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Abstract: This paper considers a parametrization of a clagsspectral factors of a given
spectral density. The notion dfstable functions is introduced to define a partial ordering on
the set of/ spectral factors. Necessary and sufficient conditions for the existence of extremal
J spectral factors are given and a number of explicit factorization results is derived which
serve for the algorithmic aspects of computing spedifgpectral factors.
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1. INTRODUCTION signature is constant and equal fdfor all complex
o numbers on the imaginary axis. Here, as elsewhete,
The problem of finding spectral factors offaspectral s the conjugate ob. A matrix valued rational function

density is of paramount importance in a large variety w is a.J-spectral factor of a J-spectral densityb if
of problems in systems and control. Indegdspectral

factors andJ spectral factorizations are at the basis
of the analysis and synthesis of controller design al-
gorithms in#, control, they play an important role L )
in the understanding of zero sum non-cooperative dif- A J-spectra_\l density is ofte_n deflned_through the Iafc-
ferential games in game theory, and occur in a naturalt€r expression for some rational matrix valued function
way in the study of dissipative or lossless dynamical "V @nd one is merely interested iirspectral factors
systems. Furthermord, spectral factorizations occur With Specific properties. This means thiais given and

in problems related to model reduction and in vari- W€ are interested in finding elementsbelonging to a
ous problems involving questions related to represen_speciﬁc class of rational matrix valued functions such

=5 ;3K . .

tations and equivalence of dynamical systems. See,thatWJW* =WJW. ltis th_e purpose O_f this paper
e.g. (Dym, 1994), (Ball and Helton, 1988), (M. Green to develop a number of algorithms to deriespectral
and Doyle, 1990), (Green, 1992), (Meinsma, 1993) factors with specific stability properties from a givén
(Meinsma, 1994), (S. Weiland and de Jager, 1997),spectraldensity. More specifically, we propose a partial

O =WJIW*

(Weiland and Gombani, 2000). ordering on the set of spectral factors of a giveri
spectral density and establish the commutativity of a
Let I 0 number of operators that infgr spectral factors.
J=Jpq= (5 —Iq) For this, we first recall and introduce a number of
be a signature matrix. A matrix valued rational function Notions that generalize the well established concepts of
@ is called aJ-spectral density if ® = ®* and if its inner and outer functions to the contextinner and

J outer functions. New notions of stable and/ anti-
stable rational matrix valued functions are introduced
and characterized in the state space context.

1 This work was partially supported by CNR through the “short
mobility” program.



The paper is organized as follows. In Section 2 the J stable. For shorfy is calledJ stable ¢ anti-stable)
notions of/-unitary and/-inner functions are recalled if it is row J stable (columr/ anti-stable). It is easily
and we introduce a generalization of the well known seen that the notion of stability does not depend on
concept of an outer function which is relevant in the specific state space representatioiofThat is,
the context ofJ spectral factorizations. A problem row and column/ stability are properties d¥, not of
statement is given in Section 3. The main contribution a specific representatiga, B, C, D) of W as defined
in this paper consists of a series of factorization results by (1).
which are collectedin Section 4, and which are believed
to be of independent interest. These results include
a number of generalizations of the Douglas-Shapiro-
Shields factorization (every rationd/ e J» can
be factorized asW = WK with W e #5, and
K inner with minimal degree (Fuhrmann, 1995)) and
the well known outer-inner factorizations of rational
matrix valued functions (every rationd/ e J
can be factorized aW = W,yW; with W, outer, W;
inner (Vidyasagar, 1985)) for the context.b&pectral
factors. To the authors’ knowledge, the theorems in
Section 4 are new. Proofs are collected in section 5.
Because of space limitations, we can not provide full _ : o . X

A . W is I outer if and only if it is a unitary element in
fledged proofs in this paper. The main arguments of . . " L
the proofs are merely indicated. Some conclusions are‘%oo’.m which case itis usually callecranimumphase

. ) function.

collected in Section 6.

Finally, a square rational matri¥ is said to be/ outer
if it is row J stable, invertible inf., and if its inverse
W1 is columnJ-stable. It is said to beonjugate J
outer if its conjugate, W*, is J outer.

Remark 2.1. The notions of/ stable,/-inner andJ
outer functions generalize the usual notions of stable,
inner and outer functions. IndeeW, is row I stable
if and only if all eigenvalues ofA are inC~ for some
(and hence for all) minimal representationsVgf W
belongs to# in that case. LikewiseWy is I inner if
and only ifW is inner in the usual sense. Furthermore,

Remark 2.2. Many of the concepts introduced here
2. DEFINITIONS naturally generalize to non-square rational functions.
We focus here on square rational functions mainly for
A square matrix valued functiof is said to beJ reasons of exposition.
unitary if W*(s)JW(s) = J for all s € CO (the
imaginary axis). It is/ inner if it is J-unitary and, in
addition,[W (s)]*J W (s) < J for all but finitely many 3. PROBLEM FORMULATION
pointss € C* (the open right-half complex plane).
Similarly, W is said to beconjugate J-unitary (or ~ Suppose thatV is a given matrix valued rational
conjugate J-inner) if its conjugate,W*, is J-unitary ~ function and consider the spectral densityd =
(7 inner). In terms of indefinite inner product spaces, WJW*. We consider the following diagram.
W is J unitary if and only if for all complex vectors

v1, v2, andw € R, o4 Q"
Vv — W — W,
(w1, Jw2) = (v1, Jv2)

. . K_ K K
wherew; = W(jw)vy andwy = W(jw)vs. = T *T =t
It is well known that every matrix valued proper w_ Q w e Wy
(i.e., analytic at infinity) rational functionV can be - B -
represented a# (s) = C(Is—A)~ 1B+ D for suitable K—T KT Ky
(real) matrices(A, B, C, D). Any such quadruple is _ 7 — 0 —
said to be astate space representation of W and we w_ w W
write AlB The interpretation of symbols in this diagram is as fol-

W= (F»f) . 1) lows. The left side of the diagrani{’s with subscripts

—) representrational and invertible matrix valued func-
tions whose inverses arg stable. Functions on the
right side (¥'s with subscriptst) are characterized by
the property that their inverses afeanti-stable. The
functions on the top and bottom line of the diagram rep-
resent, respectively, stable and/ anti-stable rational

Here, (A, B, C, D) is not necessarily minimal in that
the McMillan degrees(W) of W is not necessarily
equaltothe dimension af. W is said to beow J stable

if there exists a positive definite solutioh = P* of
the equation

AP + PA*+ BJB* =0. (2) matrix valued functions. All arrows indicate a post-
It is calledcolumn J stable if there exists a positive ~ Multiplication with the labeled object (i.e = WK,
definite solutionP = P* of etc.). The main reason for investigating this structure

AP 4 PA+C*JC =0 3) in the conte>§t of spe.ctral factori'zations, lies in the fact
- that all W’s in the diagram defing spectral factors
Similarly, W is calledrow J anti-stable(respcolumn J of the J spectral densityp = WJW* provided all
anti-stable) if its conjugate W*, is column (resp. row)  arrows indicate multiplications witli-unitary rational



functions. Indeed, iW = WK with K a J-unitary subspaces. To formulate the result, recall that a rational
rational function, therK* is J-unitary and functionKyis aleft divisor of K if there existsK1 such
* N * thatK = KoK1 and the McMillan degree$(Kp) and

WIW" = WKJK'W" = WJW" =& 8(K) of Ko andK satisfy§(K§K) = §(K) — 8(Ko).
which shows thaW is aJ spectral factor ofb. The notion of aright divisor is similarly defined. As
for notation, ifV is a subspace of a linear vector space
X, then we denote b¥ly the canonical insertion map
that mapsV into X. (Equivalently,IT5, is the canonical
projection that maps& onto V).

In particular, we will be interested in thé spectral
factors defined by the corner points of the above dia-
gram. These are the ‘extremal’ rational matrix valued

functions
(1) W_: J stable withJ stable inverse. Theorem4.2. Let K be a J -unitary function of McMil-
(2) W_: J stable withJ anti-stable inverse. lan degree 6 (K') = n. Then

(3) W_: J anti-stable with/ stable inverse.

s X X . _ (1) K allows arepresentation (5), where P is the non-
(4) W, J anti-stable with/ anti-stable inverse.

singular solution of (3), and the following are

Note thatW_ is J outer andW is conjugateJ equivalent
outer. We develop algorithms for the calculation of (a) There exists a J -unitary left divisor Ko of K
the extremal rational functions from a givérspectral of McMillan degree §(Ko) = k.
density® = WJW*, i.e., we construct the mapping (b) There exists an A-invariant subspace 'V of

. dimension k such that Py := ITj, PIly is

W— W W, W, Wy) ) non-singular.
whereW is represented by (1) and show under which (¢) Thereexists a hermitian matrix X ofrankX =
conditions the diagram above is commutative. k such that
{AX +XATEXCUCX=0
4. FACTORIZATIONS XPX =X

If either one of these equivalent conditions hold,

In preparing the commutativity of the diagram above, then one such Ko is given by
we present a number of characterizations of left and *
. . L . . A|l-XC*JD
right J-unitary divisors and factorizations of matrix Ko = )
. . . C D
valued rational functions. We start with a state space
characterization of -unitary and/-inner functions. (2) K allows arepresentation (6), where P is the non-
singular solution of (2), and the following are
Proposition 4.1. Let K be a square rational matrix equivalent
valued function. Then the following are equivalent. (a) There exists a J -unitary right divisor Ko of

K of McMillan degree §(Kg) = k.

(1) K is J-unitary (J -inner). (b) There exists an A*-invariant subspace 'V of

(2) K has a representation

dimension k such that Py := I13,PIly is
Al-P~lc*JD non-singular.
K= C D (®) (c) Thereexists a hermitian matrix X ofrankX =
) . k such that
where D*JD = J and P is a non-singular . .
(positive definite) solution of (3). A"X+ XA+ XBJB'X =0 ®)
(3) K has a representation XPX=X
K — A B ©) If either one of these equivalent conditions hold,
“\-DJB*P*|D then one such Kq is given by
where DJD* = J and P is a non-singular Ko — A B
(positive definite) solution of (2). °=\=biB*xD )"
(See Section 5 for proofs). In addition, one easily Not all J—ur_1itary functions admirl-unit_ary factors of
derives that for a/-unitary (or J-inner) functionk, lower McMillan degree. Indeed, consider

the non-singular (or positive definite) solutions of
the Lyapunov equations (3) and (2) are each others’
inverses.

The following theorem extends a result of (Fuhrmann,
1995) and of (Dym, 1994; Dym, 2001) and charac- Then is J-unitary and (3) holds with the non-singular
terizes all J-unitary left and right divisors of a/- matrix
unitary function, both in algebraic terms as well as 01
in a representation independent context of invariant




However, Py = 0 for all non-trivial A-invariant
subspaces. Henck, has no (non-trivialy -unitary left
divisors. In a similar way one also shows ttathas
no non-trivial J-unitary right divisors.

The next theorem provides necessary and sufficient

conditions for aJ-unitary function to be factorizable
in a J-inner and a conjugaté-inner factor.

Theorem4.3. Let K be J -unitary and represented by
(5) where P is a non-singular solution of (3). Let
ny and n_ be the number of positive and negative
eigenvalues of P, respectively. Then

(1) There exists J -inner functions K and K such that
K =KK*

if and only if there exists an A-invariant subspace
V of dimension n4. such that Py := H*VPHv is
positive definite.

(2) There exist J -inner functions K and K such that

K = K*K

if and only if there exists an A-invariant subspace
‘V of dimension n_ such that Py := I"I*VPI"Iq; is
negative definite.

The following result is an extension of the Douglas-

Shapiro-Shields factorizations to the casd ainitary
rational functions. See also (Fuhrmann, 1995).

Theorem4.4. Let W be represented by (1) and let P
be a non-singular solution of (2). Define the J -unitary

function
A |B
k= (—JB*P 1 )

and suppose that there exists a factorization K = K*K
with the properties of statement 2 of Theorem 4.3. Then

(1) K is the minimal degree J-inner function such
that

W= WK

is J stable. Moreover,

w— (A+BIBX|B
-\ C+DJB*X|D

is a representation of W where X < O is the
minimum non-positive definite solution of A* X +
XA+ XBJB*X =0.
(2) K is the minimal degree J-inner function such
that
W:=WK"

is J anti-stable. Moreover,

W (A+BIBX|B
~\¢c+DJBX|D

is a representation of W where X > 0 is the max-
imum non-negative definite solution of A*X +
XA+ XBJB*X =0.

Theorem 4.4 therefore provides a tool for the calcula-
tion of J stable and’ anti-stable spectral factorizations
from an arbitrary rational matrix valued function. In
particular, this result can be applied for the construction
of all vertical mappings (labeled) in the diagram of
Section 3. Note that necessary and sufficient conditions
for the existence of each of these mappings are stated
in Theorem 4.3.

A similar result applies for théorizontal mappings
(labeledQ) in the diagram of Section 3. The statements
are as follows.

Theorem4.5. Let W be represented by (1) and suppose
that W is invertible with

w-i_(AlB)_(A-BD"'C|BD?
“\¢[p)~\\ -bptc |pt )

Let f’ be a non-singular solution of AP + PA* +
BJ B* = 0 and suppose that the J -unitary function

A B
Q= (—JB*P_l I )

admits a factorization Q = Q'*Q" with Q' and Q"
J -inner (cf. statement 2 of Theorem 4.3). Then

(1) Q' is the minimal degree J-inner function such
that
W_:=WQ*
has a J stable inverse. In particular, W_ is J -outer
whenever W is J stable.
(2) Q" is the minimal degree J -inner function such
that
W+ = WQ/,
has a J anti-stable inverse.

Basically, Theorem 4.4 and Theorem 4.5 provide an
algorithm for the calculation of each of the mappings
in the diagram of Section 3.

Note that Statement 1 of Theorem 4.5 implies that
W = WoW,

with W, := W_ a J-outer andW; := JQ'J a J-
inner rational function. That isf¥ admits aJ-outer

— J-inner factorization under the conditions stated in
Theorem 4.5.

We conjecture here that the entire diagram is commu-
tative under the condition tha¥, when represented
by (1), allows a non-singular hermitian solutiéhof

(3) (or, equivalently, of (2)) oz, andn_ positive
and negative eigenvalues, such that there exsts
invariant subspaceg, and'V_ of dimensions:; and

n_, respectively, withPy,_ := H”‘%rPl‘IV+ positive
definite andPy_ := IT3, PI1y_ negative definite.

5. PROOFS

In this section we briefly sketch the main ideas behind
the proofs of the results.



Proof of Proposition 4.1
See, e.g. (Alpay and Rakowski, 1995)

Proof of Theorem 4.2
Statement 1:

(@ = b): Supposek = KgK1 with Kg as indicated.
Then K1 = JKGJK is J-unitary and hence, by
Proposition 4.1Kp and K1 admit representations

_ k _ k
Ko = (Ao X()COJD()) Ky = (Al X1C1J Dy
9)

Co Do C1 Dy
where bothXg and X; are non-singular. The product

K = KoK is then represented by
A1 0 —X1CIJD1
K = —XoCSJDoC1 Ao —XoCSJDoDl
DoC1 Co | DoD1

_(A|l-P7ic*JD
~\C D

so that, possibly after a suitable change of basis,

A1 0

A= (—XoCE’jJDoCl AO) - €= (DoC1 Co).

D = DgD1andP satisfies (3). LeV := span(0 Ik)T.
ThendimV = k, Vis A-invariantandT,(3) [Ty reads

ASPV +PvA0+CE§JCo=0 (10)
wherePy := IT3, PI1vy. SinceKy is J-unitary, Propo-
sition 4.1 yields thatPy = X,1, i.e., Py is non-
singular.

(b = c¢): Let V be ak-dimensional A-invariant
subspace. Defindy = IT},ATly, Cy := CIly and
Py := IT%, PTTy. SinceP satisfies (3) andPy is non-
singular, it follows that

0=TII5[A*P + PA + C*JC]Iy
= A?;;Pv + PyAvy + C:;JCV
= prtay + Ay Pyt 4 PrtchaCcy P

DefineX := Iy P, 1% Then rank = dimV = k
and XPX = Ty Py, PyPy T, = Ty Py TS
X. Pre- and post-multiplying the last displayed equa-
tion with I1y andIT%,, resp., and using the identity
Ally = TlyAy yields that 0 = XA* + AX +
XC*JCX. This proves (7).

(c = b): Let X be a rankk hermitian solution of
(7). Theny im X has dimV = k and since
AX = —X(A* + C*JCX) it follows thatAYV C V,

i.e., V is A-invariant. MoreoverX PX = X implies
that I3, X TTy Py IT5, X Ty = I135, X1y where Py has
dimensionk x k. Since rankT}, XT1y = rankX =k,

we must have thatranky = k, i.e, Py is non-singular.

(b = a): In a suitable basis of the state spakejs
represented by (5) with

A1 O
Az(zlA()),cz(cl Co)

whereAg has dimensiot x k with k = dimV. The
remainder of the proof is based on the (non-trivial)
observation that it is not restrictive to assume tRas
block diagonal. With this assumption, s€§ = J’;l
and X1 equal to the inverse of thel, 1) block of P.
Py then satisfies (10) which, by Proposition 4.1, yields

that
o= )

is J-unitary. Moreover, th&€2, 1) block of (3) reads

Ao —XoCSJ
Co I

PyZ + C§JCy1 =0.
Hence,Z = —P;'C{JC1 = —XoC§JCy which
implies thatK is the cascade of the functiof (with
Do = I) andK1 (with D1 = D) as defined in (9).

Statement 2: apply Statement 1KG. [ |

Proof of Theorem 4.3

if: Infer from Theorem 4.2 thak = KoKy whereKy
and K are represented by (9) witkip = P;l >0
andX; < 0. ThenKjy is J-inner by Proposition 4.1,
and one verifies thak’y is alsoJ inner. Setk = Ko
andkK = K7.

only if: Immediate from statement 1 of Theorem 4.2.
|

Proof of Theorem 4.4

We only sketch the proof of statement 1, as the second
statement is proven in a similar way. Suppose that

P andK satisfy the hypothesis and suppose there exist
afactorizationk = K*K with bothK andK J-inner.
Apply Theorem 4.2 and Theorem 4.3 to infer explicit
expressions foK andK. In particular, infer that

£~ (Cbet)

with X_ < 0 the minimum non-positive definite solu-
tionof A*X+XA+XBJB*X = 0,isarepresentation
of a conjugate/-inner left divisor ofK . Hence,

A
—JB*X_

BJ
J

. _(A|B —A*|X_BJ
WW“(w)(w* 7 )
—A* 0|X_BJ
=| BJB* A| BJ
DJB* C| D

A+ BJB*X_|B
C+DJB*X_|D

where we skipped a tedious but straightforward series
of equivalence transformations. It is then straightfor-
ward to verify thatW is J row stable with(X, —
X_)~1 being a positive definite solution of the cor-
responding Lyapunov equation. Hepé, denotes the
maximal non-negative definite solutionAf X+ X A+
XBJB*X =0. [ ]




Proof of Theorem 4.5
Similar to the proof of Theorem 4.4 but féf 1 instead
of W. Details are omitted here. [ |

6. CONCLUSIONS

The conclusions of this paper can be summarized as

follows.

(1) A partial ordering on the set of spectral factors

of aJ spectral density has been proposed by intro-
ducing the notion of stability for rational matrix
valued functions. This leads to the investigation
of the commutativity of the diagram in Section 3.
The set of all left and righf -unitary divisors of

a J-unitary rational matrix valued function has

)

Green, M. (1992).Hy, controller synthesis by/-
lossless coprime factorizationS.AM J. of Con-
trol and Optimization 30, 522-547.

Meinsma, G. (1993). Frequency domain methods in
Hs control. Doctoral dissertation. Dept. of Ap-
plied Mathematics, University of Twente. The
Netherlands.

Meinsma, G. (1994). Optimal solutions to a two-

block Hy, problem.Intl. Journal of Robust and

Nonlinear Control 4, 481-501.

M. Green, K. Glover, D. Limebeer and J. Doyle
(1990). Aj-spectral factorization approachity
control. SAM J. of Control and Optimization
28(6), 1350-1371.

S. Weiland, A.A. Stoorvogel and B. de Jager (1997).
A behavioral approach to thi., optimal control
problem.Systemsand Control Letters 32(5), 323—
334.

been characterized. The importance of this resultvjdyasagar, M. (1985)Control system synthesis: a

lies in the understanding of the structure bf

inner and conjugaté-inner factors of/-unitary

functions.

It has been shown how stable andJ anti-

stable factors of a given rational function can be

obtained. Similarly, factors whose inverses dre
stable orJ anti-stable have been characterized.

Necessary and sufficient conditions for the exis-

tence of these factors have been derived.

(4) A generalization of the well known inner-outer
factorization of stable rational functions toJ/a
inner J outer factorization can be inferred from
the factorization results derived here.

(5) A conjecture has been formulated for the commu-
tativity of the diagram of Section 3.

(6) Although we have restricted attention to square
rational functions in this paper, extensions to the
non-square case are possible.

®3)
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