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Abstract: A new design approach of observer is proposed for generalized dynamical 
systems with unknown input disturbances. By introducing proportional gain, 
derivative gain and multiple-integral gains, the estimation error dynamics can be 
guaranteed to be internally proper stable and the disturbance can be de-coupled 
successfully. The system state and the input disturbance can be asymptotically 
estimated simultaneously. The proposed observer is then extended to the bilinear 
generalized system case, bilinear time-delay generalized system case, and is also 
applied to estimate both system states and output noises for normal system case. 
Finally, an illustrative example is included.  Copyright © 2005 IFAC 
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1. INTRODUCTION 

 
Consider the following linear time-invariant 
generalized dynamical system 
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where  is the generalized state vector, 

 and  are the control input and 

measured output vectors, respectively, and  is 
the unknown input disturbance vector. The matrix 

nx R∈
ymu R∈ pR∈

kd R∈
E  

may be singular, i.e., rank .  nE <)(
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For ensuring the unique solvability, the pair (  
is assumed to be regular, that is, det(

), AE
0) ≠− AsE , 

C∈∃s  (  denotes the set of all complex numbers). C
 
For IE = , the system (1) reduces to a normal system 
directly, which means that generalized dynamical 
system is a class of more general systems. Generalized 
dynamical system arises from a convenient and natural 
modeling process, and many applications can be found 
in economic systems, electrical circuit, chemical 
process and robotic systems etc (Dai, 1989). During 
the past several years, some results have been reported 
about the observer design for generalized dynamical 
systems with unknown input disturbances either by 
using proportional (P) gain (Darouach, 1996), 
proportional and integral (PI) gains (Busawon et al, 
2001; Koenig et al, 2002), or the parameterization 
technique (Gao, 1999; Gao 2005). Recently, multiple-

     



integral approach was proposed by Jiang et al (2002) 
for the observer design of normal systems, which can 
de-couple a large class of input disturbances. The 
multiple-integral technique and singular observer 
approach were synthesized in the reference (Gao et 
al, 2004) and a PI multiple-integral observer was 
proposed for singular systems with both input 
disturbances and output disturbances. Multiple-
integral technique was also utilized to investigate 
robust state estimation for single-output normal 
systems with both measurement errors and 
unmodeled dynamics by Ibrir (2004). 
 
In this paper, a new unknown input observer 
approach is presented. For avoiding the undesired 
impulsive behavior in observer design of generalized 
dynamical systems, derivative (D) gain is introduced. 
Multiple-integral technique is used simultaneously 
for attenuating or de-coupling a large class of 
disturbances. As a result, a new type of observers, 
that is PID multiple-integral observer or called PMID 
observer, is proposed in this study. The presented 
PMID observer is causal and the estimated error 
dynamics can be guaranteed to be internally proper 
(regular and impulse-free) and stable.  

 
 

2. DESIGN PROCEDURES 
 

Without loss of generality, the input disturbance  
is assumed to have the following polynomial function 
form (Jiang et al, 2000; Gao et al, 2004): 
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where  iA )1 , ,2 ,1 ,0( −= qi K

d

 are unknown constant 
matrices. It is clear that the qth derivative of the 
disturbance  equals to zero, i.e., . Now we 
construct a PMID observer as follows: 
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(3) 
where  is the estimated vector of the 
generalized state vector 

nx R∈ˆ

x  ;   
is an estimation of the ( )

k
if R∈ˆ

i−
i
IL (i =

) ,  , 2 ,1( qi K=

) ,  , 2 ,1 qK

q th derivative of the 

disturbance ; ,  and   are 
the proportional, derivative, and integral gains with 
appropriated dimensions, respectively.  
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Let xxes ˆ−=  and  .  
Then from (1) and (3), one has 
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where 
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kI  denotes an k×  identity matrix, (  represents 
the transpose of the matrix L . There exist gains DL  

and L  such that )( CLE D+  is non-singular and the 

pair )CL−,( ACLE D+  is stable provided that the 

triple ),,( CAE  is completely observable in terms 
of the previous work by Gao (2003). Moreover, the 
completely observability means that  

TL )
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and 
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According to (5), the conditions (6) and (7) hold if and 
only if 
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To summarize, we have the following theorem. 

 
Theorem 1. If the plant (1) is completely observable 
and the equation (10) is satisfied, the PMID observer 
in the form (3) can be designed such that the 
estimation error dynamics in (4) is regular, impulse-
free and asymptotically stable. � 
 
Remark 1. Under the assumption (6) or (8), the 
inverse of )CLE D+(  exists for almost all 

pkqn
DL ×+∈ )(R . Thus, the derivative gain DL  can be 

chosen easily such that )CLE D+(  is non-singular. 
After that, one can select the gain L  to assign the 
poles of the matrix )() 1 CLACLE D −+ −(  arbitrary 
under the controllability condition (7) or (9)-(10). For 
ensuring the internal properness and stability of the 
estimation error dynamics, the completely 
observability condition for ),, CAE(  can be 
replaced by the completely detectability condition, 
i.e., 
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where  denotes the closed right-half complex 

plane. Using 
+C

E , A  and C defined in (5), Eqs. (11) 
and  (12) are equivalent to 
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Let  

yLxCLEz DD −+= ˆ)( ,                            (15) 
 

then  
yLCLEzCLEx DDD

11 )()(ˆ −− +++= .     (16) 
 
Substituting (16) into (3), one has the following 
modified PMID observer 
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Thus, one can present the following theorem: 

 
Theorem 2. Under the assumptions (8)-(10) or (13)-
(14),  the modified PMID observer in the form of (17) 
can be designed such that the estimation error 
dynamics in (4) is regular, impulse-free and 
asymptotically stable. � 
 
Remark 2. Notice that there are not the derivative 
terms of the output  in the observer (17). Therefore, 
this modified observer (17) is preferable in control 
applications. 

y

 
Remark 3. When , but d  is bounded, the 
error equation becomes 

0)( ≠qd )(q

 
)( )()( q
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where T
kIN )000( L=

)(q

. From the above 

equation, the bounded d  is only affected by the 
known matrix N . Therefore, one can choose a 
derivative gain DL  such that (18) is normalized, and 
then select a reasonable high gain L  such that the 
stabilizing term prevails over the perturbed term 

)(qdN . Consequently, the proposed PMID observer 
has a good robust tracking performance against any 
input disturbances approximated by (2). 

 
Remark 4. For a normal system both with input 
disturbances and output disturbances 
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where  is observable pair (or detectable pair) 
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We can consider the following augmented generalized 
dynamical plant  
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and 
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( CAE )  is thus completely observable (or 

detectable) where E , A  and C  are defined in (5) 
only with the sub-matrices E , A ,  and  being 
replaced by 

C N
E~ , A~ ,  and C~ N~ , respectively. 

Therefore, for the plant (20), we can use the present 
technique to construct PMID observer in the form of 
(3) or (17) (provided that E , A , ,  and  are 
replaced by 

B C N

E~ , A~ , B~ ,  and C~ N~ , respectively). 

Thus, the system state and the disturbance of (19) can 
be estimated asymptotically at the same time. 
Consequently, this kind of observers can be utilized to 
estimate the measurement output noise for a normal 
system.  
 
Remark 5. For a generalized bilinear dynamical 
system with input disturbances 
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where , iu ( )mi  , ,2 ,1 K= , is the component of the 
control input vector u  and the assumptions  (8)-(10) 

or (13)-(14) hold. Suppose  and 

choose  
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observer as follows: 
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or 
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In this case, the estimation error dynamic is governed 
by (4) or (18). Thus, the observer (24) or (25) has a 
good robust tracking performance against any input 
disturbances approximated by (2). 
 

     



Remark 6. For a generalized time-delay bilinear 
dynamical system with input disturbances 
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where , , is the component of the 
control input vector u ;  , , is a 
constant delay duration; the assumptions  (8)-(10) or 
(13)-(14) hold. 
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Suppose  and choose 

, and H  
, one has the following PMID 

observer: 
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or 
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In this case, the estimation error dynamic is also 
governed by (4) or (18). Thus, the observer (27) or 

(28) has a good robust tracking performance against 
any input disturbances approximated by (2). 
 
 

3. ILLUSTRATIVE EXAMPLE 
 

Consider the plant in the form (1), where 
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That is, the conditions (8)-(10) are satisfied. Moreover, 
it is noted that d , i.e., q . Thus, we can 
design a PMID observer (3) with . We choose 
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such that the poles of (4) are −  , i+1 i−−1 , 2− , 
, , .   3− 4− 5−

 

 
 
 
 
The observer can be obtained as follows: 
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Figures 1 and 2 respectively show the tracking 
performance of the state and disturbance. It can be 
seen that the tracking performance is satisfactory. 

 
 

4. CONCLUSION 
 
A new type of observer, that is, PID multiple-integral 
observer or called PMID observer, is presented for 
generalized dynamical systems, which allows us to 
asymptotically estimate the system state and de-
couple unknown input disturbances successfully. The 
estimates of the system sate and input disturbance 
can be obtained simultaneously. The bilinear PMID 
observer has also been designed. The proposed PMID 
observer can be applied to estimate the output noise 

or the sensor fault for normal systems. This design will 
be useful in some control topics such as observer-
based control and fault detection and fault tolerant 
control etc. 
 

 
Fig. 1. The states and their estimates 

Fig.2 The disturbances and their estimates  
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