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Abstract: In this paper, an algorithm for computing heténmic orbits of nonlinear
systems, which can have several hyperbolic equilibriapggested and analyzed both
analytically and numerically. The method is based on a spr&tion of the invariant
manifold of a hyperbolic equilibrium via a certain exporiahteries expansion. The
algorithm for computing the series coefficients is derived the uniform convergence of
the series is theoretically proved. The algorithm is thguliad to computing heteroclinic
orbits numerically in the generalized Lorenz system, thertheoretically justifying
the previously demonstrated existence of chaotic oscitiatin this important class of
dynamical system<£opyright©2005 IFAC
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1. INTRODUCTION libria and the existence of heteroclinic or homoclinic
orbits. Some studies on the heteroclinic or homoclinic

To theoretically define and prove the existence of orhits can be found in (Vakakis et al, 1998; Robinson1,
chaotic behaviors in a particular system is perhaps1989: Robinson2, 1992; Robinson3, 2000; Huang,
the most difficult task in the study of chaotic dynam- 2003; Hassard and Zhang, 1994; Lassoued and Math-
ics. It is therefore common to study chaotic systems |outhi, 1992; Champneys et al, 1996; Bai and Champ-
numerically, based on time series data, especially inneys, 1996) and some applications of this criterion can
the fields of engineering and applied physics. To an- pe found, for example, in (Zhou and Chen, 2004; Zhou
alyze chaotic systems theoretically, an important role et al, 2004; Zhou et al, 2003; Zhou et al, 2005).
is played by the so-called homoclinic and heteroclinic ) ) ) )
orbits, thanks to the now-classical resultSifinikov In this paper, an algorithm is developed for computing
(Shilnikov, 1965; Shi'lnikov, 1970; Silva, 1993; Wig- het_erocllmc Qrblts. Loosely spea}kmg, a heteroc_llnlc
gins, 1988), who characterized the existence of chaos2rPit of & pair of hyperbolic equilibria is a solution

in terms of some simple properties of hyperbolic equi- ©f the system that has a one-sided limittas- oo,
with another one-sided limit as — —oo. Geomet-

rically, each heteroclinic orbit is the intersection of a
! Supported by the Grant Agency of the Czech Republic through stable manifold of one equilibrium with an unstable

the research grant No. 102/05/0011 and by Ministery of Etluica invariant manifold of another equilibrium. Therefore,
of CR through the project 1PO5LA262.




the key ingredient of this new approach to finding a Typical (a.e.) real-analytical eliminable systems in-
heteroclinic orbit in the proposed algorithm is to com- clude quadratic systems, like the Lorenz ariik&er
pute these invariant manifolds and their dependencesystems (Rssler, 1996; Sparrow, 1982; Tucker, 1999).
on the system parameters. To this end, one is thenltincludes the generalized Lorenz systdbe(ikovsky
able to determine for which parameters a heteroclinicand Chen, 2002Celikovsky and Varétek, 1994;
connection exists. Vangtek, andCelikovsk/, 1996; Zhou et al, 2005), as

Rather than presenting detailed and exhausting math—Shown below.

ematical proofs for the existence, based on various
conditions, this paper describes clearly an easily-
implementable algorithm that can determine whether
or not a heteroclinic orbit exists and, if so, provid- dz;
ing a good approximation of it. In such a way, the cht

X2

dt

Example 1.Generalized Lorenz system in the hetero-
clinic canonical form (Zhou et al, 2005)
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algorithm contributes to computer-aided analysis of
various chaotic systems.

2. PRELIMINARIES
whereé € (—o0,0). This system is (a.e.) real-analytic

To specify the systems which the proposed algorithm €liminable, since foy = h(z) :=
is applicable to, the following definition is needed.

r1 =y, Xz =11 — &1, (6)
Definition 1. Consider a smooth nonlinear dynamical o d — (AL Aoy
xr3 = — — A1 A2, (7)
system, z1
z = f(x), =z€R". 1 . . . .
f( ) ( ) d<1‘1()\1+)\2)1’1>>\3 (il()\1+)\2)$1>
. L dt
This system is said to be almost everywhere (a.e.) real- o xl
analytic eliminable, if there exists a smooth function, 2171 — €23 — M AoAz = 0. (8)
h : R™ — R, an almost everywhere real-analytic
mapping’ ¢ : R" — R", such that One can proceed in a straightforward way to obtain
- ne the corresponding eliminated form:
:v:zb(y,y,y,,y( 1))7 (2) 3 P g . .
Y — (A + Ao+ X3)i + As(A1 + M)y — M dodsy
where »)
g+ (M F )Y
on —&y® +yPy — Aatda)i” )
y =y = h), g =g = o f(), Y
o The last expression can be decomposed on any
. oyli—1 ) ; . .
() .— x), j=1,2,.... () bounded set into two converging Taylor series. For any
oz A > 0, one has
Note thatx(t) is a solution of (1) if and only if(¢) is 1 Z (A - y> for y € (0,24)
a solution of 1 A=\ A
() b =Dy — v o0 K
v ey Y0y =0, Y 1 A
( ) — > (-F:U) for y € (—24,0)
ayn—Y 1, (n—1) 4 =0
L ( Ox f) (¢ gy )) - @) where both series converge in the given range, so for

large enough value ofl the above statement holds.
If all the above mappings are globally real-analytic
on R", then the system is said to be real-analytic Example 2. Lur'e systemThe special case of the
eliminable. Below, (4) is referred to as the (a.e.) real- Lur'e system, considered in (Alvarez et al, 2002) for
analytic eliminated form, while (4) is called the (a.e.) Synthesis and synchronization of chaos, has the fol-
real-analytic elimination transformation. lowing form:

T1 =T, . yEp-1 = Tn, Tn =a(T1,...,2,),

2 Functions or mappings are said to be almost everywhere amalyti Which is (a.e.) real-analytic eliminable ifis an (a.e.)

if for every bounded subsé&tof R™ there exists a finite collectionof  real-analytical function. The corresponding elimina-
open and mutually nonintersecting sets, the union of theswlks tion transformation is

beingS, such that on each of them the corresponding function or

mapping has a converging Taylor series. Y==Ty, Y==To, Y=2x3, ..., y("fl)

= Tn,



resulting in the following elimination form:

y™ —a(y,y,...,y"" V) =0,

The following Lemma is straightforward.

Lemma 1. Consider an equilibrium: z of system (1)
and suppose that its eliminated form as well as elim-
ination transformation are well defined at this point
(i.e., the denominators of the corresponding rational

the approximate linearization of system (1)aat is
a solution of the characteristic equation of the linear
part of system (4) w.r.t. the point

Y= h(.’EE), y = 07

yZOa ) y(n)zov @(h(xE)aovaO):O

3. THE ALGORITHM FOR COMPUTING THE
HETEROCLINIC ORBIT

3.1 Computation of stable and unstable manifolds

expressions are nonzero). Then, every eigenvalue offi€n €ach coefficienty,, ...

system of (4) ayg, and higher-order terms represent
the nonlinearity.

It is important to note that the undetermined coef-
ficients can be determined recursively, thanks to the
(a.e.) real-analyticity of the corresponding eliminated
form, by comparing coefficients in the same exponen-
tials. In other words, if one lets

ap = a1,0,...,05+ - - yang = G0,...0,1, (11)
oo K1y kg = 2,3,
is completely determined by the system parameters,

ai, ..., Gng, iN the following way:

ne
k kng
Aoy o biny = Pk, Hall...an’; ; (12)
i=1

wheregy, ..k, are some known constants depending
on the systems parameters. Bath and ¢'s may be
determined by the following scheme:

Algorithm for solving the undetermined exponential
series:

Suppose that system (1) has a hyperbolic equilibrium First,. let P, (-) be the characterjstic polynomial of
zp and letyy = h(zg) be the corresponding equi- the linear part of the corresponding eliminated form
librium of its (a.e.) real-analytic eliminated form (4) (4) atyg, and denote by the operator given by

such that both the eliminated form and the elimina- higher-order terms of this eliminated form in Taylor

tion transformation are well defined atz,yg. TO

expansion ag. Then, the undetermined coefficients

demonstrate the key ideas in the computational algo-are recursively computed as follows:

rithm, for brevity, assume that there areeal distinct

eigenvalues, while the cases of multiple and complex
eigenvalues may be treated analogously. Assume that

there aren, negative and,, positive eigenvalues, due
to the hyperbolicity, withn, + n,, = n. Denote also
by A1, ..., A, the corresponding negative eigenvalues,
while by A\, 11, ..., Ay, the positive ones.

It is now to discuss how to compute a stable invariant
manifold. The same algorithm will then be applied to
computing an unstable invariant manifold by replacing
t — —t and negative eigenvalues positive eigenval-
ues throughout the algorithm.

First, search for a particular trajectog(t), belong-
ing to the stable manifold of the equilibriumg, as
follows:

(t) =yr
[e'e] Ns
+ > Gk, XD (tZM@) ., (10)
Eiyekn =1 i=1
whereag, . .., ki,.... ko, = 1,2,... are undeter-

mined coefficients.

Then, it is straightforward but tedious to show that

one has to use the above basis of the expansion if
a series expansion with negative exponents is to be

used. As a matter of fact, first-order terms in the
expansion constitute the solution of the linearized

(1) Initial step. Choose arbitrary

a1 = @41,0,...,0,- - - yAng = AQ,...0,1-

(2) Recursive (inductive) step.Suppose (12) holds
for all ay, ...k, suchthaty " k; < j, and
consider anyuy;, _ ,  With Sk =5+ 1.
Substituting (10) into the corresponding elimi-
nated form of (1) and re-grouping the terms, one

has
N Ng
Penar (Z >\sz> ARtk €XD (tz)\zk;>
i=1 i=1
Z:Lzsl ki=j ng
Y P (zxikz)
Etyeenhn, =1 i=1
Ns
X exp (t Z )\l]ﬁ)
i=1
Dol ki< ne
= y{ Z ks ... k,, €XP (tz )\iki)
E1yeenshon, =1 i=1
Z:’:SI ki>j N
+ Z Ak, Eng exp (t Z )\lkl) }
kiyenkng=1 i=1
ijsl ki<j Ng
=v Z Qky ...k, XD (fz )\iki> +5,
ki yeookin, =1 i=1



where inj there are only coefficientsy; This eliminates the time variabiefrom all equations.
with 375 k7 > j + 1. Therefore,ay: . 4 Thus, one hasis + ny — 1 free parameters and

— 12 Mng . . .
with 275 k! = j + 1 may be computed from €duations to be satisfied.
aky,.. k,, SUCh thatd i’ k; < j, and so the  There are only two cases to consider: transversal and
recursive step is well defined. non-transversal.

In addition to its usefulness for computing the appro- |n the transversal case, the sum of dimensions of the
priate coefficients, this algorithm may also serve as stable manifold of one equilibrium and the unstable
a theoretical proof by induction of the solvability for - manifold of another equilibrium is strictly greater than
an eliminated form in terms of the above exponential ;. |n this caseps+ny —1 > n, and one may guaran-
series. In doing so, it can be rigorously proved that the tee the existence and computability of the heteroclinic
expansion (10) is uniformly convergent for al> 0, connection for all system parameters on an open setin
which is omitted here. the parameter space. Such a heteroclinic connection

Notice also that in the expansion (10), there ate is also said to be structurally stable, as small system

free parameters. This is quite natural, since the stablgP@rameter perturbations may slightly change the hete-
manifold has dimension,. roclinic orbit, but not break it completely.

In the non-transversal case; +ny = n. In this case,

one has to use some additional system parameters
to fulfill the required equality, so that a heteroclinic
orbit exists only for some special values of the system
parameters. This case is called a structurally unstable
heteroclinic connection, since it is completely broken
by some arbitrary small variations of system parame-
Suppose that we are given two equilibrigg;, = g2, ters.

with the correspondingz1, yg2, both hyperbolic
with only distinct real eigenvalues. First, compute the
stable-manifold and unstable-manifold expressions as
discussed in the previous subsection, yielding

3.2 Computing the heteroclinic orbit

A heteroclinic orbit is by definition the intersection of
a stable invariant manifold of one equilibrium and an
unstable invariant manifold of another equilibrium.

In addition, the above computational method for het-
eroclinic orbits can be similarly applied to compute
homoclinic orbits.

¢°(t) = ym The proposedlgorithm is summarized as follows:

Jo%e) Ng e .
+ as exp [ tS Mk |, (13) Step 1 Calculate the system equilibria, assuming that
Z Fseeosking < Z > they are hyperbolic saddle foci.

Step 2 Use the undetermined coefficient method to
oY (t) = ymo calculate the corresponding coefficients of the time-
expansion series of the solutions belonging to stable

ny . >
and unstable manifolds wi free parameters.
+ > Al ok, P (—t§ /\?ki>. (14) ths +ny free p
i=1

Step 3.Eliminate the time variable and find parame-
ters that solve numerically the finite-order truncations
Now, the remaining step is to compute the condi- of the corresponding equations up to the selected or-
tions under which both stable and unstable manifolds der.

mutually intersect. For simplicity, consider the case
when the obtained eliminated form is a global ohe.
Then, both (13) and (14) should defitie same time
function, i.e, for all ¢ € (—o0,00) one should have
#°(t) = ¢Y(t). As a matter of fact, this gives equa-
tions to be satisfied by differentiating (after— 1 dif-
ferentiations; further relations are consequence of the
previous ones, due to theth-order eliminated form).
Thanks to the “nice” structure of the parametérene

of them, say;, can be “sacrificed,” leading to

Step 4 Use these parameters to determine the hetero-
clinic orbit approximation.

4. AN APPLICATION TO GENERALIZED
LORENZ SYSTEM IN CANONICAL FORM

To demonstrate the above-developed algorithm, con-
sider the generalized Lorenz canonical form (GLCF)
(5) and its rational form (9). It can be easily seen
a1 = exp(thy), t= log(as) that (5) has two hyperbolic saddle foci, denoted by

A E1(yo, —€yo, —M1A2) and

Ex(=y0, €Yo, —MiA2), Wherey, = |/ =212222. Ac-
3 For the almost-everywhere situation, it is analogous but more cording to the above discussion, it is assumed that
technical, as one has to glue both solutions on a singulandzaoy
between two Taylor representations by limiting arguments. oo
4 The power of some parametes is the same as thg; in the y(t) = o(t) = —yo + Z akekm7 (15)
corresponding exponent. =1




wherea < 0 is an undetermined constant, so are all

Qg (/ﬂ 2 1)
Substituting (15) into (9) and then comparing the w0
coefficients ofek** (k > 1) of the same power terms, 20
one finds that the exponeantsatisfies 0 a
a?) o ()\1 + )\2 + )\3)042 100
Qq 0
ArAs "
+)\3 /\1 + )\2 - 5 o+ 2)\1)\2)\3 = 0, (16)
while coefficientsa;, can be recursively determined

(see (Zhou and Chen, 2004) for more details), as

ap = @n-ay, n>1, a7

whereyp,, (n > 1) are some known functions depend- y1 o 7
ing ona, A1, A2, A3 and§, anda; is a free parameter.
Fig. 1. The heteroclinic orbit in the GLCF (5) with

—114+1201 1141201 —8
A= %,)\2 :*%-)\3: 3

To this end, part of the stable manifold of the het-
eroclinic orbit is determined. Similarly, part of its
unstable manifold can be determined with a free pa- ~ and§ = —12.5.
rameter, denoted b, . Thus, one component of the
corresponding heteroclinic orbit has the form

oo
-y + Z areet for t >0 o
k=1 i
p(t)=< 0 for t =0 (18) of
Y+ bre Rt for ¢ <0.
k=1

The remaining question is how to glue these two parts |
together, so that they tranversally intersect. For this |2

purpose, one needs to impose the following condi- =~ = _ =2~ ° 2 : °
tions:

©(0-) = p(04),
¢'(0-) =¢'(04), ¢"(0-)=¢"(04), (19) =

which can be validated by suitably utilizing the two °f

free parameterg, andb; . *
Finally, a numerical simulation result is shown in |
Figure 1. o
5. CONCLUSIONS AND RESEARCH oo e
OUTLOOKS Fig. 2. Two typical chaotic attractors of the general-

. _ o _ ized Lorenz system.
An algorithm for computing heteroclinic orbits has

been developed. Existence of heteroclinic orbits is chaotic behaviors, as demonstrateddelfkovsk and
known to be an important indicator of a possible Chen, 2002), as also shown in Figure 2. The present
chaotic attractor in a system. Therefore, the new al- WOrk is the first step towards establishing more theo-
gorithm facilitates chaos synthesis, i.e., an active de-retical fundamentals for chaos existence in the gener-
sign of systems parameters via some control action to@lized Lorenz system and perhaps also in some other
create chaotic behaviors purposefully. The algorithm complex systems.
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