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Abstract: In this paper we present a new algorithm for discrete sliding mode control of linear
multivariable systems using fast output sampling feedback. Here we make use of a single
switching surface regardless of the number of inputs. The main contribution of this work
is that instead of using the system states, the output samples are used for designing the
controller. Numerical example demonstrates the design technique.
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1. INTRODUCTION

The digital implementation of sliding mode control
(SMC) for single-input single-output systems is done
by Furuta (1990) and Gao, et al., (1995). The solution
to multi-input multi-output (MIMOQO) systems with
matched parametric uncertainties, using switching
sector isdone by Wang, et al., (1996). The application
of discrete diding mode control (DSMC) to linear
dynamic systems is discussed in (Misawa, 1997).
The DSMC for linear multivariable systems with
unmatched additive uncertainties, utilizing a single
hyperplaneregardless of the number of inputs has been
reported by Tang and Misawa (2000). This allows the
use of well-established linear control design strategies
under an eigenval ue constraint.

Most of the dsliding mode control methods require
full-statefeedback. In practical situations measurement
of al the system states might be neither possible
nor feasible. Such situations would demand some
observers or dynamic compensators which would
make the overal system more complex. In (Tang

and Misawa, 2000) the controller design is extended
to output feedback using a prediction observer with
bias estimation and the stability is examined. Since
the output is available, output feedback can be used
to design the controller. The static output feedback
problem is one of the most investigated problems in
control theory and application (Syrmos, et al., 1997).

Output feedback can be redlized using fast output
sampling feedback (Werner, 1998) or by periodic
output feedback (Werner and Furuta, 1995). Werner
(1998) has used the fast output sampling (FOS)
feedback which has the features of static output
feedback and makes it possible to arbitrarily assign
the system poles. Unlike static output feedback, fast
output sampling feedback always guaranteethe stability
of the closed loop system. An output feedback sliding
mode controller is developed by Chakravarthini and
Bandyopadhyay (2001) for the two stage state feedback
dliding mode controller proposed by Furuta (1990). A
new algorithm for discrete-time sliding mode control
using the fast output sampling feedback and reaching



law approach is reported in (Chakravarthini, et al.,
2002).

This paper presents an new agorithm for sliding mode
control of the discrete-time multivariable systemswith
unmatched additive uncertainties by converting the
discrete sliding mode control proposed by Tang and
Misawa (2000) into a fast output sampling dliding
mode control. The proposed technique does not use
any observer as is the case with output feedback in
(Tang and Misawa, 2000). Also by this method both
the switching function evaluation and feedback can
be performed using the multirate output samples. The
state feedback gain and the hyperplane design are
carried out as proposed in (Tang and Misawa, 2000).
The outline of this paper is as follows: a brief review
of the preliminary results are presented in Section
2. In Section 3 the design procedure for fast output
sampling sliding mode control is explained, followed
by a numerical example in Section 4 to illustrate
the advantages of the proposed method. Concluding
remarks are drawn in Section 5.

2. PRELIMINARIES
2.1 Fast Output Sampling Feedback

Consider the single-input single-output discrete-time
system (®,, T',, C) with sampling period 7. The
matrices® ., I' -, and C are of appropriatedimensions.
It isassumed that the pair (® -, T, ) is controllable and
the pair (®..,C) is observable. Let (®,T', C) be the
systemsampled at therate1/A, where A=7/N. Letv
denote the observability index of (®,C). N is chosen
to be greater than or equal to v. Output measurements
are taken at time instants ¢ = IA, 1 =0,1,...N — 1.
The control signa «(t) which is applied during the
interval kT < ¢t < (k + 1)7 is then constructed as a
linear combination of the last NV output observations.
The control law is of the form (Werner, 1998)

u(k) = Lyp. )

For L to realize the effect of the state feedback gain F
it must satisfy the relation

LC =F, @)

Here C isthe fictitious measurement matrix defined as

C = (Cy+DyF)(®, +I,F)~",

where
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2.2 Sate feedback approach to DSVIC

Consider the discrete-time linear multivariable system

x(k+1)=®,x(k) + L;u(k) + ew(k),
y(k) = Cx(k),

where 7 is the sampling period, x € R" u €
R™, w € R? are the state, input and additive
uncertainty vectors respectively, ® ., I'; and £ are
known constant matrices with appropriate dimensions
and I'; isdefinedasT, = [T, [T | ... |71,
I',, € R". Thematchingconditionrank ([T~ £]) =
rank(T';) isnot necessarily satisfied. The objectiveis
to design a DSMC that would force the system state
vector x(k) to track the reference trgjectory defined
by the vector x4(k) i.e, to drive the tracking error
x(k) = x4(k) — x(k) to zero, or make it as small as
possible (Tang and Misawa, 2000). Here it is assumed
that the desired trgjectory x4(k + 1) is ”consistently
generated” by a model-based x ;-generator using the
nominal system (Misawa, 1997)

xa(k +1) = ®,x4(k) + Truq(k), (3)

where uy(k) is the hypothetical input. The switching
variable s € R, the switching surface S C R", the
boundary layer B C R™ arerespectively defined as

s(k) = cTx(k), 4
S={x:s=c"%x =0},
B={x:|s|=|c'%|< ¢}.

wherec” € R™ and ¢ isthe boundary layer thickness.
The row vector ¢ is determined such that ¢’ T, #
0,1< i < m and || ¢¥|| = 1. The control law

that guarantees sliding motion proposed by Tang and
Misawa (2000) is

u(k) = (C7T;) 'T7 (xa(k +1) = Srxa(k)) +
T M (xg(k) - x(k) +

. P Ksat <%€)> , (5)

where

U = diag(ch"T1 - ,ch"Tm),
M:[Hln-lffm]TnU'i € Rn’
K=[K,...K,]" ,Ki €R,

n
Z pl =cT(®, — 1), 1= identity matriz,
i—1

Y K; =Ky =7+ 2Ate,e > 0,
i=1
¢ > v+ Ate,
v>|c"Ew(k) |



For proof of stability see Tang and Misawa (2000).
Simplifying (5) using (3) the control law reduces to
the form

u(k) =uq(k) + ‘IlilM(Xd(k‘) —x(k)) +

¥ 'Ksat (%) : (6)

3. FAST OUTPUT SAMPLING SLIDING MODE
CONTROL

Casel: |s(k)| > ¢
The state feedback control law (6) takes the form

u(k) = Fix(k) + ¢(k). ()

where

C(k) = =Fixq(k) + uq(k) £ p,
F,=-¥ M,
p=¥"'K.

Now consider that a state feedback control of the form
(7) is applied to the fictitious, lifted system (Werner,
1998)

x(k+1)=®,x(k) + T';u(k),

Yi+1 = C()X(k) + Dou(k).

Then the closed loop system is given by

x(k+1)=(®, + T F)x(k)+TC(k) (8)
Yi+1 = (Co + DoF1)x(k) + DoC(k) (9)
From (9) x(k) can be represented as
x(k) = (®, + . F;) 'x(k+1) —
&, +T,F)'T, (k). (10

Substituting x (k) from (10) in (8), and simplifying one
gets

Yir1 = C1x(k + 1) + (Dg — C1T)¢(k),

where

Ci = (Co + DoF,)(®, + T, F,)~ L.

Let
n(k) = (Do = CiT,)¢ (k).

Thereforey, can be represented as

vk = Cix(k) + n(k — 1).

The equivalent output feedback control law for (7) is
u(k) = Lyyy + 6(k), (11)

where

The switching functionis related to the output samples
yi by

s(k) = e [xa(k) = C7' (ye — n(k = 1))]. (12)

Case2: |s(k)| < ¢
Inside the boundary layer the state feedback control
lawis

u(k) = Fox(k) + a(k), (13)
where

Fo=—9 M- ¥ 1 'KcT,
a(k) = —Foxy(k) + uq(k).

The equivalent output feedback control law for (13)
takes the form

u(k) = Loy (k) + B(k), (14)

where

L, =F,C, ",
Cy = (Cop + DoF2)(®- + T, F,) ',
yi =Cox(k) +o(k— 1),
o(k) = (Dg — CoT';)a(k),
B(k)=a(k) — Lyo(k —1).
The switching functionis related to the output samples
yi by

s(k) = "[xq(k) — C7 " (v — o'(k — 1))]. (15)

Thus we see that the need to use the states of the
system for feedback purpose as well as for switching
function evaluation is completely eliminated by fast
output sampling sliding mode control technique.
Remark The dliding mode using fast output sampling
feedback will occur if the number of fast output
samples Ny, .....IN,, for each of the p output channels
of an — th order system with m inputs is chosen as
N1 + N2 + ...... + Np =n.

4. NUMERICAL EXAMPLE

Consider the continuous-time system described by

Ax(t) + Bu(t) + Dw(t),

e
—~

~

I

where



[0 10 0 0 0
—202 0 0 0
0 00 1 0 0
A=l2 0-4-32 3 |°
0 00 0 0 1
0 02 3 -2-3
(00 000
10 100
00 000
B=loo['P=lo10]"
00 000
01 001
(100000
C=lotoo00]"

The equivalent discrete-time system (@, I';, C) is
obtained for 7 = 0.2 sec. Let

w(k) = [0 sin(3.57k) 0]" .
Here the disturbance is unmatched. Let the initia
values of the states be
x(0)=[123456]"

and the desired states be
xa(k)=[204060]".
The control objective is to make the tracking error

small. The LQR techniqueis used to design A .. The
state feedback gain F is

1.8 2.01 0.61 0.49 —0.42 0.35
3.83 0.67 12.26 5.95 2.54 4.03|°

The switching gainis

¢ =[-0.14 —0.005 —0.94 —0.14 —0.16 —0.21].

Let
| w(k) |< 1,7 =0.0471,K = [0.001 0.1]" .
Then
Ks = 0.101,e = 0.1348, ¢ = 0.1473
andM is

—0.007 —0.008 0.004 —0.001 0.003 —0.0001
—0.078 —0.027 0.085 —0.175 —0.006 —0.037

Let N = 6 and A = 0.033. The state feedback gains
F,is

—1.58 —1.99 0.86 —0.27 0.66 —0.02
—1.73 —0.59 1.89 —3.86 —0.14 —0.81
and F» is

-1.8 -21 -06 —-0504 -04
-3.8 —=0.7 —=12.2 —5.9 —2.5 —4.1|"°

The equivalent output feedback gains obtained are
L; = 1.0e + 005%

[0.03 0.01  0.02 —0.001 0.002 0.001
| 1.42 —-3.51 2.09 0.05  —0.02 —0.06
and Ly = 1.0e + 005x

[—0.30.6 —0.4 —0.01 0.01

| 1.7 —4225 006 -0.03-0.08

0.012 }

The simulation results of the sixth order two-input
two-output discrete time system in the presence of
bounded disturbance is shown in Figure 1. The results
are satisfactory. Figure 1(a) and (b) show the response
of the states. The states =, (k), z3(k),and z5(k) are
tracked to the desired values 2, 4 and 6 respectively.
The states z2(k), x4(k) and xzg(k) are tracked very
close to zero. The effect of the disturbance is evident
inthetransient. The state variables approach the origin
despite the presence of any perturbation. Though the
tracking error is not exactly zero, it is acceptably small.
The control function plot is shown in Figure 1(c).
The plot of the switching variable shown in Figure
1(d) approaches zero from the initial value and stays
within the boundary layer B. Inside the boundary
layer the amplitude of the switching variable decreases
towards zero. It is clearly evident from the plot of the
switching variable that the steady state value is very
much interior to the set boundary layer thickness 2¢.
Thus we see that the boundary layer B is attractive and
invariant, and good disturbance rejection is attained.
The plots of the outputs y; (k) and y» (k) are shownin
Figure 1 (e) and (f).

5. CONCLUDING REMARKS

A new approach for the design of fast output sampling
diding mode control using one switching hyperplane
for linear discrete-time MIMO systems has been
presented in this paper. The key advantage is that in
this technique the system states are neither used for
feedback purpose nor for switching function evaluation.
Only the multirate output samples are used for the
above purposes. Since the effect of the state feedback
gain is realized using an output feedback gain, the
stability is guaranteed. Also the use of observer
is eliminated thereby the complexity of the overal
system is reduced.
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