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Abstract: This paper, the second part of our three-part contribution, is concerned with state
estimation in a discrete-time hybrid system model, described in Part I (Bhowalet al., 2002).
The original contributions of the paper are as follow. The observable dynamics, seen through
a measurement restriction imposed on the system, is characterised in terms of measurability
and distinguishability of transitions between activity states. Based on the characterisation, an
algorithm, to construct an Observer for estimation of the current state of the overall system
composed from its component models, is developed. The whole theory is illustrated with an
example of a heating system explined in (Bhowalet al., 2002). This methodology for state
estimation is used in a companion paper Part III (Sarkaret al., 2002) for solving the problem
of fault diagnosis.
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1. INTRODUCTION

It is well known that limitations of measurement sys-
tems give rise to nondeterminism in terms of uncer-
tainty in states and transitions in the observed dynam-
ics of the systems. Inferential problems under partial
observation for discrete event system are studied by
many researchers (Bhowalet al., 2000),(Ozveren and
Willsky, 1990), (Sampathet al., 1995), (Zadet al.,
1998). Inferential problem solving for hybrid systems
has started recently (Bhowalet al., 2001), (Basseville
et al., 1997), (McIlraith et al., 2000), (Zad, 1999).
In this paper, we formally introduce the concept of
measurement with respect to the activity state based
model formalism presented in our companion paper
(Bhowalet al., 2002), and characterise the consequent
uncertainty in the states and transitions of the model.
The concept of measurement and measurement equiv-
alence is introduced first in the context of activity
states and transitions. The existence of a finite activity

transition graph for the process model is assumed. The
observer for the process model under measurement re-
striction is constructed. Fault detection and diagnosis
based on the observer is discussed in our companion
paper (Sarkaret al., 2002).

This paper is organized as follows. Section 2 char-
acterizes the measurement structure and the conse-
quent uncertainty in states and transitions. Section 3
considers the problem of estimation of activity states
under the measurement restriction and constructs an
observer for the same. Finally, section 4 concludes the
paper.

2. MEASUREMENTS

In real life it may not be possible to measure all
data variables due to inadequacy of sensors or due
to physical limitations. The set

�
of data variables,
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Table1. Activity descriptiontableof com-
positemodelof heatingsystem

therefore,canbepartitionedinto two disjoint subsets,
the subset

�32
of measurable and the subset

�34
of

unmeasurable variables.We assumethat 5�687 � 4
thereis no measurementand 5�697 � 2 thereis perfect
measurement.Also

� 2;: � 4=<?>
.

Let @ 2 and @ 4 denoteameasurableandanunmeasur-
ablepart of a given datastate @ respectively, at any
instantof time.

Let A 2 and A 4 bethemeasurableandunmeasurable
dataspacesrespectively.

Let BDCFEHGIBJCFK�L denotethe projection over the co-
ordinatescorrespondingto membersof

�32 G �34 L .
Thus A 2 < BJCMEJGNA OPL and A 4 < BJCMK�GNA OPL .Q 2SR G Q 4
R L is thechangefunction(internaldynamics)
of themeasurable(unmeasurable)variablesassociated
with anactivity stateT .

To illustrate this concept,the heatingsystemmodel,
explainedin (Bhowal et al., 2002)is considered.The
ADT (setof variablesandtheirdatastates,represented
in a tabular form) is shown againin Table 1. If any of
the variablesis unmeasurable,in the ADT it may be
seenthat,with thesetof measurablevariables,all the
activity statescannotbe distinguished.This happens
asthe measurabedataspacesof someof the activity
statesbecomeidentical.

In Table 1 if thestatusvariableis not measurable,the
pairsof activity statesGUT�VXW�T3Y
L�WZGUT3[\W]T_^FL`WFGUT_abW]T3cZL�WGUT3d\W�T3e
L , arenot distinguishable.

Also it can be seenthat due to constraintaof mea-
surement,someof the transitionsbecomeunmeasur-
able.In thecompositemodelof heatingsystem,fZg [ is
unmeasurable.Theremay alsobe caseswhere,even
amongthe measurabletransitions,somecan not be
distinguishedfrom othersonly by monitoringtheoc-
currenceof thetransition.Sucha case,however, does
not occurin theheatingsystemexample.

2.1 Transitionsundermeasurementrestriction

Definition1. : Measurabletransition
A transition f <=h TiW�T3jlk is saidto be measurable
if f G �nm : � 2po<?> L�qrG Q 2SRso< Q 2SRZt L

This meansthat, either values or rates or both of
somemeasurablevariableare changingduring such
a transition.

Here
� m

is the setof target variables,which changes
while the transitiontakesplaceand

Q 2SR
is the mea-

surabledynamicsof theactivity stateT .

Definition2. : Unmeasurabletransition
A transitionf <=h TiW]T_juk is saidto beunmeasurable
if f G �3m : � 2v<w> L�xrG Q 2SRy< Q 2 R t L
Thesetof measurabletransitionsisdenotedas z 2 and
the setof unmeasurabletransitionsis denotedas z 4 ;
thus, z < z 2|{ z 4 and z 2 : z 4 <?>
2.1.1. Exit dataspaceof a transition Theexit data
spaceof a transition f <=h TiW�T3jvk is thesetof data
statesof the activity state T where the transition is
eligible for takingplace,thatis } m <�~��Z� } .
The limiting enablingcondition } mF� of a transitionf is obtainedby restrictingthe inequalitiesin } m to
respective equalitiesof the variablesto its minimum
or maximum value, dependingupon increasingor
decreasingdynamicsof thevariables.Forexample,for
an } m of theform GI�9�u�v���'L , } mF� < � if ������ k�� , or} mF� < � if ������ h � .
Let f <=h T�W]T_j�W�} m W�� m W�� m W � m k bea transition.The
exit dataspaceof f is thedataspace� m <�� } mM��� Q R � m W�} mF��� Q R�� m
�
Under measurementrestriction, the measurableexit
data spaceof a measurabletransition f is the data
space� 2 m <�� } mM��� A 2;� Q 2SR � m Wr} mF��� A 2;� Q 2SR � m �
where } mM�I� A 2 is therestrictionof } mF� on themeasur-
abledataspaceandthe measurableexit dataspaceis
denotedas � 2 m
2.1.2. Exit dataspacecomputationunderpartial def-
inition of } m For thevariableswhicharenotdefined
in the expressionof } m , the exit dataspace(for the
undefinedvariable) shall be the entire rangeof the
variable.Theis illustratedby theFig. 1. In this figure
thex-axisrepresentstemperatureandthey-axisrepre-
sentspressure.} m W�� m W � m and

Q R
of thetransitionsare

givenas

for f V : } m�� GU�����\L�W�� m < ��W � m < ��W Q R � �¡ ��� <�¢
and � m�£ <=h GU� < ��x¥¤l�u�bL�WZGU� <�¦ xs¤§���\L k
for f [ : } m�� GU��� ¦ L�W�� m < ��W � m < ��W Q R � �¡ ��� <�¢
and � m]¨ <=h GU� <w© x¥¤l�u�bL�WZGU� <�ª xs¤§���\L k
for fFa : } m � G�¤«� ¢ �\L`W�� m < �nW � m <p¢ W Q R � �¡¬��� <­ ¢ �
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Fig. 1. Exit dataspacecomputation

and � m ¨ <=h GI�v�;��xJ¤ <v¢ �\L`WFGU������xJ¤ < ���bL�k
Theexit dataspacesof thetransitionsarerepresented
in Fig. 1 asshadedareas.It canbe seenthat the exit
dataspacesof fZV and fM[ arenot overlapping.But the
exit dataspaceof f a is overlappedwith thoseof f V andf [ .
Definition3. : Distinguishability of measurabletran-
sitions
Two measurabletransitionsf V h T V W�T j V k and f [ hT [ W]T j[ k aredistinguishableif any oneof thefollow-
ing conditionsis satisfied

(1) � m�£`� A 2 o< � mµ¨F� A 2
(2) G Q 2SR £ o< Q 2SR ¨ L�q¶G Q 2 R t£ o< Q 2SR t¨ L
(3) GI@ 2�·�R £ o< @ 2�·�R ¨ L�qrGI@ 2�·�R t£ o< @ 2S·�R t¨ L
(4) � 2 m £ : � 2 m ¨ <�>
(5)

� m £ h � m ¨ when GI} m £ < } m ¨ L�x¸G Q 2SR V < Q 2SR [ <�\L . This conditionis importantfor discretesys-
tem.For systemswith continuousdynamics,the
effectof timing constrainis capturedby clause4.

Definition4. : Nondistinguishability of measurable
transitions
Two measurabletransitionsfZV h T�VXW�T j V k and fM[ hT [ W]T j[ k arenon-distinguishableif f all thefollowing
conditionsaresatisfied

(1) � m�£`� A 2 < � mµ¨F� A 2
(2) G Q 2SR £ < Q 2SR ¨ L�x¶G Q 2 R t£ < Q 2SR t¨ L
(3) GI@ 2�·�R £ < @ 2�·�R ¨ L�xrGI@ 2�·�R t£ < @ 2S·�R t¨ L
(4) � 2 m�£ : � 2 mµ¨ o<�>
(5) GI� m ¨ h|� m £ L

Two non-distinguishabletransitions,however, canac-
tually be distinguishedif their exit data spacesare
not equalor the timing constrainsarenot matching.
Therefore,thenotionsof strict non-distinguishability
is introduced.

Definition5. : Strict nondistinguishability of mea-
surable transitions

Two measurabletransitionsfZV h T�V�W]T j V k and fM[ hT [ W]T j[ k arestrict nondistinguishableif f all the fol-
lowing conditionsaresatisfied

(1) � m�£M� A 2 < � mµ¨Z� A 2
(2) G Q 2SR £ < Q 2 R ¨ L�x¹G Q 2SR t£ < Q 2SR t¨ L
(3) GI@ 2�·�R £ < @ 2S·�R ¨ L�xrG�@ 2�·�R t£ < @ 2�·�R t¨ L
(4) � 2 m £ < � 2 m ¨ /* perfectmatchingof dataspace

*/
(5) GI� m £ < � m ¨ L�xrG � m £ <�� m £ L /* perfectmatchingof

time space*/

Since the strict nondistinguishabilityconditionsare
subsumedby nondistinguishabilityconditions(Defi-
nition 4). For diagnosis,strict nondistinguishability
neednot beconsidered.

A setof nondistinguishablemeasurabletransitionsis
denotedas º . º isalsoasix-tuple,i.e.,

h;» W » j W�}
¼nW��_¼nW��U¼3W � ¼�k
where,»

representsa set of activity states,definedas
»�<½ T¿¾ f h TiW�T3jukÀ7Áº�Â .» j representsa setof activity state,definedas
» j <½ T j ¾ f h TiW�T j kÀ7Áº�Â .}
¼ is theenablingcondition,definedas

} ¼ < G�ÃmµÄNÅ ¼ } m Ä L � A 2
�3¼ is the transformationfunction, definedas �_¼ <
� mµÄ]� A 2 (It is to be noted that by the definition
of non-distinguish-abilityof measurabletransitions5�fMÆ�7Çº�WÈ� m Ä]� A 2 is identical).� ¼ is thelowertimelimit, definedas� ¼ <�ÉsÊÌË G�� m Ä LM¾ fMÆÍ7º� ¼ is theuppertimelimit, definedas

� ¼ <�ÉÁÎ T�G � m Ä LM¾ fMÆ¡7º
The set of all such nondistinguishablemeasurable
transition classesis denoted as Ï , where Ï <½ º V W�º [\ÐÑÐÒÐÑÐ º3Ó�Â . Also,

z 2 <ÕÔUÖ G Ô Æ f Æ 7Çº
Ö L ÎbË�× º Æ : º Ö Ë }Z} ×?Ë�Ø
~¹Ù } > WÚ Ø
��Ê¸o<;Û

A measurabletransition fFÜ which is distinguishable
from all other measurabletransitions,may also be
consideredas a nondistinguishablemeasurabletran-
sition º3Ü (say),i.e. º3Ü < ½ fFÜbÂ .
The set of all nondistinguishablemeasurabletransi-
tions G�º_L is denotedas Ï .

3. STATE ESTIMATION UNDER
MEASUREMENTRESTRICTION

Having defined the measurementstructureand the
consequentuncertaintyin activity state,that arise,of



is naturalto considertheproblemof activity stateesti-
mationundermeasurementrestriction.The estimates
aregeneratedwith thehelpof anautomatacalledthe
observer, definedbelow.

3.1 Constructionof observer

An observer is an activity stateestimatorundermea-
surementrestriction. It is representedas a digraphÝ <=h�Þ W�ßàk , whereeachnode

Ë 7 Þ representsa
setof activity statesandeacharc

Î 7|ß representsa
setof nondistinguishablemeasurabletransitions.Each
noderepresentstheuncertaintyaboutthestates.Simi-
larly, eacharcrepresentstheuncertaintyof occurrence
of a measurabletransition.

The observer is constructedstartingfrom the initial
stateof the processmodel.Theconstructionis based
on thefollowing definitions.

Definition6. : UnmeasurablesuccessorGÑáÀL
The unmeasurablesuccessorof a set

Ë
of activity

statesis definedasá�G Ë L < ½ T j ¾ 5_T#7 Ë W]f h TiW]T j kÀ7#z 4 Â
Definition7. : Unmeasurablereach GÑá � L
The unmeasurablereachof a set

Ë
of activity states

is thetransitiveclosure(Kleeneclosure)of unmeasur-
ablesuccessorsof

Ë
andis denotedas á � G Ë L

5 Ë 7 Þ W�â Ëiãåä|Ëçæ Ð ~ Ð Ë#< á � G Ëiã L�èË ã
is calledtheentrysetof

Ë
.

Definition8. : Measurablesuccessorsof a set
Ë

forºsG Ë j ¼ L
the measurablesuccessorset of a set

Ë
for a non-

distinguishablemeasurabletransition º < ½ f V W�f [�ÐÒÐÑÐ Â ,
denotedas

Ë j ¼ is defined by the following set of
entities

G Ê Léº Ó < ½ f#¾
fÁ7ÁºiW]f <=h TiW�T j k Î\Ë�× T#7 Ë Â(1)G ÊNÊ L Ë ¼ < ½ T¶¾
T <�ÊNË�ÊN~�ÊNÎ ��GUfnL�W¹fÁ7#º3Ó_Â (2)G ÊNÊNÊ L Ë j ¼ < ½ T j ¾
T j < Ú ÊNË�Î �]GIf�W]f%7Áº Ó Â (3)

º3Ó representsanarcof theobserverbetweenthenodesË
and

Ë j , where
Ë ¼ ä;Ë and

Ë j ¼ ä|Ë j . This is shown
in Fig. 2. Actually

Ë j < á � G Ë j ¼ L .
More specifically, given an uncertaintynode

Ë
,
Ë j is

obtainedusing the following steps.For eachset º
of measurablenon-distinguishabletransitions,obtainº Ó ä º (having initial statesof the transitionsinË

); next, from
Ë ¼ and º Ó ,

Ë j ¼ is obtained.Finally, a
new uncertaintynode

Ë j < á�G Ë j ¼ L is obtainedandº3Ó <=h;Ë W Ë j;k <�Î is putin arcset ß of theobserver.

Each
Î 7sß is alsoasix tupleÎê<=h;Ë W Ë j W�}XëbW��3ëbW��UëbW � ëÀk

nλ
+

λnn

nλ

a= n+

Fig. 2. Transitionundermeasurementrestriction

whereË
representsthe initial node,from wherethearc

Î
is

definedË j representsthefinal nodeof arc
Î
.}
ë is theenablingcondition,is definedas

} ë < G Ãm Ä Å ë } mµÄ L � A 2
� ë is the transformationfunction,is definedas � ë <� mµÄ]� A 2 . It is to be noted that by the definition

of non-distinguish-abilityof measurabletransitions,5�fMÆ�7 Î Wì� m Ä]� A 2 is identical.�Uë is the lower time limit, is defined as �Uë <ÉsÊNË ½ � m Ä ¾ fMÆ¡7 Î Â� ë is the upper time limit, is defined as
� ë <ÉÁÎ T ½ � mµÄ ¾ f Æ 7 Î Â

Algorithm1. : Algorithm for construction of ob-
server

Ý
for the processmodel í

begin

C1 Let Tnî be the initial activity stateof the process
model í . Ë î < á � GUT3î
L

let
Þ8ï ½ Ë î Âbèrß ïð>

C2 .
for all

Ë 7 Þ do
for all non-distinguishableset º of
measurabletransitionsdo

computeºnÓ�W Ë ¼nW Ë j ¼ and
Ë j [def: 8]

if
Ë�ñ3< á � G Ë ¼bL o7 Þ ,ÞHïòÞ { ½ Ë j�Âß ï ß { ½ º3Ó_Â

end/*endof for loop */
end/*endof for loop */

end

Termination of the Algorithm The algorithm con-
structssubsetsof activity states.Since the com-
positemodel has finite numberof activity states,
their subsetswill be finite in number. Hencethe
algorithmwill terminate.

3.2 Example:Heatingsystem

The constructionof observer is illustratedby the ex-
ample of heatingsystemhere. It is consideredthat
only the temperatureandits ratevariable(i.e. � and
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The setof nondistinguishablemeasurabletransitions
are º�î < ½ fFó�V
W�fFóbY�Â , º�V < ½ fFóbaXÂ , º3[ < ½ fFób^'W]fFó�Vµî'Â ,º3a < ½ fFóbeXÂ
Thesetof nodesare

Ë î < ½ T�V�W]T_YXÂ , Ë V < ½ T3['W]T_^�Â ,Ë [ < ½ T a W]T c Â , Ë a < ½ T d W]T e Â
Theobserverconstructedaccordingto theAlgorithm
1 is shown in Fig. 4. In this examplethearcsarecor-
respondto the set of nondistinguishablemeasurable
transitionsthat is (

Î î < º î , Î V < º V , Î [ < º [ ,Î a < º a ) . ô
In the previous section,the constructionof observerÝ

, under measurementrestriction was discussed.
someof theimportantpropertiesof theobserver

Ý
are

statedbelow.

Lemma1. For any two nodes
Ë V and

Ë [ , if their
correspondingentry sets

Ë V ã and
Ë [ ã are different,

then
Ë V and

Ë [ aredifferent.ThussymbolicallyË V ã o<�Ë [ ãSõ Ë V o<�Ë [
Proof by construction

Lemma2. Any transitionbetweentwo nodesof the
observerO is a setof measurabletransitions

Proof By stepC2 of observerconstructionalgorithm

Lemma3. All unmeasurabletransitionsare within a
node.For a transitionf h TiW�T3j�k , if TiW�T3j�7 Ë thenfs7Çz 4 .
Proof By contrapositivity of Lemma2.

Lemma4. All the activity statesin an observer nodeË
, have identicalmeasurabledynamics.Symbolically

5_T�V
W]T_[J7 Ë W Q 2SR £ < Q 2 R ¨
Proof .

Either
ËÇ< á � G ½ Tnî'Â
L
/*initial uncertainty*/

Or
Ë�ñ3< á � G Ë j ¼ L for some

Ë 7 Þ
/*
Ë�ñ

is createdby someº */
Again

CaseI: T Ö 79á � G ½ T3Æ]Â
L
CaseII:

½ T_ÆµW]T Ö Â arefinal statesof two
membersof º

For CaseI,
Q 2SR Ä < Q 2 RFö

by definitionof
unmeasurabletransition

CaseII,
Q 2 R Ä < Q 2SRMö

by definitionof
non-distinguishablemeasurable

‘ transition
[Proved]

Lemma5. It is possibleto have two distinct nodesË V
W Ë [J7 Þ , with samemeasurabledynamics.

Proof Two distinctnodes
Ë W Ë�ñ 7 Þ mayhave same

measurabledynamics.
For example, consider two subsets º V <=hË V ¼ £ WÌá � G Ë j V ¼ £ Lsk and º [ <=h÷Ë [ ¼ £ WÌá � G Ë j[ ¼ £ L%k

of aset º of non-distinguishablemeasurabletransi-
tions.

Thereforeº V W�º [ ä º ,
Q 2 Ó £�ø £ < Q 2 Ó ¨Nø ¨ andQ 2,ùiú`û Ó £Iø £`ü < Q 2Íù�ú`û Ó ¨Nø ¨Mü

4. CONCLUSION

In this paperwe have introducedtheconceptof mea-
surementrestriction on a hybrid systemmodel dis-
cussedin (Bhowal et al., 2002). The activity state
estimationproblemundermeasurementrestrictionhas
beendiscussedandanobserverfor themodelhasbeen
developed.Thepropertiesof theobserverarealsodis-
cussed.The conceptsof measurementrestrictionand
constructionof observer areexplainedwith the help
of anexampleof aheatingsystem.Faultdetectionand
diagnosisusing thesereasultsis discussedin one of
ourcompanionpaper(Sarkaret al., 2002).

Acknowledgement: Thanks are due to the anony-
mousreviewersfor their valuablecomments.
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