, simulational examples
are included to verify the results of theoretical analysis. Copyright ©2005 IFAC
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1. INTRODUCTION

A drawback of the backstepping design procedure
is the “explosion of terms” caused by the repeated
differentiations of the virtual inputs. Recently,
the dynamic surface control (DSC) technique has
been proposed to avoid this problem by introduc-
ing a first-order low-pass filter at each step of the
conventional backstepping design procedure (Yip
& Hedrick 1998; Swaroop, Hedrick, Yip & Gerdes,
2000; Wang & Huang 2001).

In this paper, motivated by the pioneering works
of the DSC technique reported in the literature,
the theory and methodology are generalized to
a class of SISO nonlinear systems in semi-strict
feedback form, where nonlinearities can exist in
the input channel of each subsystem. The design
procedure is performed in a step by step man-
ner. At each step of design, a feedback controller

strengthed by nonlinear damping terms to coun-
teract modelling errors is degined to guarantee
input-to-state practical stability (ISpS which is an
extension of the concept of input-to-state stability
(ISS), see Jiang & Praly (1998) for definition) of
the corresponding subsystem, and then parameter
adaptions are introduced to reduce the ultimate
error bound. Simulational examples are included
to verify the results of theoretical analysis.

2. STATEMENT OF THE PROBLEM

Consider the following SISO nonlinear system in
semi-strict feedback form:

& = fi(@i) + gi(@Ti)wit1 + Ai(Tn,t), i=1,--- ,n—1
Ty = fn(fn) + gn(fn)u + Ap (Ena t)

Yy =21

(1)



where, T; = [v1, - ,2)T(i = 1,---,n) is the
state vector up to the ith subsystem, y is the
system output; f;(%;),g:;(T;) are C! functions;
A;(Tp,t) is the lumped nonrepeatable nonlinear-
ities or external disturbances which may be non-
lipschitz, but is continuous in its arguments.

The nonlinearities are modelled as follows.
(@) = foi(Ts) + Api (T, as) +npi(T5)
9i(Ti) = 90i(Ti) + Agi(Ti, bi) + ngi(Ts)
Api(@i,ai) = ) (Ti)ai, Ngi(Ti,bi) =] (Ti)bi

6T(@5) = 61,1 1), > Bisat s, (70) 2)
I (@) = [in (Ti), - ,wz Mgz(xz)}
al =lai1, - » @i, Mg, ], = [bi,1, 0 binay,]

where, fo:(%:), goi(T;) are known nominal nonlin-
ear functions; A;(T;, ), Agi(Ti, b;) are linearly
parameterized uncertain functions with known re-
gressors ¢! (Z;), ¥} (%;) and unknown parameter
vectors a;, by; n7i(Ti), 1gi(T;) are unmodelled un-
certainties (approximation errors) of f;(%;), g:(T;)
respectively. When the parameters are adjusted
by some suitable adaptive laws, the estimates of

fi(Z;), 9:(T;) are given by
Fi@) = foi(@) + Kfz' (fi,a’t)
/g\z(zz) = 901( )+Ag7, ('rlvblt)

3)

where a;,, Eit are adaptively updated parameter
vectors at time instant .

Assumption 1: Define the desired domain of
operation (a compact set) as

Oy = {Tn |Fnl <d,7d >0} CR" (4)
Ayi(Ti,ai), Agi(Ti, b;) are sufficiently complex
such that the modelling errors of f;(Z;), g;(T;) are
sufficiently small on €, for asfi, asgi > 0:

sup }nfz(xl) <5f27 _sup ‘ngz(zz)‘gsgz (5)

Ty €Qy Tn €Qy

Assumption 2: The lower and upper bounds of
the parameter vectors are known a priori, i.e.,
a;<a;<a@;, b;<b;<b; (6)
where < holds element-wisely for the vectors.
Notice that the standard adaptive laws
G/f:,\nt = Yai Gi,m(Ti)S;, m=1,2,---  My;
= a;0%i,m (i) (7)
imy = Wi — = S5, m=12-- Mg
i 9i(Ts)
do not ensure that the estimated parameters stay
in a prescribed range. Here, 7gi,7: > 0 are
adaptive gains, S; and «a;p will be defined later.

To let the esimated parameters stay in a pre-
scribed range and has continuous first derivative,
we adopt the following smooth projection tech-
nique (Yao & Tomizuka, 1997). Let 8 = a; or
0 = b;. Then we have:

9/71:1, = 7"'(‘9/:7:t) =
9_m+a[1 —exp(— (9/;‘:75 —9_m)/6)] for gf:t > O

‘9/‘::15 for gf:t € [h, e_m}

O — e[1 = exp (05, — Om) /)] for 63,, < O

(8)

form=1,---,M, where M = My; or M = My;.

The adaptive laws with smooth projection ensure

—

Qiymy € [ai,m — €&, Gi,m JrE}, bim, € [bi,m —¢€, biym JrE}

9)

where gisa small positive number. Furthermore,

define 0 = 05
Then we have

M ggt
V(%,B):Z%/ [F(VerGm)me]dum, v >0
m=1 0

(10)

0, and let v = 74 or ¥ = Yp;.

It can be verified that V(Of ,0) is positive definite
with respect to 67, and (Yao & Tomizuka, 1997)

2 |5°§

L vee=2 5,-8,-06 (11)
262
The results are used for analysis of the perfor-

mance of the adaptive laws.

Assumption 3: The input gain g;(T;) of the ith
subsystem is bounded away from zero with known
sign. Thus, without loss of generality, we assume
9i(T;) > 0 for T, € Q.

Assumption 4: The parameter bounds are cho-
sen such that

9i(Ti) = 90i(@Ti) + Agi (Ei, b“) >0

(T 12
f}\z(fz) N Hcgi >0 ( )
9:(T4)

for any bim — € < l;:it < bim + e (m =

1’... 7Mgi)~

Assumption 5: There exist finite positive con-
stants Mafi, Maq, Magi < 0o and known smooth
functions da; (T, t), dasi(T;) such that the follow-
ing inequalities hold for T,, € Q,:

M < Mn. M < M 5
< Mag, — < Mayi
Vdai (@i 1)? +1 dagi(@i)? +1
9i(Ts)
Magi
@) |~
(13)

where

Fi(@) = fi@:) = fi(@:) = —¢] @)au +npi(@)
9i(@:) = 9i(@:) — 9:(®:) = —] (F)bir +ngi(T)
Notice that da;(T;,t), daypi(T;) will be used for
nonlinear damping terms.

(14)

Assumption 6: All of the following known non-
linear functions

foi(@i), 90i(Ti), ¢ (), 7] (i), dai(Ti,t), dafi(T:)
which will be used in the designed controller are

C! functions.

Assumption 7: The reference trajectory y.(t)
is appropriately chosen as a sufficiently smooth
function such that

lyr| <Yps 9r] < gra

QyT = {yTayTa'yT
- =~ 3d— 3= 3% 3
[Gr] < s "G Gpr Gy > O} CR

(15)



3. DESIGN OF THE CONTROLLER
In this section, we show the design procedure of
the proposed adaptive robust nonlinear controller.
Step 1:
Define the output tracking error as
51 =21 —yr (16)

Then, we have the following dynamics of the first
subsystem:

$1= @)+ h@E) + 0 @) (1 + %Ei;) = a7
+A1(§n7 t) - ?)r
To stabilize the subsystem, we design the virtual
input &, as the followng:

= _ 010 — 011 — 12 — Q13 — Q14

z 91(71) R
aio = —c151 — fo1(@1) — o (F1)a1, + ur
a1 = k11 da1(T1)? + 151 (18)

a1z = ki12v/ a3y +vS1
a13 = K134/daf1(T1)? + 151

a4 = K1491(T1)S1

where c¢1, k11, K12, k13 > 0. a9 is a feedback con-
troller with model compensation, a1, 12, a13 are
nonlinear damping terms to respectively counter-
act Al(fn,t),gl (51), f1 (51) s and a4 with K14 >
1 is a nonlinear damping term to counteract error
signal due to S; which will be defined later.

Motivated by the DSC technique (Yip & Hedrick
1998; Swaroop, Hedrick, Yip & Gerdes, 2000;
Wang & Huang 2001), a first-order low-pass filter
with a small positive time-constant 7 is intlfo—
duced here to avoid involving calculation of &,.
Letting &, pass through the low-pass filter and
defining a new signal &34, we have

T2€od + €2a = &y, €24(0) =&5(0) (19)

Define the error signal S = x3 — {24 and the error
signal between &, and its filtered version 24

y2 = boq — & = —T262q (20)
It follows that
z2 = Sz +y2 +E& = Ba2 (52751:1761,'6176\115,%7%)
(21)

where B2 is an appropriate continuous function

of its arguments, and Si, = [S1,92)7,k1 =
~T.T

01, = [alt b, ]

Our task here is to establish the ISpS of the

combined subsystem C1:

[%117 R12, K13, "@14]

gl(ll)

S1 = —c1S1 *D131+f1(95 )+ =—= ) Q1o
gi1(T1
Cl: +A1 (T, t) + 91(T1)(S2 + y2) (22)
Yo = —y—2+By2
T2

where Dy and B,y are appropriate continuous
functions of their arguments:

D, = (Kll\/dAl(El)Q+1+R12\/a$0+1
+H13\/dAf1(»L1)2+1+R1491(»L1))M
91(Z1) 23
= Dy (51,617'41791,:7%7%) ( )
By = By2(527Sm,01714170/\11,('71)16\“(9_1,&),

Al(inﬁt)vymyrv?yr)
—_— o =TT
and v, = [Ya1,701)",01 = [@ai’,by | ,0: =
T
[a” 0]
To this purpose, we make assumption 8:

Assumption 8: The states of the combined error
system stay in a compact set Ql'"ge N QlSa;ge CR3

Qler9e = 1814] |S1a] < 815,751 > 0} C R?
lgree = {32 | 1S2] < 85793850 > o} CR!

(24)

According to assumptions 7 and 8, |D;p| has a
maximum D; on Qlarge X Qy,., and |Bys| has a

maximum B,z on lege X €y, X lege Let the
time-constant of the low—pass filter satlsfy
—2
1 11— — B
— > —gi1(%1) +c1+ D1 + —u2 (25)
2 4 2e

where g7 is the maximum of g; on 2, C R™, and €
is an arbitrary positive number. Notice that (25)
has transparent physical meaning, i.e., stronger
control efforts, larger adaptive gains and faster
changing reference trajectory require a smaller
filter time-constant 5.

Then the ISpS property of the combined system
(22) can be shown in the following lemma (the
proof is omitted due to limit of paper length):

Lemma 1. Let assumptions 1~8 hold. If Ss is
made uniformly bounded at the next step, then
there exists a set of 7,c1,k1,7,,01,0; for an
appropriate set of initial conditions such that the
combined system (22) is ISpS:

IS1al < |51a(0)|6_clt/2+1/ + sup pa(r)
C1

0<r<¢t
where p1(t) is a uniformly bounded signal:

p1(t) = pa1(t) + pa2(t)]Se|

1?1(51) + Zl(fl)am + A1 (T1,1)
g1(F1)
/'Lll(t) = C1 —
— + D1 —g1(Z1)
pi2(t) = lo1(@0)]

3
31 + D1 — g1(Z1)

The lemma implies that we can make S, stay in a
compact subset Qg,, C Ql‘"ge Also, assumption
8 holds in the sense that we can ﬁnd a compact
set Dg,, C g, C an;age such that S, €
Qs,, C le;ge for all S1,(0) € Dg,,. Finally,
notice the nonlinear damping terms appear in the
denominator of p; so that the modelling errors
that appear in the numerator are suppressed.



Furthermore, to analyze the ultimate error bound
achieved by the adaptive law, we define the fol-
lowing Lyapunov function:

S1uS1a

Vi =
! 2

+V(as, a1) + V(b;, b1) (26)
Then we have the following results:

Lemma 2. Let the conditions and results of lemma
1 hold. If the adaptive law (8) where i = 1 is used,
and S is made uniformly ultimately bounded
with ultimate bound ?; at the next step, then

Su

+Cf1€f1 + SZ + €

+ 091691

M
[S1a(p)] < SALEAL

11 K12 K13 K1a — 1 c1

ast> Ty >0

with EC’fl, EC’gl, 3C’A1 > 0.

Steps 2 <i<n-—1:

The dynamics of the ith subsystem is obtained as
S =i — &ia = fi(@i) + gi(Ti)Tig1 + Di(@n,t) — &g (27)

Then we design the following controller as we did
in step 1:
= Qo — Q1 — Q2 — 43 — QL4
€it1 = =~ _
gi(w;) . - .
a0 = —¢iSi — foi(Ti) — ¢ (Ti)aiy + &ia
ail = Kitn/dai(Ti)? +15; (28)
aig = Kiz/aZ, +15;
iz = Kiz/dayi(Ti)? +15;

aia = Kiagi(Ti)Si

where Ciy Kil, Ki2, K43 > 0, Kig > 1.
Letting &, pass through the low-pass filter and
defining a new signal &;4, we have
Tit1€(it1yd + EGr1ya = glurp E(i+1)a(0) = ng(O) (29)

Define the error signals

Siv1=Tit1 — EGtyas Yit1 = EGr1yd — Eipr (30)
It follows that

~
Tit1 = Ba(it1) (Si+117'2"‘ y Tis S1a,C1, K1, 01,7+,
~
Smw’i,"‘»iaeimymfh)

(31)

where By (;;1) is an appropriate continuous func-

tion of its arguments, and S;, = [S;, yir1]’, ki =

o~

~17 oTqT
ki1, iz, Kiz, Kaa] T, 03 = [@ig 1 biy | -

Our task here is to establish the ISpS of the
combined subsystem Ci:

(%)

Si = —ciSi — DiSi + fi(Ti) + Z —=ai0
Ci: +Ai(Tn, t) + 9:(Ti) (Sit1 + yiv1) (32)
5 Yi
Yit1 = — + + By(it1)
Ti4+1

where D; and By (; 1) are appropriate continuous
functions of their arguments:

D; = (ml \/dAi(ff,)Z + 1+ KiZ\/CY?O +1

+rizy/dayi(®i)? + 1+ m4/g\7:(57:)),gj(—fi)

9:(Ts)
= Di(SmSmw“ s S (i—1)as T2, 5 Tiy
c1,K1,014, - 7Ci,"”~i19m7yr,%) (33)
By(it1) = By(i:}»l)(si«#laTZa"" s Tit1,

Siac1,k1,010(v1),01(01,01), Ay (Fu 1), - - |
Sias i kis 0i(7,), 014 (85, 05), AT, ), Y, Yo i)
- _
and v, = [Yais Wil ,0; = [ai , bs
T p 7T
a7, b:" ]
To this purpose, we make assumption 9:
Assumption 9: The states of the combined error
system stay in a compact set Ql;’(;ge X Qg“:fl cCR3
large __ X
Qsm - {S“‘

large
Qlarge =
Sit1

-l -l
|Sial <Sia 78557 > 0} CR?

ia

—large 3 zlarge
{Si+1 ‘ [Sit1] < Si+lg 2 Sit1 > 0} CR!

(34)

According to assumptions 7~9, |D;| has a maxi-
Y large large
mum D; on Qg "9+ xQg" " xQy, , and | By 41)|

arge

. o l large
has a maximum By,(;y1) on {2g 7 x -+ x {lg 7" X

large
Q,, x QSI_+1 . Let
1 1 B
> Zg,@:) + ¢ + Dy + —D (35)
Tit+1 4 2¢

where g; is the maximum of g; on 2, C R", and
€ is an arbitrary positive number.

Then we have the following results:

Lemma 3. Let assumptions 1~9 hold. If S;;1 is
made uniformly bounded at the next step, then
there exists a set of 7o, -+ , Ty 1, €1, k1,71, 01,8, -
ci,mi,'yi,@,gi for an appropriate set of initial
conditions such that the combined system (32) is
ISpS:

[Sial < [Sia(@)e™2 4 /= + sup pi(r)

0<r<t
where p;(t) is a uniformly bounded signal:

wi(t) = par(t) + paz(t)|Sita]

FE)+ EE) 00 4 aEL Y
gi(ZTq
pir(t) = &
— + D; — gi(m:)
() = lg: ()]

N
31 + D; — gi(%:)

Lemma /4. Let the conditions and results of lemma,
3 hold. If the adaptive law (8) for each i is used
and S;11 is made uniformly ultimately bounded
with ultimate bound ??H at the next step, then
Cyicygi n gfﬂ n €

Kiqa — 1 Cjq

CaiMai  Cgiggi
: + g g

Ki1 Ki2 Ki3

[Sia(t)] <

astZHTi>0

with ECfi,HCgi,HCAi > 0.

Step n:



The dynamics of the nth subsystem is obtained as
Sn = fn (fn) + gn (In)u + An(fny t) - énd (36)

Then to stabilize the final subsystem we design
the following controller:

Qn0 — Onl — Qp2 — Op3

u =  —
9n(Tn) T - .

apo = —CnSnp — fOn(En) - ¢n (En)ant + fnd

Anl = Knly/ ClAn(En)2 + 1S, (37)

an2 = Kn2vy/ay + 15,

Qan3 = Kn3y/ dAfn(fn)2 + 1Sn

Substituting u into the subsystem, we have

Sn = —cnSn — DpSn — ¢Z(§n)gnt + 77fn(§n)
+ _Qljg;(in)bnt + Ugi(fn) oo + A (E t) (38)
= n n{Zn,
gn(fn)

where

Dn = (fm Vdan(@n)? + 1+ kpay/a2y +1
+rn3r/dafn(Tn)? + 1) M

gn(fn)

(39)

Similar to the previous steps, we have the follow-
ing results:

Lemma 5. Let assumptions 1~9 hold. There ex-
istsaset of 7o, - -+, Tn,C1,K1,71,01, 64, -+ Cny K,
Yns On, 8, for an appropriate set of initial condi-
tions such that subsystem (38) is ISS:

1Sn| < [Sn(0)|e="t/2 + sup pn1(7)
0<r<t

where pi,1(t) is a uniformly bounded signal:

Fo (@) + £2tZn)
gn(l’n)

/1/711 (t) = Cn,
7 + Dn

anpo + Ay (Eny t)

Lemma 6. Let the conditions and results of lemma,
5 hold. If the adaptive law (8) where i = n is used,
then

1Sn(t)] < SanMai |

Knl RKn2 Kn3

with 3C’fn, Ean, ECAn > 0.

Gonegn | Cfnaf", ast> 3T, >0

4. ISPS STABILITY AND ULITIMATE
BOUND OF THE OVERALL ERROR
SYSTEM

Recall the results of lemmas 1, 3 and 5. We can
find that the overall error system is a cascade
of the subsystems. Along the same lines of the
proof of lemma C.4 in Krstic, Kanellakopoulos &
Kokotovic (1995), we have the ISpS property of
the overall error system:

IS(®)] < V2Ane P 2|S(0)] + Ecny + Eu(n) (0,1)  (40)

T T
Where S = [Sla’ s ,S(n71>a757z]T;
/€ —
Ee1 = c—, A1 =1, p1 =ci, M1:“12:H:u‘12”001
1
(41)
Eu1(0,t) = | sup p11(7)
0<r<t

A=A+ ((/\j—l + DM + 1)
p; = min(p;-1/2, ¢;/2)

Hiz = |lpj2lles
M; = ((Aj—l + DM+ 1)%2
Eej = (Nj—1 +Déc—1y (42)

Hy DMy 1) /=
Cj
£.5(0,8) = (Njo1 +1)E,—1)(0,1)

+((,\j71 + 1M1+ 1) sup ;U'jl('r):|
o<r<t

for j=2,--- ,n—1, and

An A+ ((Anfl + DMyp—1 + 1)
Pn min(pn—1/2, cn/2)
gsn = (>\n—1 + 1)85(71,71)

Eun(0,t) = An—1 +1)Eun-1)(0,t)

+(Qnot + DMn1 +1) | sup g ()

o<r<t
(43)

From lemmas 2, 4 and 6, we have the ultimate
error bound as

n n n
[S(t)] < E aniMai + E Qegi €gi + E Qegi Efi
i=1 i=1 i=1

1 (44)
+Za5iﬁ as tZHTu>O
i=1

where Hagfz-, Haggiaam-, Ja.; > 0. Notice that
these constants can be made small by the control
gains ki1, K2, Ki3, kia and ¢;.

Finally, the theoretical results are summarized in
the following theorem (detailed analysis is omitted
due to the limit of paper length):

Theorem 1. Let the assumptions and results of
lemmas 1~6 hold. If the reference trajectory, the
initial error signals and the design parameters are
chosen appropriately, the following results hold.

(1) There exists a compact set D, C Q, of
the initial states such that z,, € €, for all
Z,(0) € D, .

(2) The overall error system is ISpS as charac-
terized in (40).

(3) The ultimate bound of |S(¢)| can be made
sufficiently small as shown in (44).

Remark: Our practical purpose however, is to let
the output y = z; track the reference trajectory
y-. Therefore, it is not necessary to make all of the
error signals very small by paying great efforts of
damping control and network adaption. Therefore
we can set weak control gains and discard adaptive
networks for the subsystems with large index
i. The trajectory tracking task can be achieved
by adopting relatively strong control gains and
adaptive networks for the first subsystem (17). See
the results of lemmas 1 and 2. This policy is called
“partial adaption”.



5. SIMULATIONAL EXAMPLES AND
CONCLUSIONS

Consider the following nonlinear system:

f1(@1) + g1(Z1)z2 + A1(Z3, t)
T2 = f2(T2) + g2(T2)z3 + A2(T3, 1) (45)
&3 = f3(T3) + g3(T3)u + A3(T3,t)

z1

where
fi(zy) = 2$fsinz1
fa(T2) = .L? + x1x2 + T2COST]
f3(z3) = z1x3 + w?sinwg + Ig + .L§ + xgsinzg
a1(T1) = 140227
g2(T2) = 2 + (zacoszy)? . .
2 (Ta) = 34 2¢sin(z1tzates) T1T2 T T2T3 T T1T3
93(Ts) +2e s + 12 +x22 + 232 + 1
Aq(T3,t) = 0,3(1?) sinxo
AQ(Eg,t) = 0.3z1x2sinzs
Ag(fg,t) = 0.3138in(10t)
(46)
The a priori known nominal functions are:
Jo1(Z1) =0, fo2(T2) =0, fo3(T3) =0 (47)

go1(Z1) = 1, go2(T2) =2, gos(T3) =3

The following known smooth functions are used
for nonlinear damping terms:

dAl(El):ml, dAfl(El):x%
da, (T2) = 2122, da,,(@2) = @2 4 22 (48)
dng(T3) = 23, da ;5 (T3) = @i + a5 + 23

Design parameters are given as follows.
Cl =C2 =C3 = 5, T2 = 0.015, T3 = 0.01
K11 = K14 = 4, K12 = K13 = 2
’ 49
K21 = K22 = k23 =1, K14 = 2 ( )
K31 = K32 = K3z =1

Two controllers are implemented. The first one
is a fixed robust controller without parameter
adaption, whose results are shown in figure 1. It
can be verified that all the internal signals are
bounded.

The second one is a partially adaptive robust con-
troller where only the first subsystem’s nonlinear
functions are updated adaptively. The nonlinear
functions are approximated by RBF netoworks
where the numbers of the basis functions are cho-
sen as My = My = 15. The adaptive gains are
chosen as v,1 = 80 751 = 2. It can be found in
figure 2 that the tracking error S is significantly
reduced with satisfactory transient behaviour.
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