Copyright © 2002 IFAC

15th Triennial World Congress, Barcelona, Spain

DYNAMICS OF A RELAY BASED FREQUENCY RESPONSE
ESTIMATOR

G.H.M.deArruda*, P. R. Barros* andA. S. Bazanella**

* Dept. de Eng. Htrica, Universidade Federal da Paitaa,
Cx.P. 10105, Campina Grande, PB — BRAZIL.
** Dept. de Eng. Htrica, Univ. Federal do Rio Grande do Sul,
Av. Osvaldo Aranha 103, 90035-190, Porto Alegre, RS, BRAZIL,
E-mail: arruda,prbarros@dee.ufpb.br, bazanela@delet.ufrgs.br

Abstract: In this paper the existence and stability of limit cycles in a relay based estimation
experiment are discussed. The relay test is used to estimate the frequency at which a given
transfer function achieves a desired magnitude. The existence and stability of limit cycles in
such experiment are derived via Poincaré map analysis. Numerical examples point out the
properties and limitations of the estimator.
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1. INTRODUCTION fer function’s magnitude where the relay feedback is
stable. Finally, in de Arruda and Barros (2@)1the
use of this relay feedback experiment is studied for
the estimation of thé{., norm of a class of transfer
functions. Application to Pl and PID controllers re-

Relay feedback systems are a special class of non
linear systems that have proven to be very useful
for process identification and on-line controller tun-
ing Fzﬂstrbm and Hagglund, 1995). Analysis of re- design are reported in de Arruda and Barros (2000
lay feedback systems has early been performed inanOI de Arruda and Barros (2091

the frequency domain by describing function analysis, In this paper, time-domain analysis is applied to this
which yields approximate results. Exact conditions experiment exploring its peculiarities. In Section 2 the
have been obtained by time-domain analysis and oper-relay feedback experiment is presented and its main
ator theory, which also provides a deeper understand-features are described. The time-domain theory for
ing on the problem (Johanssenal, 1999; Varigonda  relay feedback systems is summarized in Section 3.
and Georgiou, 2001; Bliman and Krasnosel'skii, 1997; The existence of limit cycles in this relay feedback
Gongalvest al, 2001). experiment is studied in Section 4, where the time-
domain analysis is applied to this case. Two examples
are given in Section 5, illustrating the capabilities and
open issues in this methodology. Finally, conclusions
are given in Section 6.

Recently, a relay feedback experiment has been pro-
posed to estimate the frequency at which a given trans-
fer function achieves a defined magnitude (de Arruda
and Barros, 2001). Also, by varying this magnitude

it is possible to obtain several points of the transfer
function’s frequency response. In de Arruda and Bar-
ros (200®), this relay experiment was applied to the
estimation of the Loop Transfer Function and the Sen-
sitivity Function in a closed loop system. In de Arruda 2. PROBLEM STATEMENT

and Barros (200d), a more complete study of the

relay feedback experiment is presented, and stability Let H (s) be a stable transfer function with state-space
tests are proposed to obtain the values of the trans-representation
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%.f' = ApZ + Bru
y=CrT + Dpa (1)

such that

H(s)=Ch(sI —Apy) "By+Dyn. (2

In order to estimate the frequency at whi¢h(jw)

achieves a defined magnitude, define the transfer func-

tion F'(s) as

H(s)—r

F(S):m,

®3)

with  a real positive scalar parameter, and construct a;, astimate the magnitude &F (

feedback loop with an integrator as shown in Fig. 1. A
state space representation fofs) (fromy; toy,) is

d
%i‘ = Aff + nyi

Yo = CsT + Dyy; 4)
with
Af:<Ah—BhCh) ,B‘f:ﬂa
r
Cf:2<1—&>0hande:<@—1> .
r T
(5)
so that
F(s)=Cs(sI —A;)"" By + Dy . (6)

With the feedback structure shown in Fig. 1, several

points of the frequency response Hf can be deter-
mined by varying the parameter as shown by the
following proposition (de Arruda and Barros, 2@)1

Fig. 1. Structure of’ (s).

Proposition 1. Consider the closed loop system shown
in Fig 1. Assume that the transfer functiéi(s) given

by Eq. 3 is stable. Then if a limit cycle is present, the
frequency of the oscillationy,, is such that

|H (jwo)| 7. (@)

Proof. Describing function analysis implies thatag,

the frequency of the limit cycle/ F (jw,,r) ~ —90°.

Then,

_ H (jw,)
H (jw,)+T

F(jwoaT) ~ _kja

for some real unknowh > 0. But,

. 1-kj
H(]wo)zr1+kj ,
so that
|H (jw,)| =~ 7.
[ ]

Remark 2.The describing function analysis assumes
hat only a sinusoidal signal of frequengy is propa-
gating through the transfer functidn(s). For the case
where that is not a good approximation, there will be
an error associated with this assumption. In de Arruda
and Barros (204), Discrete Fourier transformis used
Jjw) at frequencyv,.

Remark 3.A standard relay test can be used to obtain
a safe range for the parameteisuch thatF (s) is
stable (see de Arruda and Barros (2601

The problem posed in this paper isto evaluate the
existence and stability of the limit cycles predicted
by Eq. (7), in order to have a more complete un-
derstanding of the estimation experiment induced
by proposition 1.

3. RELAY FEEDBACK SYSTEMS

Consider a linear system represented in state space
form,

= Ax + Bu,
y=Czx, 8
connected in feedback with a relay
_ _J-1, y>0 and
u-rel(y)—{17y<0‘ 9)

wherez € R™. A limit cycle v is the limit set of the
nontrivial periodic orbit defined by the solution of the
nonlinear system,

t=Az+ B-rel (Cz) =1 (z) . (10)

The limit cycle issymmetridf the periodic solution of
(10) satisfiesz (¢ + h*) = —z (t), where2h* is the
period of the oscillation. It is callednimodalif the
relay switches twice, and only twice, per oscillation
period. From Eq. (9), the switching surface is defined
as

Sp={xeR":Cz=0}. (11)
Note thatS is a hyperplane containing the origin that
divides the state space into the two distinct regions

R ={zeR":Cz >0},

Rt={z € R":Cx <0} , (12)
which are governed respectively by
t=Az— B, andi = Az + B . (13)

The following propositions which state necessary and
sufficient conditions for the existence of limit cycles



in the relay feedback system, and sufficient condi-
tions for their asymptotic stability or instability (see
Varigonda and Georgiou (2001)).

Proposition 4. Consider the linear system given by
(8) connected in feedback with the relay given by (9).
There exists a symmetric unimodal limit cycle with
period2h* in the relay feedback system if and only if
the following applies:

B
(@) f(h*) & C(eAh*+I)—1/ eMdsB =0, (14)
0

t
(ii) y(t) = C(eMa* — / e*dsB) >0, (15)

0
vt € (0, h*), where

* -1 h*
T~ = (eAh + I) / eV dsB (16)
0

is the initial conditionz (0) = z* € S that yields the
periodic solution.

Proposition 5. The limit cycle in Proposition 4 is
asymptotically stable if the Jacobian matrix
’lUC Ah*
Cw] ¢ ’
with w = e4"” (Az* — B) has all its eigenvalues

inside the open unit disc. It is unstablelf has at
least one eigenvalue outside the unit disc.

W = {I (17)

In this paper the application of these analytical tools to

the feedback system presented in Figure 1 is studied.

For this particular experiment, the dynamic matrix
of the system including the integrator is singular. By
exploiting the peculiarities of the feedback structure

in Fig. 1 it is possible to derive closed expressions for

equations 14, 15 and 16.

4. THE RELAY FEEDBACK FREQUENCY
RESPONSE EXPERIMENT CASE

The complete state space representation including the

integrator is obtained in the following. The output of
the integrator is chosen as a state variabjg,;, such
that

jfn+1 =UYo = C'ff + nyi (18)
Therefore, with
T
= 19
T= g (19)

the complete state space representation becomes

[t e 2]
ys=[0...01]z, (20)
or
& = Az + Bu
ys =Cux , (22)

with ys = z,+1 andu = y; (see Fig. 1). In this paper
it is assumed that matriA ¢ is nonsingular.

4.1 Periodic Solution

Proposition 6. The solution to the state space equa-
tion (21) foru () = —1,0 < t < h* is given by

T (t) }7

z(t) =

Tn+1 (t)
with
z(t)=e 'z (0) — (M — 1) A7 By, (22)
and
o1 (t) = Cr AT H{(eM' — 1)2(0) (23)

—[( eM' = DA —It]Bs} + @ 41(0) — Dyt .

Proof. If u (t) = —1, the solution of equation (21) is
given by
Af On><1

e =esn ([ 5] ) 20
e (CANDECEEE

Notice that

exp ({gi 0”0“] t>

therefore,

At
et 0n><1

|:Cf (eAft—I)Alfl 1

|

(t)_ eAft O’Il><1
T op (Mt - A7 1

t
/eAfsds
_ . 0
/Cf (etr® 1)
0

which gives (22) and (23)m

¢
A7tds / ds
f 0

4.2 Existence of Limit cycles

Proposition 7. Consider the relay feedback system in
Fig. 1 with {A¢, B¢, Cy, Ds} being the state space
representation af’ (s). Then, there exists a symmetric
unimodal limit cycle with perio@h* if and only if the
following applies:
(i) F(h*) & Cp A (M + DTN — 1)
h* h*
14;1—17]Bf+Df7 =0, (24)
(i) y(t) = Cr AT (e = Dz* — (' = DAF?
—It]By} — Dyt > 0Vt € (0; A7), (25)
with

w*zl

(eAfm H)*l (eAfh* _1) A7
" (26)



T
[@)" 5
that yields the periodic solution:{ € S, 11 = {z €
R Cw = 0}).

as the initial condition; (0) = z* =

Proof. As

B
/ eAds =
0

and

[ (eAft _ I)_l Al:l 0n><1-|
|c (A —1—agh7) a2 |

(27)
(eAft+I)_1 Onx1

~Cyp (M +1) (M - 1) A2 12 |

(28)
Then, (24) and (26) follows by replacing (27) and (28)
in (14) and (16), and also from the fact that at the
switching surfacer;,,;, = 0. Eq. (25) follows from
the fact that there must exist no other switchings at
O<t<h*. m

-1
eAft

(eAh* D= [ +1 Onxl}

Cp (et — 1) A7* 2

4.3 Poincare Map

Proposition 8. The limit cycle obtained with the relay
feedback system in Fig. 1 is asymptotically stable if

’lDCfA?l (eAfh — I)
CyA;* (0 + By) — Dy
with w = eA7"" (A;z* — By), has all its eigenvalues

inside the open unit disc. It is unstable if at least one
eigenvalue of¥ is outside the unit disc.

R _

W =el . (29)

Proof. From proposition 5 and the system’s equation,

o
w= {CA;l(w+Bf)—Df] ’

W= l w ‘  C; A7 (wt+By)—Dy ]

On><1 | 0

whereCyA;* (@ + By) — Dy = §, (k") # 0 by
assumption. Clearly¥ has a null eigenvalue, which
is within the unit cycle. The remaining eigenvalues
are obtained from the matri¥’. Hence, according to
proposition 5, ifi” has all its eigenvalues inside the
open unit disc, the limit cycle is stable. W has any
of its eigenvalues outside the unit disc, the limit cycle
is unstable.m

and

5. EXAMPLES
5.1 Second Order Transfer Function

Consider the second order transfer function

1
H (s) GrI?

The relay experiment shown in Fig. (1) is performed
for different values of parameter The frequency of
the oscillationw, is measured and the magnitude of
H (jw,) is computed using théV-point DFT tech-
nigue, as reported in de Arruda and Barros (2§01
denoted here byprr. The results are shown in Fig.
2forr=1[0.20.30.40.50.60.70.80.9].

10°
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Frequency [rad/s]

Fig. 2. Magnitude Bode Plo{H (jw)| (=), r versus
wo (0) andrprr Versusw, (x).

Take for instance the case = 0.5. Then from the
experiment,w, = 0.5888 and rprr = 0.7399
computed withV = 1000 samples taken over one
period.H (s) has state space representation

-2 -1 1
m= 20 =]
Ch=[01] and D, =0,

while F'(s) is

-2 -3 2
=79 ] = 3]

Cr=[02] and Dy = —1.

Using Proposition 7, the unique limit cycle has a
period of2h* = 10.6694. Note thatr /h* = 0.5889 =
wo, and thatl H (j:=)| = 0.7425 = rppr.

The stability of this limit cycle is confirmed from
Proposition 5, where» = [0.0070 — 0.0130]% and

i — [ 00127 0.0104
= [ -0.0235 —0.0491 | °

which has all eigenvalues inside the open unit disc
(eig W = (0.0041; —0.0406)). Similar results apply
for the remaining values af. Note that, from the root
locus ofH(s), F(s) is stable for- > 0.

5.2 High Order Dynamics

Consider the transfer function
1

H(s) = (5+01)(s2+2-025+1)

(30)




The magnitude Bode plot off (jw) is shown in
Fig. 3. Note that forr between2.3984 and 2.7138,
|H (jw,)| = r is satisfied for several frequencies for
eachr. Results for some values efare shown in the
figure, and discussed in the sequel.
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Fig. 3. Magnitude Bode plot faH (s): |H (jw)| (—),
r Versusw, (0), rppr Versusw, (x) and critical
point (x).

Consider the case = 2.5, such that the line = 2.5
intercepty H (jw)| at three different frequencies. The
state space representation fofs) is given by

—0.5 —=1.04 -0.5 0.4
0 1 0 0

C;=[002] and Dy =—1.

According to Proposition 7, this relay feedback system
has two distinct limit cycles at* = [ 3.1549 3.6631 |,
instead of three as expected. Af = 3.1549, w; =
[—1.2412 10.2659 0.9081]7, and

—0.9815 —0.1748 —0.0049
1.5963 1.0204 1.6791 | ,
1.1083 0.1302 0.1673

which has the eigenvalues (-0.9794;0.9384;0.2472).
Thus, atwy = =w/h} 0.9958 rad/s, the limit
cycle is stable. This corresponds to the circle in Fig.
3. Starting from the null initial conditions, the output
signals after the transient are shown in Fig 4.

For h3 = 3.6631, w, = [—0.8207 0.9921 0.6675]%,
and

Wi =

—2.3396 —0.8728 —1.1884
1.5167 0.8955 1.6328 | ,
2.1443 0.6399 1.0780

which has the eigenvalues (-1.2376;0.43§82531).
In this case, the limit cycle at} w/h}
0.8576 rad/s is unstable. This corresponds to the
triangle in Fig. 3. The instability behavior of the output

of the process at this operating condition is illustrated
in Fig. 5, where the experiment is performed with

initial conditionz*, obtained from Proposition 7.
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Output of H(s) and F(s)/s
|

I
10
Time [sec]

=)

Relay Output

I I I I
12 14 16 18

_15 I I I I
0

I
8 10 20
Time [sec]

Fig. 4. Stable limit cycle. In the upper graphigt)
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Fig. 5. Unstable limit cycle fof (s).

It should be pointed out that application of Proposition
7 for 2.63 < r < 2.67 indicates that there exists no
unimodal symmetric limit cycles in the relay feedback
of Fig. 1. Take for instance = 2.65. Starting from

null initial conditions, the output of the relay feedback
system after transient is shown in Fig. 6. Indeed, the
oscillation does not correspond to a symmetric uni-
modal limit cycle, even if observed over a longer pe-
riod. However, this corresponds to a very small range
compared to the frequency responseHfs). Fur-
thermore, the frequency response can be estimated by
injecting sinusoidal signals and measuring the output,
since the frequency range where the gap is defined is
known from the experiment. Also note thals) is
stable forr > 2.3815.

6. CONCLUSIONS

The relay experiment discussed in this paper allows,
according to the describing function analysis, to obtain
the frequency response of a process by varying a pa-
rameter in the feedback loop. The describing function
analysis does not always yield accurate results, par-
ticularly when the magnitude of the transfer function
is not small for frequencies above the frequency of
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oscillation. The correct value can be obtained from
Fourier analysis of the input-output data.

the same magnitude for more than one frequency, the Italy.

describing function analysis predicts more than one Gongalves, J. M., A. M. and M. A. Dahleh (2001).
limit cycle. It is desirable to observe all of them in Global stability of relay feedback systemiEEE
order to completely evaluate the frequency response. Trans. on Aut. Con#46(4), 550-562.
Time-domain analysis of examples points out that Johansson, K. H., A. Rantzer and KAktrom (1999).
there might not be a limit cycle for each corresponding Fast switches in relay feedback systemsto-

magnitude, and that some may be unstable. Hence, in matica35(4), 539-552.
order to apply this method in a practical setting further Varigonda, S. and T. T. Georgiou (2001). Dynamics of
improvements are necessary, as suggested. relay relaxation oscillatordEEE Trans. on Aut.

In this paper time-domain theory for relay feedback Cont.46(1), 65-77.

systems is applied to the frequency response estimator.
Necessary and sufficient conditions for the existence
and stability of limit cycles have been derived, pro-
viding expressions that can be directly applied to this
relay experiment. Numerical examples discussing the
divergences between the describing function analysis
and the exact analysis have been given. The insight
provided by these results on the behavior of the sys-
tem will guide further improvements in the method
aiming at detecting all possible points in the frequency
response, which is where future research will be con-
centrated.
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