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Abstract: The output maneuvering problem involves two tasks. The first, which is the
geometric task, is to force the output to converge to a desired path parametrized by a
continuous scalar variable . The second task is to satisfy a desired speed assignment
along the path. The main concern is to satisfy the geometric task. However, the speed
assignment will ensure that the output follows the path with sufficient speed. A recursive
control design technique is developed for nonlinear plants in vectorial strict feedback
form of any relative degree. First the geometric part of the problem is solved. Then an
update law is constructed that bridges the geometric design with the speed assignment.
An extra degree of freedom is provided for an operator to specify the speed 0. A computer
simulation with a marine vessel is performed to illustrate the design. Copyright (©)2002

IFAC
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1. INTRODUCTION

In many applications it is of primary importance to
steer an object (ship,vehicle, robot arm, etc.) along
a desired path. The speed assignment along the path
may be less important. Vehicle control applications
of this type are described in (Micaelli and Samson,
1993), (Hauser and Hindman, 1997) and (Pettersen
and Lefeber, 2001), while an informative reference for
robotic manufacturing plants is (Song et al., 2000).

Rather than considering a single tracking problem as
a function of time, control problems for such appli-
cations are usually approached as two separate tasks.
The first task is to reach and follow a desired path as a
function of a scalar variable 6, left as an extra degree
of freedom for the second task. In the second task, 60
is used to satisfy an additional specification of speed
assignment.
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Hauser and Hindman (1995) introduced a procedure to
design a maneuver regulation controller which ensures
that the states converge to the desired path and then
proceed along the path. To determine the path variable
0, they used a P-orthogonal projection from the cur-
rent state onto the path. The already at hand tracking
controller was then converted into a maneuver regula-
tion controller, and a quadratic Lyapunov function was
employed to guarantee that the states converge to the
path and move along the path.

The methodology of Hauser and Hindman (1995) ap-
plies to feedback linearizable systems, where the de-
sired path is specified for the full state. Encarnago and
Pascoal (2001) further showed how the methodology
of Hauser and Hindman (1995) can be extended to
solve the output maneuvering problem by backstep-
ping. However, for systems of relative degree higher
than two, their approach has the disadvantage that each
step of backstepping increases the number of time
derivatives of 6.



The contribution of this paper is a maneuvering design
that is applicable to systems in vectorial strict feedback
form of any relative degree. In the n recursive steps, the
design solves the geometric part of the problem. It then
proceeds to construct an update law that ties together
the geometric design with the speed assignment. An
extra degree of freedom is provided for an operator to
select the speed of the maneuver variable 6.

1.1 An introductory example

To introduce the main idea of the design procedure
developed in Section 2, we look at the strict feedback
form system

T1=x2 + l‘%

where y = x7 is the output and « is the control. We
want to design a controller to
1. force the output y to converge to the
path yq = sin(0).
2. assign 0 to t — ¢, that is, make the output y to
oscillate with frequency 1rad /s.

The design in Section 2 results in the control law

u=—2[r; + 22+ 25 + x120 + 20
1

—ya(0) = ya(0) = 59a(0)] @
where y/,(0) = %’%(0) = cos(f) and y/(0) =

%@ﬂ (0) = —sin(@). In the new coordinates
z1=x1—yq (0) 3)
m=xi+af+r2—ya(0) —yy () @)
wsg=1-— 0 Q)

the resulting closed-loop system is
2 =—21 + 22 + ¥ (0)ws (6)
Zo=—21 — 22+ [y4(0) + yq (0)] ws (7

For the Lyapunov function
1 1 1
V= §z‘f + §z§ + §w§ (8)
the derivative along the solutions of (6), (7) is
V = =i =23+ {z1y(0) + 22 [ya(9) + v (0)] + &} ws

where an update law for w; is yet to be assigned. To
make V' negative definite, we let

Wy = —ws — 21y4(0) — 22 [yy(0) + y1(0)]  (9)

and achieve global exponential stability (GES) of the
equilibrium (21, 22, ws) = 0.

The main purpose of this example is to interpret how
the design specifications have been met. From the GES
property, it follows that 21 (t) = y(¢) — sin(8(¢)) — 0
and, hence, y converges to y4 = sin(6). To recognize

that the time assignment, 0(t) — ¢ — ¢ has been met,
we integrate 6(t) = 1 — w,(t) and get

9(t)=t+9(0)—/0tws(7')d7'

where ¢ = limy_, oo [9(0) — fot ws (7) dT:| exists be-
cause the convergence w(t) — 0 is exponential. From
(9) we see that 0, and hence y4(#), depends on the
system state. In this way, the desired transient to the
path and the speed along the path, are shaped by feed-
back system dynamics. This flexibility is due to the
fact that 6 — t — ¢ is required to be attained only
asymptotically, rather than as an identity 6 = ¢ — ¢.

For another interpretation, we represent the closed-
loop system in the space of (z1,x2, 6, w;) as follows

i =z + 23 (10)
By =2 [z + 2] + 2} + 22 + 2122

+sin(0) 4 2 cos(6) (11)

0=1—w, (12)

ws = —2z1 cos(f) — 22 [cos(0) — sin(0)] — ws(13)

It can be verified that this dynamical system has an
invariant manifold defined by

21 =sin (0)
x5 = cos (0) — sin? (0)
ws=20

on which z;(t) and @, (¢) satisfy 22(¢) + 22(¢) = 1.
Since this invariant manifold is globally attractive, y(t)
converges to the behavior of a harmonic oscillator as
required by the design specifications. The phase ¢ of
the oscillation is unspecified and depends on the initial
condition.

A further design step can be used to assign the phase
¢, for example to ¢ = 0. Introducing w; =t — 6 such
that

(14)

djt:ws

and augmenting the Lyapunov function (8) by %wf, a
new update law for w is selected to be

Ws = —ws—wi —219Y4(0) — 22 [yg(0) + ;1 (0)] (15)

Since the closed-loop (6), (7), (14), (15) becomes time-
varying with 6 = ¢ — w;(t), we resort to LaSalle-
Yoshizawa (see Theorem 2.1 in Krsti¢ ef al. (1995)) to
establish global boundedness of (21, z2, wt, ws) and
convergence (z1, 22, ws) — 0. Using Theorem 1 in
(Fossen et al., 2001), it is straightforward to show that
the equilibrium (21, 22, wy, ws) = 0is indeed UGAS.
It follows that w(t) = t — #(t) — 0 and, hence,
o(t) — 0.

1.2 Definitions and problem statement

Time derivatives of x(t) are denoted
&, &, 3 ...,z and derivatives with respect to 6



of 2(0) are a’, 2", ), ... 2("). We denote 21+
[or z(*©)] as a collection of derivatives of z(t) [or
z(0)].

T T] T '

z; denotes the vector 7; = [z] x5 ... x;

A Parametrized Path is a geometric curve £ € R,
q > 1, that is parametrized by a continuous variable 6.

The Path Characterization Vector is the vector
.
T T n T
02 (€O O) o (€ 0)

The Maneuvering Problem: design a controller that
solves the two tasks:

1. The Geometric Task: force the state = to con-
verge to a desired path £(0),

Jim [z () — £ (6(1))] = 0 (16)

for any continuous function 6(t). .
2. The Speed Assignment Task: force the speed 6 to
converge to a desired speed vy,

lim [é () —vs (0,8)] =0 17)
The Output Maneuvering Problem is to solve the
maneuvering problem with respect to the output y

rather than the state x.

A more restrictive version of the asymptotic speed
assignment (17) is to satisfy it identically, 0= v, In
particular, if v; = 1, then the maneuvering problem
becomes a tracking problem where the desired output
ya(0(t)) will be a prespecified time signal ,4(t). Using
the asymptotic formulation (17), on the other hand,
allows for more flexibility, including the possibility to
let @ depend on the system state.

2. OUTPUT MANEUVERING

Consider the general nonlinear system in strict feed-
back form with vector relative degree n

&1 =G (T1) 22 + f1 (1)
To = Ga (T2) x3 + f2 (T2)

; (18)
Tn =Gy (Zn) u+ fn(Zn)

y=h(x)
where z; € R™, i = 1,...,n, y € R™ is the
output and v € R™ is the control. The state dependent

matrices G;(Z;) and aa—fl(xl) are invertible for all z;,
and G, f; and h are smooth.

The control objective is to design a maneuvering con-
troller that solves the output maneuvering problem
with respect to a desired parametrized output path

Ya={ya(0)| ya € R™, 0 € R} (19

where y4 is n times differentiable with respect to 6.

2.1 Design procedure

In the recursive procedure that follows, the first two
steps are separated from steps 3 through n since the
first two steps involve 689?1' The design procedure
borrows much from adaptive tracking developed by
Kirsti¢ et al. (1995), and the notion of a tuning function

is used also in this design.

Step 1:

The new variables
wsEv,—0 (20)
212y —ya(0) 1)

i=2,...,n (22)

Ay
2 =T — QG—1,

are introduced, where v, is a bounded C"~! signal,
and «;_; are virtual controls to be specified later.
Differentiating (21) with respect to ¢ results in

=y - yéé
- <§—£(w1)> Gi(z1)22 + (Vh(z1)) G1(71)on

+ (5—2(961)) fi(z1) —vivs + viws

where v1 £ g/, Using p1 > 0, define the first
Lyapunov function as

Vi £pizl 2 (23)

whose time derivative is

. oh
‘/1 = 2p121T |:<a—$1> G1041 + (Vh) fl — V1Ug

83: 1
Then the first virtual control is picked as

-1
o] = Gl_l <ﬁ) [—C’lzl — (Vh) f1 + I/1US]

oh
—|—2plz1T <—) Gizo + 2p1z1TV1ws

8.’131
:fal(xluyduy:bvs) (24)
where C7 = C’1 > 0. Let Q; £ 2p;C; and define the

first tuning function, 7; € R, as
T1 £ 2p12 11 (25)
Finalizing Step I, the result is

. oh
Vi=—2 Q121+ 2p12] <—

8x1) Gi2o + T1ws

oh
21=—-C121 + <8—J:1

where 2o and w; are left for the next step. In aid of next
step, let

dl =01 + I/Qé (26)

) Gizo + V1w,

Where o1 1s defined as the terms in ¢y not containing
0, and v4 as those multiplying 0, that is

a Oaq 3041
o1= 5 1$1+ 0. Us 27)
8061 8041
2 & S+ vl (28)

Steps 2 and i=3,...,n are summarized in Tables 1 and 2.



Table 1. Step 2

Zo= To—Q
=Go (fg) 23+Go (fz) 042+f2 (:732) —o1—va0

Va£ Vidpaz] 22

Vo= —2{ Q121
Oh
+225 < G] (—
o1

.
) P1z1tp2 [G2a2+f201u2v5]}
+2p2zg Vaws+T1ws+2pazg Gazs

h
OLQZG { Cozo *—GT ( o ) *f2+0'1+1/2vs

ox1

= fag (i27yd7ydvydyvszvs)
Q22 2p2Cy, Co=CJ>0
T2 71+2p2z2TV2

U

- 2
Vo= =3 % Q]z]+2pzz Goz3+Tows

52:—§;01 (59:) 21—C22204+G2z3+vows

Qo= og2+v3f
Io] Io] Io] Io]
Uzé—cm 1-|-—a2 Tot+—— 2 s+ ozzi.)
o1 Oxo Ovus 0vs
200z , Doz o Odag (3 )

vzt 2 + =2
P oyg M oy Y gy Y

Table 2. Step i = 3,...,n

2= Xi— Qi1
= G (%) 2ip1+Gs (Ts) i+ (8i) —05-1—v;0

Vit Vio1+p2] zi

i1
y T
Vi= =) 5 Qi
=1
+22] 4G 1pic1zic1+p; [Giit+fi—0i
+2p;2] viws+Ti_1ws+2piz] Gizita

1—sz]}

Pi—1

;= G;l \‘—Cizi GT 1%i— 1—fi+oi— 1+V1'USJ

%
= fai (xlvyl(j()/ ) Ugo.”171))

Qi= 2p,Ci, C;=C;>0
T2 Ti_142piz] vi

4
V:L:_Z] 1 %5 Q]Z]+2pzz Gzzz+1+7'zws

s Pi—1 T
Zi= — 11’1 G 1%i—1— szz+Gzzz+1+Vst

; PR Oa; P Oy bt Oa; (3)
o= i -
¢ o ox; 1o s s 6vgz 1) 7%
_ Oaii ’ O " Oa; (i+1")
Vit1 8:!/ yd+ay/ yd+ + y((;/) d

Upon the completion of Step n the choice of the control

law is
U= qay,

_ Pn—-1
:Gnl[fcnzw; Gl zna

n

_fn+an—1+ynvs] (29)

results in

== 2] Qjzj + Taws (30
j=1

Zn = _Pnt G;len,l — Cpzn +vpws  (31)
p7l
This implies that, if w, = 0, then z = [27,...,2,]T

will converge to z = 0 as t — oo. Hence, y(t) —
ya(6(t)) for any continuous 6(¢), and the geometric
task (16) is solved.

2.2 Speed assignment

To solve the speed assignment task (17), augment the
Step n Lyapunov function to

V=Vy+—w? py >0 (32)
24
The time derivative of (32) is

. . 1
V=V,4+ —wsws
H1

1
—Zz Qjz; + |:Tn —d}s] W
251

where the update law for w; is yet to be constructed.
To make V negative definite, choose the w,-update law

Ws = —AWs — 1 Tn (33)
A > 0, which gives
. i A
V== 2Qjz - ~wl<0 (34)
= H1

Consequently, as t — 00, w(t) = v,(0,t) — O(t) —
0, and the speed assignment (17) is satisfied. From (33)
it follows that w(¢), and therefore y4(0(t)), is depen-
dent on the system state 2:(¢) through the final tuning
function 7,,. Hence, feedback is introduced from the
system state to the desired output. This feedback gives
the overall system certain good properties compared to
a pure tracking design.

2.3 The main result

To obtain the closed-loop system in vector form, let
A, (Tp_1) and F(Z,, v "2 (0,1)) be as below

Az (jnfl):
1 N _
-4 (8_> Gy 0 0---0
- Ox1
BT (ﬁ) —Cy Gos 0--- 0
P2 Ox1
0 P26 —C5 Gs -+ 0
p3
Pn—1 T )
0 - Gl , -Cp
L Pn n-l h
F(zn,vl" "2 (0,1))
I 0 0 0 T
Oy Doy 0 0
gyd gyd P
2y 2wy o) - 0
Oya ay, Oy
Oaun_1 O _1 Oatn_1 804".,1
t t 1) - —2L ¢
| “oua (t) o, () oy (t) ay‘(i"*l')()_




Define the path characterization vector as

.
€2 |00 hO) . (W)

which gives the relationship
Tn = 265 (O)F T (2,02 (0, ) P2.
with z = [/ ,...,2]]" and P £ diag(piI,p21,...,

e n

pr1). In vector form, the closed-loop equation is
2= A (Tpo1)2 + F (T, v 2)E,, (0) ws
(33)
s = =2, (0) F' (T, 0" )Pz = dw,
(36)
Under the following assumption

(A1) There exist a positive real, r; > 0, such that
the path characterization vector £, (0) is upper
bounded, uniformly in 6, that is,

0<|£.,(0)] <ri<oo, VOeR

we have the result:

Theorem 1. The closed-loop output maneuvering sys-
tem consisting of the plant (18), the control (29) and
the ws-update law (33), where w; is given by (20), has
a Uniformly Globally Exponentially Stable (UGES)
equilibrium (z,ws) = (0,0). This means in particu-
lar that global exponential output maneuvering of the
output path (19) is achieved:

i [5(6) ~ ya(0(£))] = 0

lim [é(t) - Me(z;),@} =0

t—o0

Remark 1. In the case of constant v4(6,t) = vg # 0,
all derivatives ng) = 0, ¢ > 1, and the closed-loop
system, (35) and (36), is time-invariant. It follows that
limy_, o 0(t) = vot — ¢, where

¢ = limy_ oo [0(0) — fg wS(T)dT} exists because the

convergence ws(t) — 0 is exponential.

2.4 Phase assignment

For the constant v4(6,t) = vy # 0 case, it is possible
to introduce a design step to assign the phase ¢. Let
wy = vot — 0 — ¢, where ¢, is a desired constant
phase shift, for example ¢, = 0. The time derivative
is

Wy = Wy (37
and augmenting the Lyapunov function (32), to
1
V=Vt Rwt o ——u? pg=0 (9

2 24

a new update law for w; is constructed as
Ws = —Aws — fy [T + Howt] (39)
This gives the negative semi-definite derivative of (38)

along the solutions of (35), (37) and (39)

V=-—2"Qz— uiwz <0 (40)
1

Note that p, = 0 is acceptable in order to switch off
the regulation of the phase. Under the assumptions

(A2) The path y,(0) is uniformly bounded in 6.
(A3) The map h(z;) is a local diffeomorphism.

we have the following result:

Theorem 2. The closed-loop output maneuvering sys-
tem consisting of the plant (18), the control (29), the
update law (39) and (37), with v4(0,t) = vg # 0, has
a Uniformly Globally Asymptotically Stable (UGAS)
equilibrium (z,w;, ws) = (0,0,0). In particular, this
means that global asymptotic maneuvering of (19) is
achieved:

lim [y(t) —ya(6(t))] = 0

t—o0o
tlim {9(1&) - ’Uo} =0
In addition, any constant phase specification ¢ is sat-
isfied, that is __
lim [0(t) — vot + ¢g)] =0

t—oo

Proof. First, notice that with v(0,t) = voand 0(t) =
vot — we(t) — ¢y, the closed-loop equations (35), (39)
and (37) are time-varying. From assumption A3 and
the smooth virtual controls «;, there exist a continuous
map VU : (z,t) — x which is uniformly bounded since
z(t) is exponentially converging and the time-variation
only enters through either y4(6(¢)) or €., (6(t)), which
due to assumptions A1 and A2 are uniformly bounded.
Resorting to Theorem 1 in (Fossen et al., 2001) where
1 = col(z,ws) and x9 = wy, it can be verified that
all assumptions are satisfied and that, therefore, the
equilibrium (z,w, ws) = (0,0, 0) is UGAS. It follows
that as t — 00,21 = y(t) — ya(0(t)) — 0,ws(t) =
vo — 0(t) — 0 and w(t) = vot — 0(t) — ¢y — 0. A

3. APPLICATION TO SHIP MANEUVERING

For ship maneuvering, a dynamical model where the
surge mode is decoupled from the sway and yaw
modes is used. See Skjetne and Fossen (2001) and
references therein. Let ) = [z y 4] be the earth-fixed
position vector and v = [uv ] be the body-fixed
velocity vector. The kinematics and dynamics is given

b .
Y i =R )
=M 'Nw)w+M'GT (42)
where M = M7 > 0and T = [T, 61, 6] is the
control vector. The dynamical system (41) and (42) are

then in the form of (18) where 7 is the output and 7" is
the control. Let a desired output path be
/

14 (0) =

)
£4(6) ya(6) arctan(i—%] 3)
d

where x4(0) and yq(0) are three times differentiable
with respect to 6. The control objective is:

1. force the ship to converge to and follow the path.
2. let the ship speed be adjustable online.



Using the design procedure of Section 2, we ensure
convergence to the path by forcing the convergence of
the error state, z1(t) — 0. To solve the problem of
online adjustable speed, let ug be a constant desired
set-point for u. We then have the feedforward terms

vs(0) = 40 (44)
V@h(0)* + (4(0))?
R CAUEHORSAOTHOI

[(2(0))% + (y4(0)2)*"2

The design procedure of Section 2 gives the following
signals

z1=n—1n4(0)

Zg=V—on (TI n4(0),m (9):1’5(9))

a1 =R (¢) [=Kpzi+14(0)v,(0)]

o1 =R (W)R(W)ay +RT (¢) [~K,R(%

va=R" () [Kpny(0) +ny(0)v,(0)]

The control law is given by
T=G'M[~Kyz— Py 'R" (¢) P12

—~M " Nv + 01 + vov,(0)]

Y+ 1(0)0,]

(46)

and the update law for wy is
Ws = —Aws — 24y [z Piny(0) + 25 Pava] (47)

The simulation are done for a container ship of length
L = 175m, and the numerical values are taken from
Appendix E.1.3 in (Fossen, 1994). The desired output
path are given by (43) where z4(0) = 0 and y4(0) =
500 sin(;22-0). The controller settings are as follows:
K,= diag(0.1, 0.25, 0.25), K = dz’ag(O 4, 0.02,
0.02), P, = dmg(O 001, 0.01, 0.01), P dmg(

20, 20), A = 0.1 and p; = 0.005. Imtlal conditions
are 7)(0) = [400, 0, 5], »(0) = [4, 0, 0], 6(0) =
and ws(0) = —1. In Figure (1) it is shown how the
ship accurately converges to and follows the path.

\

o{
|
e a¥a

Fig. 1. Simulation of a container ship following
desired sinusoidal path on the ocean surface.

o

In Figure (2) it is shown how the surge speed u, by
the command of an operator, is first controlled to g =
4m /sandthenatt =400stoup = 10m/s.

4. CONCLUSION

As defined in section one, the maneuvering problem
is separated into two tasks, the geometric task and
the speed assignment task. The recursive design pro-
cedure developed in this paper shows one solution
to the maneuvering problem for nonlinear systems in
vectorial strict feedback form. In n recursive steps,
the geometric task was solved. Finally, an update law

Fig. 2. Plot of the surge speed w in the container ship
simulation.

was constructed to satisfy the speed assignment as an
asymptotic limit rather than as an identity. This update
law introduced feedback from the system state to the
desired output. In the case of constant desired speed,
0 = vy, a further design step was introduced to assign
a constant desired phase ¢ = ¢,,.
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