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Abstract: This paper presents an algorithm for automatic generation of train dispatches in
metro lines using model predictive control (MPC) with receding horizon. Train trajetories are
optimized with reduced computational effort according to a moving horizon scheme, allowing
transition between periods with large variation of passenger demand. The model is based
on linear programming. It considers all operational constraints and give a trade-off solution
between operational costs and service quality to passengers. Piecewise-linear functions are
used for directly or indirectly modelling of waiting time of passengers at stations, onboard
passenger comfort, train trip duration and number of trains in service. The performance of
the proposed methodology is illustrated using a metro line similar to North/South line of São
Paulo underground.Copyright c

�
2002 IFAC
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1. INTRODUCTION

The generation of train time schedules in metro lines
corresponds to obtaining the dwell time at stations, run
time between stations and the dispatch time of trains
according to the variation of passenger demand along
train trajectories. It is important to rationalize the use
of trains, according to the variation of passenger flow
at stations during the day, still keeping the system
flexible for recovery of disturbed situations. Train
schedule must be a trade-off between operational costs
and service quality offered to passengers.

The variation of passenger demand along the day and
along the line makes the solution non trivial, requiring
a large computational effort. Moreover, passenger de-
mand variation along weeks, month and year, makes
necessary repetitive solution of the problem.

A methodology for generation of optimal schedules
for metro lines has been proposed in (Cury et al.,
1980): a nonlinear optimal control formulation is used,
solved by an hierarchycal multilevel decomposition
method. A more simple approach has been proposed
in (Bergamashi et al.,1982): the schedulling problem

is formulated as a set of nonlinear equations solved
using an iterative decomposition method. In both ap-
proaches, the operational aspects were not completely
considered and they also require considerable compu-
tational effort due to nonlinear nature of the problem.

Assis et al. (2000) proposed a new methodology for
generation of optimal time schedules using linear
programming (LP). The proposed formulation con-
sider all the operational constraints treated in (Cury et
al.,1980), (Bergamashi et al.,1982) more an additional
constraint correspondent to a control margin for traffic
regulation during the comercial operation of the line,
important to the practical use of train schedulles (Van
Breusegem et al., 1991). The performance index use
piecewise-linear functions for directly or indirectly
modelling the waiting time of passengers at stations,
onboard passenger comfort, train trip duration and
number of trains in service. However, the approach is
restricted to a small period of time where the passen-
ger demand is assumed constant.

This paper presents a methodology for solution of the
schedulling problem using a MPC approach (Bem-
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poradet al.,2000)with recedingcontrol horizon for
computationof train time schedulesduringa full day
consideringthecontinuousvariationof thepassenger
flow alongtheday.

2. ANALYTICAL MODEL

Considerthe metro line in Figure 1. The systemis
composedby two tracksegmentsjoining theterminal
stations,wherethe trains run in oppositedirections.
Train traffic model is composedby two set of dy-
namic equations:headway equationsand passenger
load equations.A set of constraintsarealso consid-
ered:� safetymargin andoperationallimits;� guaranteedcomfortlevel for passengers;� guaranteedcontrolmargin for on-linetraffic reg-

ulation;� guaranteedonboardin thearriving trainof all the
passengerswaitingatplatforms;� continuity andsmoothnessof train traffic along
theline.

Fig. 1. North/SouthLine of S.PauloUnderground

Headway Equations

Headway is the interval betweentwo consecutive
trains along the line. For n trains and KT platforms
(Curyetal., 1980)givesthefollowing model:

x � k � 1��� x � k��� Lup � k � 1��� Lupl � k � 1� (1)�
k � yard 	 1 	 2 	�
�
�
�	� KT � 1��	� KT ��	 terminal 	� KT � 1��	�
�
�
�	� 2KT � 1��	�� 2KT �

where:x � k������ x1 � k� x2 � k��
�
�
 xn � k��� T
up � k � 1� ���� up0 � k � 1� up1 � k � 1��
�
�
 upn � k � 1��� T
upl � k � 1� ���� upl0 � k � 1��
�
�
 upln � k � 1��� T
L �� ����� � 1 1 0 
�
�
 0 0

0 � 1 1 
�
�
 0 0
...

...
...

...
...

...
0 0 0 
�
�
�� 1 1

 "!!!#
wherexi � k� is the waiting time of passengersof the
train i at platform k, upi � k � 1� is the dwell time of
train i at platformk+1 andupli � k � 1� is the running
time of train i betweenplatformsk andk+1. Observe
thatxi � yard � is theheadwaybetweentrainsin theyard
dispatchingterminal(main elementof train dispatch
problem).For i=0 we getup0 � k � 1�$� upl0 � k � 1� is

thedifferencebetweentheopenningtimeof platforms
k andk+1 (known parameter).

PassengerLoad Equations

Passengerload equationscan be expressedas func-
tionsof passengerflows (Curyetal., 1980):

p � k � 1�%� p � k��� ∇ � k � 1� x � k � 1�&�� k

∑
j ' 1

∇l � j 	 k � 1� x � j � (2)

p � k � 1�(���� p1 � k � 1� p2 � k � 1��
�
�
 pn � k � 1�)� T
∇ � k � 1�*�� diag � α1 � k � 1� α2 � k � 1�+
�
�
 αn � k � 1�
∇l � j 	 k � 1� �� diag � αl1 � j 	 k � 1�,
�
�
 αln � j 	 k � 1���
where pi � k� is the numberof passengersin train i
departingatplatformk, αi � k� is theflow of passengers
boardingon train at platform k and αl i � j 	 k� is the
flow of passengersboardingon train at platformj and
leaving trainatplatformk. Thesematricescorrespond
to statisticalmeanvaluesof passengerflows during
specific time periodsof the day definedby origin-
destinationmatrices(ODM). Theboundaryconditions
are:p � yard ��� p � KT ��� p � terminal��� p � 2KT �-� 0 .
Constraints

All thevariablesx(k), p(k), up(k) andupl(k) arecon-
strainedby upperand lower boundsimposedby the
safetysystem,satisfactionof passengersdemand,ca-
pacityof trainsandoperationalrange.

xmini � k�(/ xi � k�0/ xmaxi � k�
upmini � k��/ upi � k�(/ upmaxi � k� (3)

uplmini � k�(/ upli � k�(/ uplmaxi � k�
0 / pi � k�(/ pmaxi � k�

For guarantyingthat all the passengerswaiting for a
train will onboardin the next train i, the following
constraintis formulated:

upi � k�(132 1 � MPi � k�
βi � k��� MPi � k� αi � k�54 ..�6 αi � k� xi � k��� k 7 1

∑
j ' 1

αl i � j 	 k� xi � j ��8 (4)

whereMPi � k� is a percentualcontrol margin for on-
line regulation and βi � k� is the flow of passengers
boardingor leaving thetrain i. Thepercentualcontrol
margin is relative to the minimum dwell time and it
canbeajustedby thedesigner.

3. DETERMINATION OFOPTIMAL
SCHEDULES

For computationof optimal trajectoriesfor n trains,
thefollowing performanceindex will beused:



J � 2KT

∑
k' 1

� T1 � k��� T2 � k��� T3 � k����� T4 � k��� T5 � k� (5)

Term T1 � k� , relatedto waiting time of passengersin
theplatforms,is givenby piecewiselinearapproxima-
tion of a functionobtainedusingqueuetheory(Assis
etal., 2000):

T1 � k�-� q
n

∑
i ' 1

εi � k� (6)

whereq 1 0 is aweightingparameterand:

εi � k�01 αi � k�
6

� xmax� 5xmin� xi � k�
εi � k�01 αi � k�

2
� xmax� xmin� xi � k�&�� αi � k�

9
� xmax2 � xmax. xmin � 2xmin2� (7)

εi � k�01 αi � k�
6

� 5xmax� xmin� xi � k�&�� αi � k�
3

� xmax2 � xmin2 �
Term T2 � k� representsa piecewise linear approxima-
tion of deviation betweenthe actualnumberof pas-
sengersin thetrain andthedesirableone(Assiset al.,
2000):

T2 � k�-� s
n

∑
i ' 1

ρi � k� (8)

wheres 1 0 is a weightingparameterandρi � k� is:

ρi � k�(19� pi � k��� pr � k�
ρi � k�(1 pi � k�&� pr � k� (9)

ρi � k�(1 δpi � k���:� 1 � δ � pmaxx� k�;� pr � k�
wherepr � k� representsthe desirablenumberof pas-
sengersat platformk, pmaxx� k� is thepassengerload
at platform k, beyond which, passengercomfort is
unsatisfactory. The parameterδ is a high weigthing
factoradjustedto guaranteethat pmaxx� k� will notbe
exceeded.

ThetermT3 � k� takesin accountthetrain trip duration
that dependson the control sequenceof dwell times
andrunningtimesof trains:

T3 � k�-� r
n

∑
i ' 1

� upi � k�<� upli � k��� (10)

wherer 1 0 is aweightingparameter.

Terms T1 � k� and T3 � k� representa compromisebe-
tweentrain trip durationandnumberof trainsin ser-
vice,which is relatedto operationalcost.

The term T4 � k� is relatedto traffic continuity. It is
concernedwith necessityof keepingconstanttrain
headwaysat line terminals.

T4 � k�-� s1σ1 � s2σ2 (11)

wheres1 1 0, s2 1 0 areweightingparametersand:� σ1 / xi � yard �&� xi 7 1 � 2KT �*/ σ1� σ2 / xi � terminal�&� xi � KT �*/ σ2 (12)

σ1 / σ1max 	 σ2 / σ2max

Boundsσ1maxandσ2maxrepresentthemaximumal-
lowedvariationof trainheadwayin yardandterminal,
respectively. If σ2 � 0 thenumberof trainsin service
canbeestimated:

nTi � 2KT

∑
k' 1

upi � k��� upli � k�
xi � yard � (13)

Finally, the term T5 � k� is relatedto smoothnessof
traffic behaviour with respectto upi � k� andupli � k� .

T5 � k�-� z� ζ1 � ζ2 � (14)

wherez 1 0 is aweightingparameterand:� ζ1 / upi � k�;� upi 7 1 � k��/ ζ1� ζ2 / upli � k�&� upli 7 1 � k�(/ ζ2 (15)

ζ1 / ζ1max 	 ζ2 / ζ2max

Theproblemof determinationof optimalschedulecan
bestatedasthelinearprogrammingproblem:

min � s1σ1 � s2σ2 � zζ1 � zζ2 � n

∑
i ' 1

2KT

∑
k' 1

� qεi � k�<�� r � upi � k��� upli � k����� sρi � k����� (16)

subjectto constraints:(1), (2), (3), (4), (7), (9), (12) e
(15).

Adjustableparametersq, r, s, s1, s2, z andδ, allow to
geta trade-off solutionbetweenoperationalcostsand
servicequality for passengers.

4. MODEL PREDICTIVECONTROL

TheLP problem(16)correspondthedeterminationthe
trajectoriesof n trainsalong2KT platforms.It canbe
verified that behaviour of eachtrain dependsexclu-
sively of the train dispatchedimmediatelybefore.So
thefollowing formulationcanbedone:

min � n

∑
t ' 1
� Pν � t ��� Qω � t �����

subjectto:



=
A1 0
At

2 B1 > = ν � t � 1�
ω � t � 1� > � =

C1 0
0 0 > = ν � t �

ω � t � >������ Dt
1 0

Dt
2 E1

0 E2

D3 E3

D4 E4

 !!!!# =
ν � t � 1�
ω � t � 1� > /

������ 0 0
0 0
0 0
F1 0
F2 0

 !!!!# =
ν � t �
ω � t � > �

������ 0
Gt

1
G2

0
0

 !!!!#
νmin / ν � t �*/ νmax

�
t � 1 	�
�
�
�	 n

ωmin / ω � t �0/ ωmax
�
t � 1 	�
�
�
�	 n (17)

ν � t � �� ������ upt � k�
uplt � k�
xt � k�

xt � yard �
xt � terminal�

 !!!!# ;ω � t � ��
��������������

pt � k�
ρt � k�
εt � k�

εt � yard �
εt � terminal�

σ1

σ2

ζ1

ζ2

 !!!!!!!!!!!!#�
t � i � 1 	�
�
�
�	 n (18)�

k � 1 	 2 	�
�
�
�	 KT 	� KT � 1��	�
�
�
�	 2KT

whereP and Q are weighting matrices,A1, B1, C1,
D3, D4, E1, E2, E3, E4, F1, F2 andG2 have constant
termsand At

2, Dt
1, Dt

2 and Gt
1 dependon passenger

flow variation.TheLP problem(17)canbesimplifyed
as:

min � n

∑
t ' 1
� Pν � t ��� Qω � t �����

subjectto: ?
At B @ = ν � t � 1�

ω � t � 1� > � Cν � t �?
Dt E @ = ν � t � 1�

ω � t � 1� > / Fν � t ��� Gt

νmin / ν � t �*/ νmax
�
t � 1 	�
�
�
�	 n

ωmin / ω � t �(/ ωmax
�
t � 1 	�
�
�
�	 n (19)

It canbeverifiedthatvariablesω � t � in spiteof being
included in the cost function, doesnot have direct
influencein the next train t � 1 behaviour. A MPC
problemcanbeformulatedas:

min
V AW J BC� V 	 W �-� Nt

∑
k' 1

� Pνt D tk E t � Qωt D tk E t �
subjectto:

νmin / νt D tk E t / νmax tk � 1 	�
�
�
�	 Nt

ωmin / ωt D tk E t / ωmax tk � 1 	�
�
�
	 Nt (20)

vt E t � v � t �
Atνt D tk D 1 E t � Bωt D tk D 1 E t � Cνt D tk E t 	 tk 1 0

Dtνt D tk D 1 E t � Eωt D tk D 1 E t / Fνt D tk E t � Gt 	 tk 1 0

whereV ��GF νt 	�
�
�
	 νt D Nt H ,W ��IF ωt 	�
�
�
�	 ωt D Nt H . νt D tk E t
and ωt D tk E t denotespredictedvectorsat time (t � tk)
wheretk � 1 	�
�
�
�	 Nt denotesthenumberof trainscon-
siderated.So,for asingle-stepMPC,theproblemis to
obtainvectorsνt D Nt E t andωt D Nt E t whereνt is known
and Nt � 1. If the optimizationproblemis repeated
at time t+1, basedon the known behaviour of νt D 1

andconsideringthevariationof passengerflow wecan
gettheoptimaltrajectoryof thenext dispatchedtrain.
Thus,theproposedmodelcanbeusedfor determina-
tion of optimalschedulesalonga full dayassumming
known thetrajectoryof thefirst trainanddaily origin-
destinationmatrix.Theproposedapproachcanalsobe
usedin thefollowing situations:
- Executethetransitionbetweenperiodswith constant
headways.
- Modify train time scheduleson-line during comer-
cial operationin the caseof significative passenger
flow disturbance.

In thesesituationsthe control strategy consistsof
two stages.In the first stagethe MPC (20) is solved
repeteadlyusingsolutionVt D 1 as initial conditionof
the following step.In this way we get the trajectory
for NP trains.For eachstep(Step � 1 	�
�
�
�	 NP), ODM
is giving by convex combination:

ODM ��� 1 � λ � ODM1 � λODM2 (21)

whereλ � Step
NP , 0 / λ / 1 andthematricesODM1 e

ODM2 representtheexpectedmatricesfor thebegin-
ningandtheendof transitionperiod.

In thesecondstageit is proposedthefollowing MPC
problemwith recedinghorizon:

min
V AW J B � V 	 W ��� Nt 7 1

∑
k' 1

� Pνt D tk E t � Qωt D tk E t �
subjectto:

minF ν � t ��	 ν � t � Nt � H / νt D tk E t // maxF ν � t ��	 ν � t � Nt � H tk � 1 	�
�
�
�	 Nt

minF ω � t ��	 ω � t � Nt � H / ωt D tk E t // maxF ω � t ��	 ω � t � Nt � H tk � 1 	�
�
�
�	 Nt

vt E t � v � t �9	 vt D Nt E t � v � t � Nt � (22)

Atνt D tk D 1 E t � Bωt D tk D 1 E t � Cνt D tk E t 	 tk 1 0

Dtνt D tk D 1 E t � Eωt D tk D 1 E t / Fνt D tk E t � Gt 	 tk 1 0

whereν � t � andν � t � Nt � denotestheknown trajectory
of the first and the last train and the passengerflow
is considerconstantfor all trains. In this case,the
trajectoriesof � NPF � 2� trainsareobtainedrepeating
the optimizationproblem,basedin known behaviour
of ν � t � 1� andν � t � Nt � with Nt �J� NPF � Step � 1�
whereStep � 1 	 2 	�
�
�
�	�� NPF � 2� .



5. PRACTICAL APPLICATION AND
SIMULATION RESULTS

Considermetroline in Figure1,similartoNorth/South
line of SãoPaulounderground.

Initially it is treatedthegenerationof trajectoriesfor n
trainsduringthefollowing periodsin themorning:� Beginningof themorning(05:00hto 06:00h);� Periodwhen the passengerflow fluctuatescon-

siderably(06:00hto 06:40h);� Rush-hoursin themorning(06:40hto 08:40h).

In thebeginningof themorningonehasthefollowing
statisticalmeanvaluesof ODM passengerflows:

ODM1 � 1
10000 K

������������������������������������

0 6 24 30 28 58 78 59
12 0 3 5 8 17 23 18
12 1 0 1 1 5 7 5
56 5 2 0 1 6 14 11
42 6 4 1 0 1 4 6
19 3 3 1 0 0 1 1
29 4 5 3 1 1 0 1
16 3 3 2 1 1 1 0
14 2 3 2 1 2 1 0
9 2 2 1 1 1 1 1

12 2 3 2 1 2 2 1
29 6 7 4 4 6 7 4
29 6 7 4 4 6 7 4

102 19 26 17 14 27 32 19
152 29 39 26 22 38 46 29
10 2 3 2 2 3 3 2
44 9 12 8 7 14 17 13
30 6 9 7 6 12 15 12
42 9 13 10 9 18 23 17

136 31 46 34 31 64 85 64

87 43 22 79 79 237 216 39 101 32 14 51
29 14 8 28 28 83 76 14 37 12 6 21
9 5 3 9 9 29 27 5 13 4 2 8

19 11 6 23 23 75 69 13 36 13 6 24
11 6 3 15 15 51 47 9 25 9 4 17
3 2 1 6 6 20 18 3 11 4 2 8
2 2 2 7 7 28 24 5 14 6 3 12
1 1 1 3 3 12 11 2 8 3 2 7
0 0 0 2 2 9 9 2 7 3 2 6
0 0 0 1 1 6 6 1 4 2 1 4
1 0 0 1 1 7 7 2 7 4 2 7
5 1 0 0 0 8 16 5 19 10 4 22
5 1 0 0 0 8 16 5 19 10 4 22

26 11 5 9 9 0 11 7 49 38 21 93
41 20 9 31 31 17 0 4 39 37 33 147
3 2 1 3 3 4 1 0 1 2 2 9

19 10 6 22 22 50 24 2 0 3 5 43
20 11 6 25 25 85 49 6 7 0 2 22
30 17 10 41 41 144 140 19 33 5 0 12

102 59 36 154 154 579 563 102 262 62 11 0

 !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!#
In therush-hoursin themorningonehasthefollowing
statisticalmeanvaluesof ODM passengerflows:

ODM2 � 1
1000K

������������������������������������

0 33 113 160 223 717 623 700
11 0 17 37 87 187 203 297
14 2 0 3 17 67 73 110
49 9 4 0 10 60 113 173
48 16 9 3 0 20 57 143
23 8 8 3 1 0 10 37
38 13 14 9 3 3 0 17
20 7 8 5 3 4 1 0
26 10 11 8 5 10 4 1
10 4 4 3 2 4 3 2
14 6 7 6 4 8 6 5
23 9 12 10 7 15 12 10
60 33 50 33 53 70 50 60

123 67 100 70 123 173 140 177
160 87 133 93 163 217 173 230
23 13 20 13 23 33 27 37
43 23 40 27 50 77 63 93
50 27 47 33 63 100 87 143
73 43 73 57 103 163 143 220

167 103 183 140 267 423 377 580

583 300 220 427 427 1497 673 343 220 47 47 127
260 167 140 277 277 940 360 130 97 27 27 73
97 67 57 120 120 410 157 57 43 13 13 37

157 113 103 220 220 790 307 113 87 27 27 77
130 97 90 213 213 803 313 117 93 27 27 87
57 40 40 93 93 393 143 57 50 13 17 47
37 50 47 113 113 540 200 80 67 23 23 73
7 13 23 53 53 260 100 43 37 13 13 43
0 3 10 43 43 223 90 40 40 17 17 43
0 0 3 13 13 123 57 27 23 10 10 33
2 0 0 7 7 163 77 43 37 17 17 47
6 2 1 0 0 120 97 63 53 27 27 80

60 13 3 0 0 120 97 63 53 27 27 80
180 77 47 70 70 0 33 47 73 53 60 180
253 120 77 197 197 133 0 17 40 37 67 200
43 20 17 47 47 70 7 0 3 3 10 43

113 53 43 133 133 367 50 7 0 3 10 57
190 100 77 243 243 1010 163 30 10 0 7 6
297 160 130 417 417 1800 487 110 60 13 0 23
733 407 337 1143 1143 5223 1410 420 353 127 30 0

 !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!#
Theoperationalconstraintsboundsconsideredare:

uplmini � ?
28 107 99 79 88 110 100 93 84 74 87

82 73 71 82 66 74 111 78 88 118 74 79 111 71 72
84 76 67 82 83 73 74 91 102 111 85 80 96 107 @

uplmaxi � ?
28 110 100 80 89 116 100 94 86 75 92

88 75 76 84 74 75 112 81 92 118 78 81 113 74 74
85 82 74 82 90 79 78 94 106 115 86 81 96 107 @

upmaxi � k� =50 , upmini � k� =15 , MPi � k� = 0.2
xmaxi � k� =300 , xmini � k� =90 , δ = 10
pmaxi � k� =2800 , pmaxx� k�-� 2600
pr � k�-� 2400 , σ1max=40 , σ2max=10
ζ1max=15 , ζ2max=5

Figure2 presentsheadwayprofileatyardfor 40trains
in the morning (between05:00h and 07:00h). For
MPC1 the trajectoryfor the first train is solved us-
ing theoptimizationproblem(16) assumingconstant



headw
L

ay. Theothertrajectorieswereobtainedsolving
theMPC problem(20).Figure3 ilustratesthepassen-
ger load profile alongstationsof the 30M dispatched
train.Thefollowing resultswereobtained:

x � yard ��� 98. 8547 � s��	 xmedium � 97. 9913 � s�
nT � 40. 8790 � 41 � trains�

pi � 30��� 2578 � pass.N��	 pmedium � 1628 � pass. �
upmedium � 15. 7771 � s��	 uplmedium � 85. 2500 � s�

Parametersused in all dispatchesare: q=0.1; r=1;
s=10;s1=10;s2 � 106; andz=1.
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Fig. 2. HeadwayProfilesatYard
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Fig. 3. PassengerLoadProfilesof 30thTrain

For MPC2in Figure2 onhastheheadwayprofilesus-
ing theoptimizationproblem(16) assumingconstant
headway in the beginning of the morningand in the
rush-hours.During the transitionperiodone hasNP
stepsasproposedin (20) and(21) and(NPF-2)steps
using the modelproposedin (22). In this casewere
usedNP � 16,NPF � 4, q=100;r=10; s=0.1;s1=10;
s2 � 106; and z=1. Figure 3 presentsthe passenger
loadprofileatstationsfor the30thtrain.Thefollowing
resultswereobtained:

x � yard ��� xmedium � 95. 5729 � s��	 nT � 42 � trains�
pi � 30��� 2539 � pass.N��	 pmedium � 1593 � pass. �
upmedium � 15. 1016 � s��	 uplmedium � 85. 2500 � s�

ComparingMPC1 and MPC2 resultsit can be no-
ticedthatMPC1presentshigherheadwayvaluesthan

MPC2.Hence,MPC1presentshigherpassengerload,
reducingthe numberof trains in serviceduring part
of themorning.Moreover, thesolutionusingMPC2is
computationallymoreexpensiveduetohighernumber
of variablesandequationsalongtheNPFstepsof the
transitionstage.

6. CONCLUSION

Theproposedapproachfor generationof time sched-
ules for metro lines is basedon a model predictive
control formulation with recedinghorizon and con-
siderexplicitly theoperationalconstraintsandcontrol
margin for on-linetraffic regulation.Theperformance
index using piecewise linear functions clearly con-
tributeto computationaleffectivenessof proposedap-
proach,allowingdeterminationof traintimeschedules
for all day long. The performanceof the proposed
approachwasevaluatedusinga metroline similar to
North/Southline of SãoPaulounderground.Thecom-
putationalefficiency of theapproachmakesit applica-
bleto on-linetimescheduleadaptationto disturbances
in passengerflowsduringcomercialoperation.
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