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Abstract: The static output feedback synthesis for LTI systems is considered. It is shown
to have analogies with robust analysis, in particular the existence of an output feedback
gain is equivalent to the existence of some quadratic separator. These considerations lead to
formulate the problem as the synthesis of an ellipsoidal set of stabilising controllers. Based
on this formulation important issues are developed for fragility, restricted controllers and also
root-clustering.Copyright c

�
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1. INTRODUCTION

The Static Output Feedback (SOF) design is a cen-
tral problem in control engineering and is still open
(Bernstein, 1992; Blondelet al., 1995; Syrmoset
al., 1997). In (Fu and Luo, 1997) a formulation of
the SOF problem based on the non convex relation
XP ��� , is shown to be NP-hard. Some papers propose
therefore numerical algorithms with no global guaran-
teed convergence, (El Ghaouiet al., 1997; El Ghaoui
and Niculescu, 2000). Nevertheless, some examples
show the nice convergence properties, (de Oliveira and
Geromel, 1997), and are satisfactory for some applica-
tions. The aim of this paper is to rely on these practical
algorithms and discuss the opportunity to solve the
SOF problem with various constraints on the closed-
loop system and on the matrix gain.

As in the papers cited above, we explore the SOF
synthesis based on LMI formulations. All synthesis
objectives are expressed with LMIs, constrained by a
single non convex inequalityX � YZ � 1Y � .
The key result is closely related to topological sep-
aration (Goh and Safonov, 1995). This framework
amounts to tackle the stability of interconnected sys-
tems (figure 1) via the existence of a topological sepa-
rator between the graph of the first system (Σ1) and

the inverse graph of the other (Σ2). Based on this
framework, major contributions have been made for
robust control, (Iwasaki and Hara, 1998; El Ghaoui
and Niculescu, 2000; Peaucelle and Arzelier, 2001).
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Figure 1. Interconnected systems

For the SOF problem, we consider the separation be-
tween the open-loop system and the controller con-
stant matrix gain (Σ2 � K ). In this case, (Iwasaki and
Hara, 1998) shows that the separator can be chosen
without conservatism among real constant matrices.
The synthesis of a static output feedback gain is there-
fore equivalently replaced by the synthesis of some
quadratic constant separator that characterises a set of
stabilising controllers.

A by-product of the proposed framework is to in-
troduce extra decision variables. These new “slack”
variables have an equivalent status as those introduced
in (Geromelet al., 1998; de Oliveiraet al., 1999; Peau-
celle et al., 2000). They create extra degrees of free-
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dom,thatmaybeexploitedfor nonconservativemulti-
objectiveandrobustnesspurposes.

The existing SOF resultsin literature focus mainly
onstabilisabilityandfew performanceobjectivessuch
as H2 or H∞ norms are discussed,(Iwasaki, 1999;
Gahinetand Apkarian, 1994). The proposedframe-
work may be applied for most of the performance
criteria that have analysisconvex LMI formulations,
(Boyd et al., 1994; Peaucelle,2000). For concise-
nessreasonsall criteria arenot consideredin the pa-
per. Only pole locationin LMI regions,(Chilali and
Gahinet,1996),is detailed.

In addition,the adoptedapproachis particularlyap-
propriatefor specifyingconstraintson thecontrollers.
The first issueis the fragility as introducedin (Keel
and Bhattacharyya,1997). Having defineda set of
admissiblecontrollers,the stability andperformance
objectives are assessedwhatever someuncertainties
ontheSOFgain.Thesecondissueconcernsstructural
constraintson the controller. Somenon conservative
LMI basedpropertiesallow to restricttheSOFgainto
someboundedset.

Theoutlineof the paperis the following. First, some
notationsareintroduced.The third sectionis devoted
to the centralresult of the paper. Next, someexten-
sionsto fragility andconstrainedcontrollersexplicit
thepropertiesof thenew SOFdesign.Thefifth section
is devoted to pole locationdesign.Finally, the sixth
sectionexposessomeadaptedLMI-basedalgorithms
testedon telling examples.

2. PRELIMINARIES

Notationsarestandard.� n ( � n� ) is thesubsetof sym-
metric (positive definite)matricesin 	 n 
 n. A� is the
transposeof thematrix A andA� is its transposecon-
jugate. � and � are respectively the identity and the
zeromatricesof appropriatedimensions.For symmet-
ric matrices, 
������ is the Loënerpartial order, i.e.,
A 
������ B if andonly if A � B is positive (semi)defi-
nite. ��� ABdenotesthesymmetricproductof matrices:
B� AB. � is theKroneckerproductof matrices.

Throughoutthis paper, a particularsetof matricesis
used.By extensionof thenotionof 	 n ellipsoids,this
typeof setis referredto asmatrixellipsoidsof 	 m 
 p.

Definition1. GiventhreematricesX ��� p, Y ��	 p 
 m

andZ ��� m, the � X  Y  Z !"� ellipsoidof 	 m 
 p is theset
of matricesK satisfyingthefollowing matrix inequal-
ities:

Z 
#� $%� K �'&�( X Y
Y � Z ) ( �K ) �#� (1)

By definition,Ko
∆�*� Z � 1Y � is thecentreof theellip-

soid andR
∆� K �oZKo � X its radius.The inequalities

(1) write alsoas:

Z 
+� � K � Ko � � Z � K � Ko �,� R (2)

Somepropertiesof thesesetsare pointedout in the
following lemma:

Lemma1.

i) The � X  Y  Z !"� ellipsoidis non-emptyif andonly
if theradius(R �-� ) is positivesemi-definite.

ii) A matrixellipsoidis a compactconvex set.
iii) The volume of a matrix � X  Y  Z !"� ellipsoid of	 m 
 p is relatedto thevolumeof thematrix unit

ball by:

VOL ��� X  Y  Z !.� ellipsoid�
VOL �/�"�0�1 ��2 3�4!.� ellipsoid� �*5 det � R� m

det � Z � p (3)

Proof Condition i) is direct from (2). Moreover, it
illustratesthatthesetis closedandbounded.Applying
a Schurcomplementargument,theinequality(1) also
hasanLMI formulation:( X 6 YK 6 K �Y � K � Z

ZK � Z ) �#� (4)

which is onewayto prove convexity, ii) .
The volume is definedin 	 m 
 p with the Lebesgue
measure.SinceLebesguemeasureis invariantunder
translation,thevolumeof theellipsoiddefinedby (2)
is the sameasfor ellipsoid suchthat K � ZK � R. As
Z andR arepositivedefinite,takerespectively SZ and
SR theirpositivedefinitesquareroots(in theparticular
caseswhenR is singular, det � R�7� 0 andthevolumeis
zero;this partof theproof is omittedfor conciseness
reasons).Thelastinequalitywritesas:� SZKS� 1

R � � � SZKS� 1
R �8�9� (5)

Sincethe linear transformationsK : SZK andK :
KSR multiply Lebesguemeasureby det � SZ � p and
det � SR� m respectively, themeasureof theellipsoid is
det � SZ � � m ; det � SR� p timesthemeasureof K � K �<�
which is thematrix unit sphereandalsothesetof all
linearcontractions. =

3. STABILISABILITY OFLTI SYSTEMS

This sectionis devotedto the staticoutput feedback
(SOF) stabilisability of linear time invariant (LTI),
continuous-timesystems.Considersuchasystemwith
thestate-spacerepresentation:

Σ : > ẋ � t �?� Ax� t �.6 Bu� t �
y � t �?� Cx � t �86 Du � t � (6)

x �@	 n is the statevector, u �A	 m is the input vector
andy ��	 p is theoutputvector. A SOFcontrol law is
definedby a constantgainmatrixK, suchthat:

u � t �7� Ky � t � (7)



Σ B K is theclosedloopsystemdefinedby (6), (7).

Definition2. The LTI systemΣ is saidto be stabilis-
ableby staticoutputfeedbackif thereexistsa matrix
gainK suchthatΣ B K is stable.

The stabilisability is tackled in this papervia Lya-
punov theory. Thestabilisabilityof theopen-loopsys-
temis attestedby thejoint searchfor a quadraticLya-
punov functionV � x�?� x� Px andfor theSOFgainK .

Theorem1. TheLTI systemΣ is stabilisableby static
outputfeedbackif andonly if thereexist four matrices
P �C� n, X �C� p, Y �D	 p 
 m andZ �E� m thatsatisfythe
following LMI constraints:FGGH GGI P 
#�

Z 
+�� �1( � P
P �J) ( �+�A B )LK � �1( X Y

Y � Z ) ( C D�M�J) (8)

andsimultaneouslythenonlinearconstraint:

X � YZ � 1Y � (9)

Under theseconditionsa set of stabilising gains is
givenby thenon-empty{ X, Y, Z}-ellipsoid.

Proofof sufficiency Assumeconditions(8) and (9)
hold for some choice of P, X, Y and Z. Choose
V � x�N� x� Px as Lyapunov function. Takeany matrix
K that belongsto the � X  Y  Z !"� ellipsoiddefinedby
(1). The ellipsoid is non emptydue to condition (9)
and lemma 1. The elimination lemma (Skelton et
al., 1998)appliedto condition(1) implies that there
existsa strictly positivescalarτ 
 0 suchthat:( X Y

Y � Z ) � τ ( K ��O�P) $ K �0� & (10)

For this choiceof K andτ, onegets:� � ( � P
P �Q) ( ���A B ) K τ � � $ K �O� &�( C D�M��) (11)

which impliesfor all non-zerovectors � x� u�R���7S� 0:

2x� P � Ax 6 Bu� K τ � � � KCx 6 KDu � u� (12)

Along the trajectoriesof Σ B K the vectors x and
u are such that ẋ � Ax 6 Bu and u � KCx 6 KDu.
Thederivative of theLyapunov function,V̇ � x� , along
the trajectoriesof the closed-loopsystemis definite
negative.Thestability is provedfor any matrixgainof
the � X  Y  Z !"� ellipsoid. =
Proofof necessity Let K be a stabilising gain and
V � x�N� x� Px be a Lyapunov function that proves the
stability of Σ B K. TheinequalityV̇ � x� K 0 alsowrites
as: T

x
u U � ( �+�A B ) � ( � P

P �J) ( �+�A B ) T x
u U K 0 (13)

for all nonzerovectors � x� u�R���1S� 0 suchthat:$ KC KD ��� & T x
u U � 0 (14)

or equivalentlyfor all � x� u�V���2S� 0 suchthat:T
x
u U � � � $ K �0� &Q( C D�M� ) T x

u U �+� (15)

Applying theS-procedure(Yakubovitch, 1971),there
existsa scalarτ 
 0 suchthat(8) with:

X � τK � K Y �*� τK � Z � τ � (16)

Thisprovesthenecessitywith thestrictly satisfiednon
linearconstraint:X � YZ � 1Y � . =
Remark1. As alreadydiscussedin the first section,
theorem1 is closely relatedto quadraticseparation,
(Goh and Safonov, 1995; Iwasaki and Hara, 1998).
The symmetricmatrix composedof X, Y andZ is a
topologicalseparatorbetweenthegraphof thesystem
Σ and a stabilising set of controllers. On way to
demonstratethis is to applytheKalman-Yakubovich-
Popov lemma.The inequality(8) implies that for all
ω �D	OW�� ∞ ! :� K ( Σ � jω �� ) � ( X Y

Y � Z ) ( Σ � jω �� ) (17)

whereΣ � s�1� D 6 C � s�N� A�/� 1B is thesystemtransfer
matrix. Inequalities(1) and(17) composethesepara-
tion result.It demonstratesthatthequadraticseparator
provessimultaneouslythe stabilisabilitywith respect
to awholesetof controllers.

4. SOMERELATED ISSUES

4.1 Fragility issues

An importantissueof theorem1 concernsthefragility
of thecontrollaw. By extensionof robuststability we
definethenotionof resilience:

Definition3. Let Ko bea stabilisinggain for thesys-
tem Σ and let X K be a set of additive uncertainties
on the control law Ko. The controller is said to be
fragile to X K if for some∆K ��X K the closedloop
Σ B K with K � Ko 6 ∆K , is unstable.On the con-
trary, the controller is said to be non-fragile,(Yang
and Wang, 2001), or resilient, (Corrado and Had-
dad,1999), if the closed-loopis stablefor all uncer-
tainties∆K ��X K .

Resiliencehasthesamestatusasrobustness.The lat-
ter notion concernsthe propertiesof the closedloop
systemwith respectto misknowings on the system



model,while theformerdealswith possibleuncertain-
tiesthatmayoccurwhenimplementingthecomputed
controllermodel.

Corollary 1. AssumethematricesP, X, Y andZ sat-
isfy theconstraints(8) and(9). Thecentralcontroller
Ko is resilientto all additiveuncertainty∆K suchthat:

K � Ko 6 ∆K ∆ �KZ∆K � R (18)

Proof The proof is direct sincea single Lyapunov
functionV � x�2� x� Pxprovesthestabilityof all closed-
loop systems.The fragility issuesarea by-productof
thequadraticseparationasdiscussedin remark1. =
The result of corollary 1 illustratesthe fact that the
ellipsoidal output feedbackdesignis appropriateto
dealwith fragility. It givesanadmissiblesetof uncer-
taintiesat theendof thedesignprocedure.Thevolume
(see lemma 1) of the resulting { X, Y, Z}-ellipsoid
canbeusedto compareSOFsetsandappreciatetheir
respective resilience.Unfortunately, the volumedoes
not takethe geometryinto account.Whena particu-
lar geometryis wanted,the two following corollaries
show how to modify theinitial matrix inequalityprob-
lem.

Corollary 2. Assumethe matricesP, X, Y and Z
satisfy(8) with theconstraints:

Z �<� � K ρ �0� YY � � X (19)

thenthecentralcontrollerKo �Y� Y � is resilientto all
additivenormboundeduncertaintysuchthat:

K � Ko 6 ∆K ∆ �K∆K � ρ � (20)

Corollary 3. Assumethe matricesP, X, Y and Z
satisfy(8) with theconstraint:

X �<� 1 � δ̄2 � YZ � 1Y � (21)

thenthecentralcontrollerKo �<� Z � 1Y � is resilientto
all multiplicative uncertainty, (CorradoandHaddad,
1999;YangandWang,2001),suchthat:

K � Ko 6 δKo Z δ Z � δ̄ (22)

4.2 Boundedcontroller issues

For implementationpurposes,it is importantfor some
applications to look for controllers with bounded
gains.Controllerswith high amplificationgainsare
quite difficult to implement in practice.Therefore,
considertheconstrainton thenormof thecontroller:

K � K � ρK � (23)

where [ ρK boundsthe controller’s norm. Equiva-
lently, it correspondsto look for controllersbelonging
to the{ � ρK � , � , � }-ellipsoid.

As a generalisation,considerrestrictionssuchas:

Find a stabilisinggainK belongingto a specified
{XK, YK, ZK}-ellipsoid

In thispaper’sframework,suchaspecificationamounts
to find a stabilising{ X, Y, Z}-ellipsoid includedin
the specified{ XK, YK, ZK}-ellipsoid. The resulting
synthesisproblemwith ellipsoidalconstraintson the
feedbackgaincanthenbesolvedasfollows.

Theorem2. If thereexist four matricesP �@� n, X �� p, Y �<	 p 
 m, Z �-� m and a scalarννν that satisfy
simultaneouslythe constraints(8), (9) and the LMI
constraint: FH I ννν 
 0

ννν ( XK YK

Y �K ZK ) � ( X Y
Y � Z ) (24)

then the non-emptymatrix � X  Y  Z !"� ellipsoid is a
subsetof the { XK , YK, ZK }-ellipsoid andeachof its
elementsis stabilisingfor theLTI systemΣ.

Proof Conditions(8), (9) ensurethat the { X, Y,
Z}-ellipsoid is a set of stabilisingcontrollersdue to
theorem1. Moreover, condition (24) writes for all
gainsK of the{ X, Y, Y}-ellipsoid as,ν 
 0, and:

ν � � ( XK YK

Y �K ZK ) ( �K ) �#� � ( X Y
Y � Z ) ( �K ) �+� (25)

K belongsto the{ XK, YK, ZK}-ellipsoid. =
5. POLELOCATION

Findingeasytestableconditionsfor a dynamicalsys-
tem to have all its polesin a sub-region of the com-
plex plane,has beenthoroughly investigatedin the
last years.A major result is proposedin (Chilali and
Gahinet,1996).It extendsLyapunov matrix inequali-
tiesfor a new classof convex subregionsnamedLMI
regions.Wefocusonthistypeof regions,with arevis-
ited formalismpresentedin (Peaucelleetal., 2000).

Definition4. Let XR, YR and ZR be squarecomplex
valued matricesof samedimensions( �+\ d 
 d) and
assumethat:( XR YR

Y �R ZR ) � ( XR YR

Y �R ZR ) � ZR �-� (26)

The � XR  YR  ZR ! -region of the complex planeis the
convex opensetof complex scalarssuchthat:� s �]\ : XR 6 sYR 6 s� Y �R 6 ss� ZR K ��! (27)

Examplesof the mostcommonlyused � XR  YR  ZR ! -
regionsareall of orderd � 1 andcorrespondto usual
specificationson stability, decay rate or oscillation



damping.Regions of order greaterthan d � 1 are
mainlyusedfor specifyingintersectionsof lowerorder
regions,(Chilali andGahinet,1996).

Definition5. An LTI systemis said to be { XR, YR,
ZR}-stableif all its polesbelongto the{ XR, YR, ZR}-
region. It is said to be { XR, YR, ZR}-stabilisableby
staticoutputfeedbackif thereexists a matrix gain K
suchthatΣ B K is { XR, YR, ZR}-stable.

Note that the definition of { XR, YR, ZR}-stability in-
cludestheusualstabilityof continuoustime({0, 1,0}-
region)anddiscretetimesystems({ � 1, 0, 1}-region).

Theorem3. The LTI system Σ is { XR, YR, ZR}-
stabilisableby static output feedbackif and only if
thereexist four matricesP ��� n, X �^� p, Y �A	 p 
 m

andZ �^� m that satisfythe non linear constraint(9)
andsimultaneouslythefollowing LMI constraints:FGGGGGGH GGGGGGI

P 
#� Z 
+�� �1( XR � P YR � P
Y �R � P ZR � P ) ( � ��N� A �,� B )K � � ( �,� X �N� Y�,� Y � �,� Z ) ( �N� C �N� D� � ) (28)

The{ X, Y, Z}-ellipsoid is thena setof { XR, YR, ZR}-
stabilisinggains.

Proof Themajorpart is omitted.It follows theproof
of theorem1 andis basedon polelocationLyapunov-
like results,(Chilali andGahinet,1996). =

6. AN LMI-B ASEDALGORITHM AND
EXAMPLES

Thenumericalexamplesaresolvedusinga first order
iterative algorithm called the conecomplementarity
linearisationalgorithm, (El Ghaouiet al., 1997). Its
propertiesare not remindedhere.Justnote that the
algorithmhasno guaranteedconvergencebut works
nicelyon theexampleswe tested.

To tacklethespecificitiesof the nonlinearconstraint
of this paperan unknown matrix is added,X̂. As-
sociatedto this matrix the following inequalitiesare
added:

X �Y� 1 � δ̄2 � X̂ ( X̂ Y
Y � Z ) �-� (29)

and the algorithm is usedto make X̂ converge to-
wardsY � Z � 1Y. The algorithmis stoppedassoonas
(21) is satisfied.Note that the exact convergenceof
X̂ is not required.If δ̄ � 0 thestoppingcriteria is the
non-emptinessof the { X, Y, Z}-ellipsoid. Otherwise,
(δ̄ S� 0) the resilienceregardingto multiplicative un-
certaintyis assessed.

All following testswere performedusing the solver
(Sturm,1999).Lessthan10iterationsof thealgorithm
whereneededandthecomputationtimewasabout10s
ona SunUltra 5 computer.

This algorithm has beentestedfor the VTOL heli-
coptermodel,(Iwasaki,1999).First, fragility with re-
spectto multiplicativeuncertaintyis consideredwith-
outany otherconstraints.For δ̄ � 0,0 _ 25and0 _ 5,three
different{ X, Y, Z}-ellipsoids areobtained.Theseel-
lipsoids are plotted in figure 2 wherek1 and k2 are
respectively thetwo componentsof thematrixgainK .
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Figure2. SOFellipsoids

Theinteriorof eachellipsoidis asetof SOFstabilising
gains.Among these,the centreof eachellipsoid is
assessedto be a non fragile controlleraslong asthe
uncertaingain Ko 6 ∆K doesnot exit the ellipsoid.
As prescribedby corollary 3, the “size” of the ellip-
soidsgrows with δ̄. In this example,their volumeis
respectively 5 ; 10� 4, 4 ; 10� 3 and 9 ; 10� 3 time the
volume of the unit ball. The less fragile controller,
Ko � $ � 0 _ 3567 0 _ 7547& � , is the centreof the ellip-
soidfoundfor δ̄ � 0 _ 5.

In thesecondexperimentationanadditionalpoleloca-
tion constraintandanadditionalellipsoidalrestriction
on thecontrollerareconsideredsuchthat:

XR � 0 _ 3 YR � 1 ZR � 0
XK � 100 YK � $ � 10 � 10 & ZK �*� 2

(30)

The pole location constraint imposesthe poles to
have a real part less than � 0 _ 15 and the ellipsoidal
constraintonthecontrolleris adisk(plottedin dashed
line on figure3). For eachresiliencespecificationthe
algorithmconvergesto different { X, Y, Z}-ellipsoid
thatareplottedonfigure3.

Hereagainthe volumeof the SOFellipsoidsis aug-
mentedwhentaking δ̄ large.All controllersincluded
in theseellipsoidsarestabilisinggains.Moreover, they
all belongto the { XK , YK, ZK }-ellipsoid andthey en-
sure the closed-loopsystemto have all its poles in
the{ XR, YR, ZR}-region. In termsof fragility, thebest
SOF ellipsoid is found for δ̄ � 0 _ 5. Its volume is 2
times the volume of the unit ball and its centreis
Ko � $ 2 _ 2307 10_ 9023& � . Computingthepolesof all
closed-loopsystemssuchthat (22) with δ̄ � 0 _ 5, one
getsthatall thepoleshave their realpartlessthan0 _ 2.
Thepolelocationconstraintis strictly satisfied.
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7. CONCLUSIONS

This paperexposesa new approachof static output
feedbackdesign.It is proved to have important is-
suesin particularfor non-fragileandrestrainedcon-
troller design.Moreover, it is promisingfor synthesis
with performancecriteriaanda futurepaperwill deal
with robust multi-objective design.Anotherprospec-
tivepoint is to build algorithmsparticularlydedicated
to dealwith thenonlinearconstraint.
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