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Abstract: This paper presents an algorithm for automatic generation of train dispatches in
metro lines using model predictive control (MPC) with receding horizon. Train trajetories are
optimized with reduced computational effort according to a moving horizon scheme, allowing
transition between periods with large variation of passenger demand. The model is based
on linear programming. It considers all operational constraints and give a trade-off solution
between operational costs and service quality to passengers. Piecewise-linear functions are
used for directly or indirectly modelling of waiting time of passengers at stations, onboard
passenger comfort, train trip duration and number of trains in service. The performance of
the proposed methodology is illustrated using a metro line similar to North/South line of Sao
Paulo undergroundopyright(© 2002 IFAC
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1. INTRODUCTION is formulated as a set of nonlinear equations solved
using an iterative decomposition method. In both ap-
The generation of train time schedules in metro lines proaches, the operational aspects were not completely
corresponds to obtaining the dwell time at stations, run considered and they also require considerable compu-
time between stations and the dispatch time of trainstational effort due to nonlinear nature of the problem.
according to the variation of passenger demand alon .
train trajgctories. Itis import:nt to raqtionalize the usegASSIS et_ al. (2000). propgsed ahew methodology for
of trains, according to the variation of passenger flow generatloq of optimal time schedules using linear
at stations during the day, still keeping the system programming (LP).' The propo_sed formula_tlon con-
flexible for recovery of disturbed situations. Train sider all the operational constraints treated in (Cury et

schedule must be a trade-off between operational Costél.,1Et)8(_)),t(Bergamasdh| etttal.,1982t) r?ore an ?ddtmof?al
and service quality offered to passengers. constraint correspondent to a control margin for traffic

regulation during the comercial operation of the line,
The variation of passenger demand along the day andmportant to the practical use of train schedulles (Van
along the line makes the solution non trivial, requiring Breusegem et al., 1991). The performance index use
a large computational effort. Moreover, passenger de-piecewise-linear functions for directly or indirectly
mand variation along weeks, month and year, makesmodelling the waiting time of passengers at stations,
necessary repetitive solution of the problem. onboard passenger comfort, train trip duration and
number of trains in service. However, the approach is
restricted to a small period of time where the passen-
ger demand is assumed constant.

A methodology for generation of optimal schedules
for metro lines has been proposed in (Cury et al.,
1980): a nonlinear optimal control formulation is used,
solved by an hierarchycal multilevel decomposition This paper presents a methodology for solution of the

method. A more simple approach has been proposedschedulling problem using a MPC approach (Bem-
in (Bergamashi et al.,1982): the schedulling problem



poradet al.,2000)with recedingcontrol horizon for
computatiorof train time schedulesluringa full day
consideringhe continuousvariationof the passenger
flow alongtheday.

2. ANALYTICAL MODEL

Considerthe metroline in Figure 1. The systemis
composedy two tracksegmentgoining the terminal
stations,wherethe trainsrun in oppositedirections.
Train traffic model is composedby two set of dy-
namic equations:headvay equationsand passenger
load equationsA setof constraintsare also consid-
ered:

o safetymaigin andoperationalimits;

e guaranteedomfortlevel for passengers;

e guaranteedontrolmargin for on-linetraffic reg-
ulation;

e guaranteednboardn thearriving trainof all the
passengerwaiting at platforms;

e continuity and smoothnessf train traffic along
theline.
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Fig. 1. North/SouthLine of S. PauloUndeground

Headway Equations

Headwvay is the interval betweentwo consecutie
trains along the line. For n trainsand KT platforms
(Curyetal., 1980)givesthefollowing model:

X(k+1) = x(k) + Lup(k+1) + Lupl(k+1) (1)
Vk=vyard,1,2,---,(KT —1),(KT),terminal,
(KT +1),---,(2KT — 1), (2KT)
wherex(K) 2 [xa(k) xa(k) - Xn(K)]T
uMk+1)é[umﬂk+]Jupﬂk+l)~-upﬂk+1ﬂT
upl(k+1) 2 [uplo(k+1) - upla(k+1)]7
-110---00
S
0 00 11

wherex;(k) is the waiting time of passengersf the
traini at platformk, upj(k+ 1) is the dwell time of

traini at platformk+1 andupli(k+ 1) is the running
time of traini betweerplatformsk andk+1. Obsenre
thatx; (yard) is theheadvay betweertrainsin theyard
dispatchingterminal (main elementof train dispatch
problem).For i=0 we getupg(k + 1) 4+ uplo(k+ 1) is

thedifferencebetweertheopenningime of platforms
k andk+1 (known parameter).

PassengeiLoad Equations

Passengetoad equationscan be expressedas func-
tionsof passengeftows (Curyetal., 1980):

p(k+1) = p(K) + O(k+ 1)x(k+ 1) —
k
-3 Ok (2
=1
p(k+1) = [pr(k+1) pa(k+1) - po(k+ D)7
O(k+ 1) 2 diag(ay(k+ 1) az(k+1) -+ an(k+1)
OI(j,k+1) 2 diag(aly(j,k+1) - aln(j,k+1))

where pi(k) is the numberof passengerin train i
departingat platformk, a; (k) is theflow of passengers
boardingon train at platform k and al;i(j,k) is the
flow of passengersoardingontrain at platformj and
leaving train at platformk. Thesematricescorrespond
to statisticalmeanvaluesof passengeflows during
specifictime periodsof the day definedby origin-
destinatiomatrice ODM). Theboundaryconditions
are:p(yard) = p(KT) = p(terminal) = p(2KT) = 0.
Constraints

All thevariablesx(k), p(k), up(k) andupl(k) arecon-
strainedby upperand lower boundsimposedby the

safetysystem satishctionof passengerdemandca-
pacity of trainsandoperationatange.

xmin (k) < x (k) <xmax(k)
upmin(k) < upi(k) < upmax(k) ®3)
uplmin; (k) < upli(k) < uplmax(k)
0 < pi(k) < pmax(k)

For guarantyingthat all the passengersvaiting for a
train will onboardin the next train i, the following
constrainis formulated:

®)

0”i(J',k)Xi(J'))

_ 1+ MR(K)
upi(K) > (Bi A0

(4)

whereMP, (k) is a percentuakontrol magin for on-
line regulation and B;(k) is the flow of passengers
boardingor leaving thetraini. The percentuatontrol
maugin is relative to the minimum dwell time and it
canbeajustedby thedesigner

3. DETERMINATION OF OPTIMAL
SCHEDULES

For computationof optimal trajectoriesfor n trains,
thefollowing performancéndex will beused:



2KT
J=3% (Ta(K) + To(K) + Ta(K)) + Ta(k) + Ts(k) (5)
k=1

Term T1(K), relatedto waiting time of passengerin
theplatforms,is givenby piecaviselinearapproxima-
tion of a function obtainedusingqueuetheory (Assis
etal., 2000):

~a3 ©)

whereq > 0 is aweightingparameteand:

(Ii(k
6
w(xmam- xmin)x; (k) —

&4

&i(k) > (xmax+ 5xmin)x; (k)

£i(k) >

_aik) (xmax + xmaxxmin—2xmirf)  (7)

9
&i(k) > ai—ék) (5xmax+ xmin)x; (k) —

—aiT(k)(xma% — xmir?)

Term T, (k) represents piecavise linear approxima-
tion of deviation betweenthe actualnumberof pas-
sengersn thetrain andthedesirableone(Assisetal.,

2000):

9 = s_ipi Q )
wheres > 0 is aweightingparameteandp; (k) is:
pi(k) > —pi(K) + p' (k)
pi(K) > pi(k) — P (K) C))
pi(K) > 3pi (k) + (1 — &) pmaxxk) — p'(K)

where p' (k) representshe desirablenumberof pas-
sengerat platformk, pmaxxk) is thepassengeioad
at platform k, beyond which, passengecomfort is
unsatishctory The paramete is a high weigthing
factoradjustedo guarante¢hat pmaxxk) will notbe
exceeded.

ThetermT3(k) takesin accounthetraintrip duration
that dependson the control sequencef dwell times
andrunningtimesof trains:

n

TR =15 WK +upi()  (10)

wherer > 0 is aweightingparameter

Terms Ti(k) and T3(k) representa compromisebe-
tweentrain trip durationand numberof trainsin ser
vice,whichis relatedto operationatost.

The term Ty4(K) is relatedto traffic continuity. It is
concernedwith necessityof keepingconstanttrain
headvaysatline terminals.

Ta(K) = $101+ S02 (11)

wheres; > 0, s, > 0 areweightingparameterand:

—01 < x(yard) —
—02 < xj(terminal) —

Xi—1(2KT) < 01
X(KT) <02 (12)
op <0omax , 02 < 02max

Boundso;maxandozmaxrepresenthe maximumal-
lowedvariationof trainheadvay in yardandterminal,
respectiely. If o, = 0 thenumberof trainsin service
canbeestimated:

< upi(K) +upli(k)

nT =
'T 4 x(yard)

(13)

Finally, the term T5(k) is relatedto smoothnesof
traffic behaviour with respecto up; (k) andupl; (k).

Ts(k) = z(81 + (2) (14)

wherez > 0 is aweightingparameteand:

=1 < upi(k) —upi—1(k) < {1
—Z2 < upli(k) —upli—1(k) < 22 (15)
(1< {max , (2 < {emax

Theproblemof determinatiorof optimalschedulesan
be statedasthelinearprogrammingproblem:

n 2KT
min(s101 + 02 + 201 + 202 + Z > (cei(k) +

Frup () +uph(k) +spiK))  (16)

subjectto constraints(1), (2), (3), (4), (7), (9), (12) e
(15).

Adjustableparameters, r, S, 51, S, Z ando, allow to
getatrade-of solutionbetweeroperationatostsand
serviceguality for passengers.

4. MODEL PREDICTIVECONTROL

TheLP problem(16)correspondhedeterminatiorthe
trajectorief n trainsalong2KT platforms.It canbe
verified that behaiour of eachtrain dependsexclu-
sively of the train dispatchedmmediatelybefore.So
thefollowing formulationcanbe done:

n

min(t;(PV(t) +Qu(t)))

subjectto:



|:A1 0] [v(t+1)] _ [Cl 0] [v(t)]
A,Br||wt+1)| | 00w
D} 0 00 0
Dti E1 (1 00 ¢ G}
0 E [V(t+ )] <loo [V(t)]+ G,
Ds s | LOUHD] T g o] L0 0
D4 B4 F 0 0
vmin<v(t) <vmax Vt=1,---,n
omn< wt) <wmax WVt=1,---,n (17)
(k)
pe(K)
upr (k) & (k)
upl (k) & (yard)
v 2| x(k |2 | terminal)
X (yard) o1
X (terminal) o)
(1
R
Vi=i=1,---,n (18)

Vk=1,2,--,KT,(KT +1),---,2KT

where P and Q are weighting matrices,A;, Bi, Ci,
D3, D4, B, Eo, E3, E4, F1, I, and G, have constant
termsand A, DY, D}, and G} dependon passenger
flow variation.TheLP problem(17)canbesimplifyed
as:

n

min(t;(PV(t) +Quxt)))

subjectto:

(A B] [Z)((ttill))] = Cv(t)

[D'E] [:o((ttill))] <Fy(t)+G
vmin<v(t) <vmax Vt=1,---,n

omin< w(t) <wmax Yt=1---,n (19)

It canbe verified thatvariablesw(t) in spiteof being
included in the cost function, doesnot have direct
influencein the next traint + 1 behaiour. A MPC
problemcanbeformulatedas:

Nt

H / J—
r\1/:|\|/\r/13 (V,W) = k;(PVtthk\t + QW 4,t)

subjectto:

vmin< Ve <vmax  te=1,---,Nt

wmin< oy p <wmax  t=1,---,Nt  (20)
Vye = V(1)
AVt gerpt + Bt = CVipg, >0

D'Vt 1t + EQpgerap < FVipg e + G >0

wherev £ {v,--- ;Vt+Nt},Wé {ox, -+, 0Nt} Vegg it
and wy .y, ; denotespredictedvectorsat time (t + tk)
wherety = 1,--- Nt denoteghenumberof trainscon-
sideratedSo,for asingle-stegMPC, the problemis to
obtainvectorsvy nyr and ey nye wherevt is known
andNt = 1. If the optimizationproblemis repeated
at time t+1, basedon the known behaiour of vi11
andconsideringhevariationof passengediow wecan
getthe optimaltrajectoryof the next dispatchedrain.
Thus,the proposednodelcanbe usedfor determina-
tion of optimalscheduleglonga full dayassumming
known thetrajectoryof thefirst train anddaily origin-
destinatiommatrix. Theproposedpproacttanalsobe
usedin thefollowing situations:

- Executethetransitionbetweerperiodswith constant
headvays.

- Modify train time schedule®n-line during comer
cial operationin the caseof significatve passenger
flow disturbance.

In thesesituationsthe control stratgy consistsof
two stagesin the first stagethe MPC (20) is solved
repeteadlyusing solution\i41 asinitial condition of
the following step.In this way we get the trajectory
for NP trains.For eachstep(Step=1,---,NP), ODM
is giving by convex combination:

ODM = (1—A)ODM; + AODM; (21)

whereA = 32,0 < A < 1 andthe matricesODM; e
ODM; representhe expectedmatricesfor the begin-

ning andthe endof transitionperiod.

In the secondstageit is proposedhefollowing MPC
problemwith recedinghorizon:

Nt—1
r\?\i/\?J’(V,W) = k; (PVtag it + Qryg )

subjectto:

min{v(t),v(t+Nt)} <vege <
<max{v(t),v(t+Nt)} t=1,---,Nt
min{e(t), w(t + Nt} < Gy yq¢ <

<maxw(t),w(t+Nt)} t=1,---,Nt
Vee = V(1) 5 Vet = V(E+NE) (22)
AV 1+ Bopgr1 = CVig i, >0

D'Vttt + E@igerap < FViag i+ G, >0

wherev(t) andv(t + Nt) denotegheknown trajectory
of the first and the last train and the passengeflow
is considerconstantfor all trains. In this case,the
trajectorieof (NPF — 2) trainsareobtainedepeating
the optimizationproblem,basedn known behaiour
of v(t+ 1) andv(t + Nt) with Nt = (NPF —Step+1)
whereSep=1,2,---,(NPF — 2).



5. PRACTICAL APPLICATION AND

Considemetrolinein Figurel, similarto North/South

line of SAoPauloundeground.

Initially it is treatedhegeneratiorof trajectoriedor n
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trainsduringthefollowing periodsin themorning:
¢ Beginningof themorning(05:00hto 06:00h);

e Periodwhenthe passengefiow fluctuatescon-

siderably(06:00hto 06:40h);
¢ Rush-hoursn themorning(06:40hto 08:40h).

In thebeginningof the morningonehasthefollowing

statisticalmeanvaluesof ODM passengeftows:
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statisticalmeanvaluesof ODM passengeftows:
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The operationatonstraintdoundsconsideredre:

uplmin = [ 28 107 99 79 88 110 100 93 84 74 87
8273718266741117888 1187479 1117172
84 76 67 82 83 73 74 91 102 111 85 80 96 107]

uplmax = [ 28 110 100 80 89 116 100 94 86 75 92
88757684 747511281921187881 1137474
8582 74 8290 79 78 94 106 115 86 81 96 107]

upmax(k)=50 , upmin(k)=15, MR(k) =0.2
xmax(k)=300, xmin(k)=90 , 6=10
pmax(k)=2800 , pmaxxk) = 2600

p'(k) =2400, oimax40 , oomax10
{(imax=15 , (omaxb

Figure2 presenthieadvay profile atyardfor 40trains
in the morning (between05:00h and 07:00h). For
MPC1 the trajectoryfor the first train is solved us-
ing the optimizationproblem(16) assumingconstant



headvay. The othertrajectoriesvereobtainedsolving
the MPC problem(20). Figure3 ilustrateshe passen-
ger load profile along stationsof the 30° dispatched
train. Thefollowing resultswereobtained:

x(yard) = 98.8547(S), Xmedum = 97-9913(s)
nT = 40.8790= 41 (traing)
pi(30) = 2578(pass), Pmedum = 1628(pass)
UPmedum = 15.7771(S), uplmedum = 85.2500(s)

Parametersusedin all dispatchesare: q=0.1; r=1;
$=10;51=10;s; = 10°; andz=1.
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For MPC2in Figure2 onhastheheadvay profilesus-
ing the optimizationproblem(16) assumingconstant
headvay in the beginning of the morningandin the
rush-hoursDuring the transitionperiod one hasNP
stepsasproposedn (20) and(21) and (NPF-2)steps
using the modelproposedn (22). In this casewere
usedNP = 16,NPF = 4, q=100;r=10; s=0.1;5=10;
$ = 10°%; and z=1. Figure 3 presentshe passenger
loadprofile atstationdor the30thtrain. Thefollowing
resultswereobtained:

x(yard) = Xmedum = 95.5729(s), nT = 42 (trains)
pi(30) = 2539(pass), Pmedum = 1593(pass)

ComparingMPC1 and MPC2 resultsit can be no-
ticedthatMPC1presentdiigherheadvay valuesthan

MPC2.Hence MPC1presenthigherpassengeoad,
reducingthe numberof trainsin serviceduring part
of themorning.Moreover, thesolutionusingMPC2is
computationallynoreexpensvedueto highernumber
of variablesandequationsalongthe NPF stepsof the
transitionstage.

6. CONCLUSION

The proposedapproactor generatiorof time sched-
ules for metrolines is basedon a model predictive
control formulation with recedinghorizon and con-
siderexplicitly theoperationatonstraintandcontrol
maugin for on-linetraffic regulation.The performance
index using piecavise linear functions clearly con-
tributeto computationaéffectivenes®f proposedap-
proachallowing determinatiorof traintime schedules
for all day long. The performanceof the proposed
approachwasevaluatedusinga metroline similar to
North/SoutHine of SGoPauloundeground.Thecom-
putationalefficiency of theapproachmakesit applica-
bleto on-linetime scheduleadaptatiorio disturbances
in passengeitows duringcomercialoperation.
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