OBSERVER DESIGN FOR T-S FUZZY SYSTEMS WITH MEASUREMENT OUTPUT NOISES
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Abstract: In this paper, new observer design approaches are presented for Takagi-
Sugeno (T-S) fuzzy models with measurement output noises. In order to decouple
the measurement noise, an augmented fuzzy descriptor model is first constructed.
Then a fuzzy descriptor proportional and derivative (PD) observer is developed.
When the fuzzy subsystems have the same output matrices, another fuzzy descriptor
observer is designed, which can be transformed into a normal fuzzy observer. Via the
proposed two kinds of fuzzy observer design, the state and the output noise can be
estimated at the same time. The simulation result shows the satisfactory tracking

performance. Copyright © 2005 IFAC
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1. INTRODUCTION

T-S fuzzy model was developed successfully to
investigate non-linear control systems (Takagi and
Sugeno, 1985). For the observer design of fuzzy T-S
systems, there are some results reported. In the
reference (Yoneyama et al, 2000), the full-order
fuzzy observer design was presented and the
separation principle was also discussed. The
reduced-dimensional fuzzy observer was proposed
by Ma et al (2001). The sliding model observer was
investigated by Tong et al (2000). By using linear
matrix inequalities (LMls), an alternative fuzzy
observer was designed by Bergsten et al (2002).
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The robust fuzzy observer was discussed for T-S
fuzzy systems with parameter uncertainties (Ma,
2002). However no efforts were made for fuzzy T-S
systems with measurement noises.

For crisp systems with measurement output
disturbances, the conventional observer cannot be
utilized to obtain satisfactory estimation performance
(Busawon et al, 2001). Recently, new descriptor
observer approach was developed for systems with
measurement output disturbance (Gao et al, 2003).
The proportional gain and the derivative gain were
used simultaneously in this observer design, i.e. PD
observer design. In the present paper, motivated by the
work by Gao et al (2003), a fuzzy PD observer is
designed for T-S fuzzy models.



2. PRELIMINARIES

T-S fuzzy model is described by the following fuzzy
IF-THEN rules:

Rules": IF z, is M,; and ... and z,is M ,;, THEN
x(t) = 4;x(t) + B;u(t) )
y=Cix(1)

where x(¢) € R" is the state vector, u(t) € R™ is the

input vector, y(¢) € R” is the measurement output
vector, z = [zl z pJ are the premise variables

and M ;..M ,; are fuzzy sets.

pi
Then the final fuzzy system is inferred as follows:

x(1)= ihi (2)(A4;x(t) + Bu(t))

z;l (2)
y=D hC(2)x(r)
i=1
where
W@ =) Y W),
j2
w2 =M. (3)
j=1
Hence h;(z) satisfies
hi(z)>0, ihi(z)zl. 4

i=1
When a measurement noise occurs, the T-S fuzzy
system (2) becomes

x(t) = Zr:hi(Aix(t) + Bu(t))
i:l (5)
y= D hCx(t)+a(t)
i=1

where @(f) € R” is the measurement output noise

vector. The conventional observer is

constructed as

fc:Zr:hi(Aifc+Biu—Ki(y—zr:hjcjff)) (6)

i=1 j=1

fuzzy

where x(1) € R" is the estimation of the state vector,

K; € R™” is the gain matrix such that there exists

a common symmetric positive definite matrix P suc
h that

(4, +K.C) P+P(4,+K,C;)<0 forall i, ;.

Let e(¢) = x(¢t)— x(¢) , the estimation error dynamics
is governed by

é(t) = Z z hih (4, +K,C e(t)+K,a(0) . (7)

i=1 j=1

It is impossible to find a set of suitable matrices K;
(i=L2,...,r) such that lime(t)=0, because the
11—

measurement output noise is amplified by the gain
matrix K, (i=1,2,...,r). Therefore, this motivates

us to develop new fuzzy observer design approaches.
2. FUZZY PD OBSERVER

In this section, a fuzzy descriptor PD observer is
designed to estimate the system state and the
measurement output noise at the same time. Since
there exist time-varying weights in the output
equation, the PD observer design approach for linear
crisp systems developed by Gao et al (2003) cannot be
utilized directly in our fuzzy observer design. Now we
make the following investigation.

Denote X(¢) = [x(r)" y(t)T a)(t)T]T , an augmented
fuzzy system can be obtained from (1):

Ex(t) = ihi (4,X(6)+ B;u(t) + No(1))

i=l . (8)
y=Cx(t) = Z h,.CO% (1) + ()
i=1
where
(71, 0 0 B, 0
E=|0 0 0|, B,=[{0|, N=[0],
[0 0 0 0 I,
(4, 0 0
4=|c, -1, 1,].C=lo 1, 0,
00 -,
c=[c, o 0.

The system in the form of (8) is called descriptor fuzzy
model, which was first investigated by Taniguchi et al
(2000). Consider the following fuzzy descriptor
system:

E'i(t) =D by (4] n(t)+ Bu(1)
i=1

X(t) = n(t)+ Ky(0)
where n(t):);c(t)—Ky(t). Substituting #(z) into (9),
one has

E'%(1)—E' KCx(t)

)

= Zh,.[A;(;%—KZhjcj?x—Kw)+Eu]
i=1 Jj=1

=Z Zhihj[Alf()%—KC?)?—Kw)JrEu]. (10)
i=1 j=I

Subtracting (10) from the differential equation of (8)
yields



(E+E'KC)x(t)-E' fc(t)

=D b [(4; + AL KC))X - 4] X
i=1 j=1

+No+ 4] Kol. (11)
It can be concluded that when
N==" h4K, (12)

the effect of measurement output noise @w(¢) can be

eliminated. Clearly, Eq. (12) is equivalent to
N=-A K foralli.

The equation (11) can be rewritten as follows

(E+E' KC)x—E'x

=3 D (- NC)E - 4 )

=l j=1

= iihihj71,.z—iihihjﬁcj‘?z—iihiugfc
i=l j=1 i=l j=1 i=l j=1

= ihﬂqﬂ? —ihjﬁ ¥ _ihiAf’;
i1 = i1

= b (4, ~NC))x - 4 X).

(13)

(14)
i=l1

Let e(t) = X(1) - X() , then (14) becomes

E'é(t) =) 4] e(t), (15)
i=1
provided that

4, -NCP = 4], (16)
E+EKC =E' (17)

In this case, the error e(f) > 0 when ¢ — oo if there

exists a common matrix X which satisfies the
following conditions (Taniguchi et al, 2000)

ETx=xTE'>0 (18)
ATXx+XxT4 <0 (19)
Noticing that
4 0 0 0
4=\C¢, -1, 1, |,N=[0],
o o0 -1, I,
¢’ =[c, 0 o, (20)
and by solving (16) we have
4 0 0
4=\ c -1, 1, 1)
-Cc, 0 -1,

Furthermore from (12), the gain K can be achieved
as follows

k=[ 1, 1,J. (22)

Substituting (22) into (17), one has

]n E12 0
E'=|{0 E, 0 (23)

where E\, , E,, , E; are any matrices with

appropriate dimensions. Now the following theorem
can be concluded.

Theorem 1. The PD fuzzy observer (9) can be used to
asymptotically estimate the state and measurement
output noise of (5) if Egs. (12), (16) and (17) hold, and
there exists a common symmetric positive definite
matrix P such that

ATP+P4, <0, ier=1{,2,-r (24)
Proof. Construct a fuzzy descriptor PD observer in the
form (9), where

I, 00 4 0 0

E'=|0 0 0|, 4/=|C -1, I,
0 0 0 -c, 0 -1,
0 P 0 0

K=|1,|, X=|0 a, 0 (25)
1, 0 o, d,

and « is any positive real number. Thus, Egs. (12),
(16) and (17) hold and

E'é(t) =Y b Ae(t) (26)
i=1
where e(t) =Xx(t)— )ic(t) . Moreover, it can easily be
shown that E'" X = XTE'>0, i.e. (18) holds, if P is
a symmetric positive definite matrix. Notice that
ATx+ x4

PA;+A4lP 0 —aC]
= 0 -2a, 0 |<0 27)
—aC; 0 —2al,
which is equivalent to
—2al 0
? <0,
0 —2al,
(28)
PA; + AT P— [0 —ac,.T]
-1
—2al 0 0
X ’ <0.
0 —2al » —-aC,
From (28) one has equivalently
AT P+ P4, +%C,TC,. <0. (29)



If there exists a common symmetric positive definite
matrix P such that A' P+ PA, <0, there must exist

a small enough positive number « such that (29)
holds. Therefore (27) or (19) holds. As a result, the
estimation error e(z) asymptotically tends to zero as

the time goes, namely lim e(¢) = 0. This completes
n—0

the proof.

Remark 1. The proposed PD descriptor fuzzy
observer (9) can ensure the tracking error to be
impulse-free and asymptotically stable. The
estimates of the state and noise can be obtained
simultaneously.

3. T-SNORMAL FUZZY OBSERVER

Now we consider the particular cases, i.e.
C=Cy=--=C.=C. (30)
In this case, the system (5) can be rewritten as

x(t) = 2 h; (4;x(t)+ B;u(1))
=1 (31
y=Cx(t)+o() .

Construct an augmented fuzzy descriptor system as
following

E)_c:;hi(Aii+B,-u+Nw) G2)
y=Cx=C’%+w

where

o Tx0l = 1, 0] - [4 o
x(t){w(r)}’ E{o o}’ A":{o —1}’
P

] 7] ook o

c’=[c o].
Consider a descriptor fuzzy system as follows
E'i(6)= Y h(A] n(t) + Bu(®))

i=1
X(1) = n()+ Ky(2) .

(33)

Substituting #(t) = )%(t)—Ky(t) into the differential
equation, one has

E'x(t)- E' KCx(t)
= Zhi (4} (x —KC°X — Kw)+ B,u) . (34)

i=1

Subtracting (35) from (32) yields
(E + E'’KC)x(t)— E'x(t)
= hi[(4; + AIKC*)x - Ajx + Noo+ A{Koo] . (35)
i=1
Let e(t) =Xx(t) - )%(t) , and suppose

A+ AKC® = 4!, (36)
N=-4AK, (37)
E+EKC=E'. (38)
One has the error dynamic
E'é(t)=) hA] e(t). (39)
i=1

From (36)-(38), it can be computed that

ool S )l
|=-C -1, I,

E’—I 0 40
lMc M| (40)

where M is a full-rank matrix with appropriate
dimension. From (40), the error dynamic equation (39)
becomes

Il O_ r Ai 0
{ é(t):Zhi[ ]e(t) (41)
MC M | ~-c -1,

or equivalently

[ o] 4 o
o(1) = h; t
&) Zl e M} o [
r 1 0 || 4 0
o |-¢ M7'|-C -1,
r { 4; 0
:Zhi

= |-c4,-m7'c -m™!

}e(t) . (42)

Eq. (42) implies that lime(¢#)=0 if there exists a
n—0

common symmetric positive definite matrix X such
that
*T *
A X+ X4 <0 (43)
where
* Ai

0
4; = -1 -1 |-
-C4;,-M"C -M }

To summarize, one has the following theorem.

Theorem 2. The PD observer in the form of (33) can
be used to asymptotically estimate the state and
measurement output noise of (31) if Egs. (36)-(38)
hold with (-M ™) being a stable matrix, and there
exists a common symmetric positive definite matrix
P such that

AP+ P4 <0 ,ier=1{,2-r}. (44)

0

P
Proof. Let X ={0 }, where o is any positive

0
real number and P, >0, so X > 0. Notice that



*T T 4=
A x+x"4

4, o '[P o
= +
—C4;-M7'C -M7'| |0 aP,

P 0 A; 0
0 aby|C4-M'C -Mm™

| ATP+P4,  —a(C4+MT'O) R, 45)
* —a(M ™Y Py+PMTY |
Thus, 4" X + X747 <0 ifand only if
a((-M ™ Py+ Py(-M ")) <0, (46)

and
PA; + Al P+a[CA; + M 'C]" P,
x[M TP+ P,M T T Py (CA; + M TIC) < 0. (47)
If (-M ’1) is a stable matrix, a positive definite

matrix P, can be chosen such that (46) holds.

Furthermore, if there exists a common symmetric
positive definite matrix P such that (44) holds, there
must exist a small enough positive number « such
that (47) holds. Therefore, the common symmetric

P 0} ,
satisfies

positive definite matrix X =
0 aF,

*T *
A7 X+X"47 <0. As a result, one has

immediately lim e(¢) = 0. This completes the proof.
H—>0

Remark 2. The proposed observer (33) can be
transformed into a normal observer directly. If the
output matrices of the subsystems do not satisfy
C,=C,=--=C,=C, the T-S fuzzy system can be
rewritten as

H6) =Y h(4x+ Bu)
i=1 . (48)
y=Cx+ Y h(C-O)x+a
i=1
where C is the output matrix chosen from
Cl’ Cz,“', CI’ . Let

o= 3 (G —Cr(+ o)
i=1

the system above can be described as

x(1) = ihi (A;x(t) + B;u(1))
=1 (49)
y=Cx(t)+wy() .

Thus we can design the T-S fuzzy PD observer to
estimate x(¢) and @y(¢) of system (49) by using the
approach given by Theorem 2. It is obvious that

B 1 0 x(t) _ x(1) (50)
D C=O) Il wn)| T @y |
i=1

Therefore the following T-S fuzzy PD observer can be
used to estimate x(¢) and @(¢) for system (5)

E'i(6) =Y h,(Ain+Bu)
i=1

I 0] (51)
.%: ihl(cl_c) I (’7+Ky) .

i=1

Now we have the following theorem immediately.

Theorem 3. The PD observer (51) can be used to
asymptotically estimate the state and measurement
output noise of (5) if the observer coefficients are

defined in (40) with (—M ’1) being a stable matrix,

and there exists a common symmetric positive definite
matrix P such that

ATP+PA, <0 ,ier={,2,--,r}. (52)

4. SIMULATION EXAMPLE

Consider a mass-spring-damper system (Tanaka et al,
1996)

Gx +g(x,x) + f(x) = p(x)u (53)
where G is the mass, g(x,x)= D(c;x+c,x) is the
nonlinear term with respect to the damper,
f(x)=c3x+ (:4x3 is the nonlinear term with respect to
the spring, and ¢@(x) =1+c55c3 is the nonlinear term

with respect to input force. In this example, the
parameters are as follows:
G=1,D=1, ¢ =05, ¢, =1.726,

¢3=05, ¢, =067, c5=0 (54)

By assuming x € [-1,1] and x €[-1,1], we can get the
following T-S fuzzy system

2
HOEDYWACORY:G)

i=1
y=C&(1)+ (1)
where @ is the measurement output noise,
Ety=(x %), b =1-x>, hy =x>,

0 1 0 1
A] = s A2 = ’
-1 -1.726 -1.67 -1.726

Bzm, c=[1 o]. (56)

(35

From A, and 4, above, it can be computed that

~ {1.726 0.990}

57
0.990 1.726 7

such that



ATP+ P4, <0, i=1,2. (58)

By setting M =1, and from (40), it can be computed
that

0 1 0 100 0

A =|-1 -1.726 0|, E'=|0 1 0|,B=|1],
-1 0 -1 101 0
0 0 1 0

K=[0|, 4y =|-1.67 -1.726 0 (59)
! -1 0 -1

Then the PD observer in the following form can be
obtained immediately. Thus we construct the
following PD observer

E'1j(t)= D b (4in(6)+ Bu(®))
i=1
*(0) = n(t)+ Ky(2)

where )Lc(t) is the estimation of [x X a)]T .

(60)

Figures 1 and 2 respectively show the trajectories of
x , X, o and their estimates with the initial

conditions x(0)=0.1 x(0)=-0.1 and
n(0)=[0.5 01 o] .

properties of the tracking and convergence are
desirable.

It can be seen that the

5. CONCLUSIONS

By transforming a T-S fuzzy system with
measurement output noise into an augmented fuzzy
descriptor systems, two kinds of new observer design
approaches have been formulated. Using the
proposed design techniques, the measurement output
noise can be decoupled completely. Moreover, the
system state and the noise can be asymptotically
estimated directly. The present fuzzy observer design
provides tools in many control topics such as fault
detection and fault diagnosis etc.
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Fig. 1. The states and their estimates

The trajectories of noige and its estimation
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Fig. 2. The noise and its estimate



