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Abstract: Singular systems are dynamical systems subject to algebraic constraints, and
arise in many engineering disciplines. The output regulation problem for singular nonlin-
ear systems has been studied recently for the ideal case where the mathematical model is
exactly known. This paper will further consider the robust output regulation problem for
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1. INTRODUCTION

Singular systems arise in many engineering areas such
as electrical networks, power system, aerospace engi-
neering and chemical processing. Since the late 1970s
singular systems have attracted attentions from many
researchers. Several books and survey papers dealing
with these systems have appeared addressing the issues
of solvability, controllability and observability, pole
assignment, the elimination of impulsive behavior, and
so0 on (Cobb, 1984; Lewis, 1985; Dai, 1989; Campbell
and Griepentrog, 1995). This paper will consider the
robust output regulation problem for a class of sin-
gular nonlinear systems to be described in Section 2.
Briefly, the output regulation problem aims to design
control lawsfor aplant so that the output of the closed-
loop system is able to asymptotically track a class
of reference inputs and reject a class of disturbances.
Both the disturbance and reference are generated by
an autonomous differential equation called exosystem.
When the controller is also required to tolerate certain
plant uncertainty, the problem is called robust output

1 The work described in this paper was partially supported by a
grant from the Research Grants Council of the Hong Kong Special
Administration Region (Project No. CUHK4400/99E).

regulation problem. For the class of linear systems,
this problem was thoroughly studied for the normal
systems in the 1970s in (Francis, 1977; Francis and
Wonham, 1976) among others. A salient outcome of
these research activities is the internal model principle
which is the extension of the well known PID control.
The problem was aso investigated for linear singular
systems in 1980s (Dai, 1989). Recently, a more clear-
cut solution of this problem for linear singular systems
was obtained in (Lin and Dai, 1996). For the class of
nonlinear systems, the same problem was first treated
for the normal systems. The special case in which
the exogenous signals are constant were studied in
(Francis and Wonham, 1976; Huang and Rugh, 1990).
The general case with time varying exogenous signals
was studied in (Isidori and Byrnes, 1990) without con-
sidering the parameter uncertainty. Subsequently, the
robust version of the same problem was pursued in
(Huang and Lin, 1991,1993; Huang, 1996; Byrnes, et
al., 1997). More recently, the output regulation prob-
lemfor singular nonlinear systems has been formulated
and solved in (Huang and Zhang, 1998). The objective
of this paper is to further pursue the research initiated
in (Huang and Zhang, 1998) by considering the plant
uncertainty.



2. PROBLEM DESCRIPTION AND STANDARD
ASSUMPTIONS

Consider the plant described by

EX(t) = f(X(t),U(t),V(t),W),X(O) = XO (21)

y(t) = (1), V(t),W),t > 0

and an exosystem described by
V(1) = a(v(1)),v(0) = v, (2.2)

where x(t) € O" is the plant state, u(t) € O™ the plant
input, y(t) € OP the plant output representing the track-
ing error, v(t) € 09 the exogenous signal representing
the disturbance and/or the referenceinput, w € ON the
plant unknown parameters, and E € O™" a singular
constant matrix, and rank (E) = ng < n. Itis noted that
if ng =n, theplant iscalled normal. Also it is assumed
that 0 is the nominal value of the uncertain parameters
w.

This paper will focus on the dynamic output feedback
controller asfollows:

u(t) = k(z(t), (1))
2(t) = o(z(t), y(1)) (23)

wherez(t) isthe compensator state vector of dimension
nc. When the state of the system is available, the state
feedback control law can be considered accordingly.

The closed-loop system composed of plant (2.1), (2.2)
and control law (2.3) can be put into the following
form:

Ecke(t) = fe(Xe(t),V(t), W), x:(0) = X
y(t) = he(Xe(t), v(t),w) (2.4)

where
X EO
<=2 lon,
| F(xk(z h(x,v,w)),v,w) | (2.5)
XCVW_{ 9(z,h(x,v,w)) }
he (Xe, v, W) = hwi

Throughout this paper, it is assumed that all the func-
tionsinvolved in this setup are sufficiently smooth and
defined globally on the appropriate Euclidean spaces,
and a(0) =0, f(0,0,0,w) =0, and h(0,0,0,w) = 0 for
any w € W with W an open neighborhood of the origin
of ON. Our results will be stated locally in terms of
V and W with V an open neighborhood of the origin
in 09, In the sequel, V and W are implicitly permitted
to be made smaller to accommodate subsequent local
arguments.

The linearization of the system (2.1) and (2.2) at
(x,u,v) = (0,0,0) will be frequently used, therefore,
the following notation is given,

of of
(w) = 0X|x ou=0v—0,B(W) = du|x 0,u=0,y=0

of dh
(w) = v |><_O u=0,v=0> (W) = &|x=07u=0,v=07

oh da(v)
F(w) = E|X:O,U70vf0?Al v —o =0’
of
AC(W) axz |>(CO v=0

As a result, the system (2.1) and (2.2) can aso be
written as

Ex = A(w)x+ B(w)u+ E(w)v+ o(x,u,Vv,w)
y = C(w)X+ F (w)v+ o(x, u,v,w)
v=~A;v+o0(V)

where o(x,u,v,w) (or o(v)) is a sufficiently smooth
function vanishing at (x,u,v) = (0,0,0) (or v = 0)
together with its first order derivative for any w € W.
For convenience, let A/B,---, denote A(0),B(0),---,
respectively.

Therobust output regulation problem: Find acon-
trol law such that the closed-loop (2.4) has the two
properties:

(P1) thelinearizationat xc = 0 of Ecxc(t) = fe(Xc(t),0,0)
isstrongly stable, that is, deg(det (A Ec— A¢) = rank(Ec),

and o(Ec Ac) € ¢, where (Ec Ac) 2 {A|det(AE; —
Ac) =0}

(P2) the trgjectories starting from all sufficiently small
initial state (X, V) satisfy

limy(t) = limhe(xe(t), V()W) =0 (26)

Remark 2.1: The above problem is clearly an exten-
sion of the problem studied in (Huang and Zhang,
1998) by taking into account the uncertainty. Viewing
w as generated by an exosystem of the form w = 0,
a solvability condition can be obtained, by dlightly
modifying Lemma 4.1 of (Huang and Zhang, 1998),
asfollows:

Theorem 2.2: Assume the following,
Al: The equilibrium of exosystem (2.2) is stable and
all the eigenvalues of (da/dv)(0) have zero real parts.

Then the controller (2.3) solves the robust output reg-
ulation problem of singular uncertain system (2.1) and
(2.2) if it is such that the closed-loop system satisfies

(i) (PL) holds.

(i) there exists a sufficiently smooth function x¢ (v, w)
locally defined inV x W satisfying X (0,0) = 0 and
OXc(V,W
£ o) = fexeluwvw) o)

hC (XC(V7 W) ) V7 W) =0

To close this section, some standard assumptions will
belisted.

A2: (E,A B) is strongly stabilizable, i.e., there exists
amatrix K € 0™" such that (E,A+ BK) is strongly
stable.

A3: (E,AC) is strongly detectable, i.e, there exists
amatrix K € O0"P such that (E,A+ KC) is strongly
stable.



A4: There exist sufficiently smooth functions x (v, w)
and u (v,w) such that x(0,0) = 0and u(0,0) = 0 and
satisfy, forve V,we W

2 o) = f (x(ww), (), W) (28

h(x(v,w),v,w) =0

Remark 2.3: When E is an identity matrix, Assump-
tions A2 and A3 reduce to exactly the same ones as-
sumed by (Isidori and Byrnes, 1990) for the normal
systems. Equation (2.8) becomes the so called regula-
tor equations discovered by Isidori and Byrnes.

3. A PRELIMINARY RESULT

Recall that, in the normal case, the way to handle the
robust output regulation problem is much more com-
plicated than the way to handle the output regulation
problem. Thisis because, when there is no uncertainty,
the solution of equation (2.8) or its estimation can be
used as a feedforward function to cancel the steady
state error output. But this is impossible when the un-
certain parameter w is present since the solution of the
equation (2.8) also depends on w which cannot appear
inthecontrol law. Asaresult, the problem hasto be ap-
proached with the employment of a nonlinear version
of the internal model principle (Huang, 1996; Huang
and Lin, 1991, 1993; etc). Here this technique will be
further extended to the singular nonlinear systems. To
begin with, some notations that have been used fre-
quently in (Huang, 1996; Huang and Lin, 1991,1993)
are first introduced. For any matrix M, k= 1,2,---
define

)

MO =1 MO =M...-. MY =Mx.--0M
) ) ,

k factors

where ® denotes the Kronecker product. Also let vl
denote the vector

VI = Vs, g V22 V2,

—2, T
Vll V2Vq7"'vvlq]

Itwas shownin (Huang, 1996) that if v satisfiesv = A v
for some square matrix A,, then there exist square
matrices A, | = 2,3, -, such that

o)y =Avilt),1=23,

Infact, Ay can be explicitly given as

A =M N,

|
- .
i;lé' JoA @I

where M, and N, are such that vI'l = My, v(1) = N, vi!
and |4 denote the g dimensional identity matrix. Asin
(Huang , 1996), the following autonomous system is
called K-fold exosystem.

v AL 0o 07 [V
V[Z} 0 A2 ... 0 V[Z}

=0 . .. : 3.1
vk 0 0 - A ViK

A linear result which will play an important role in
establishing the mgjor result isfirst stated.

Lemma3.1: Given any square matrix A, such that all
the eigenvalues of Al are on the closed right complex
plane, let B € 0NN g € 0N i=1, ... r, for some
positiveintegersn,,---,n,r, satisfy the following

(i) B and g; are controllable, and

(ii) the minimal polynomial of A, divides the charac-
teristic polynomial of f3;,

let

G, = blockdiag [B,,---,B],

G, = blockdiag [0, -, 07]
and finally, let matrices g, and g, admit the following
form

—T 1S %] 1 g - [%}
% T[OGl T %=T G,

where S;,S,,S, are any matrices with proper dimen-
sions, and T is a nonsingular matrix. Then, for any
matrices A, B,C, D with appropriate dimensions, if the
matrix

A B
. R 3.2
[ 9,C 9, +9,D ] (32

is Hurwitz, then for any (U, V) with proper dimension,
the linear matrix equation

@A, = Ap+B6+U

A A 3.3
0A; =0,60 +9,(Cp+D6E+V) (33

has a unique solution which satisfies
Cp+DO+V=0 (3.4)

Proof: The proof is quite similar to Theorem 2.1 of
(Huang, 1995). Since (3.3) is a Sylvester equation,
it follows from the assumptions on matrices A; and
(3:2) that equation (3.3) has a unique solution. To
show (3.4), let 8 = [67,8"]", where 8 has the same
dimension as that of G;. Then the second equation of
(3.3) implies

6A, —G,0 = G,Y (3.5)
whereY = Cp+ DO +V.

Due to the block diagonal structure of G;,G,, r =1
can be assumed without loss of generality. Therefore,
we can write G,, G, in the following form:

0 1 .. 0 O 0
0 o - 0 O 0
G =| : : o LGy =
0 0 0 1 0
—On, —0p_q - =0 =0y 1



Let 6;,j = 1,---,n,, denote the j™ row of 6. Then
expanding (3.5) gives

Y = el(Azk + alAzk_l + e + ankl)

Noting that the characteristic polynomial of G, is di-
visible by the minimal polynomial of A, givesY = 0.

Lemma 3.2: Under assumption A1, for any positive

A0 0
R 0A,---0
integer k, letA;=| . . . |.Letalinear con-
00 --A
troller of the form
u=K,;z+Kyy
) 3.6
Z:glz+gzy ( )

be given where g, and g, are given asin Lemma 3.1
with r = p. Then, if the controller (3.6) makes the pair

E 0] [A+BKC BKlD
<[O 'nc] ’ { 9,C 9 37

strongly stable, then the closed-loop system composed
of (2.1), (2.2) and controller (3.6) has the property
that there exists a sufficiently smooth function x¢(v, w)
locally defined inV x W satisfying X (0,0) = 0, and

e P ey = Ll uw)
ho(Xc(4 W), v w) = O (V<+1) '
1
where O (V<+1) issuch that “mvaoHo”E,\‘r%)H isafinite

constant.

Proof: This result will be established by performing
the standard coordinate transformation on the closed-
loop system. To thisend, first note that the closed-loop
system composed of (2.1),(2.2) and (3.6) can bewritten
asfollows,

Ex = (A(w) + B(W)K,C(w))x+ B(w)K, z
+(E(w) + B(W)K,F (w))v+ 0o(X, u,V, W)
2= g,C(W)x+ 9,2+ g,F (w)v

+0(X, U, v, w)

y = C(w)x+ F (W)v+ o(X, u,V,w)
v=A;v+o0(V)

(3.9)

Let T, and T, be two nonsingular matrices such that

TET, = {'“OE 8] Let
T, = [ | e =160
TEW = | £ | C0T, = [, G,
.

with A, (w) € O"e*"e B, (w) € O"e*™ E, (w) € O"e*9,C;(w) €

OP*"e x, € 0", and all other matrices have proper
dimensions.

In terms of x; and X,, the first equation of (3.9) be-
comes
X = A (W)X +Agp(W)%, + B (WK, Z
FE,WVHOXZYW)
0= Ay (W)Xg 4+ Agp(W)X; + By(W)K,
+E,(W)v+ 0(X,2,v,w)

(3.10)

where

Ajj(w) = Ajj (W) + B, (W) K,C; (W)

B B(w) = B;(w)

E(w) =E (W) + B (W K;F (w),i, ] € {1,2}
Note that the strong stability of (3.7) implies that
det (A,,) # 0. Thustheimplicit function theorem guar-
antees the existence of a unique sufficiently smooth
solution of the second equation of (3.10), and this so-
[ution has the form

Xo = Y(Xq,Z,V,W) = _A_Ezl/gzl)?l - A_z_le_zKlz
— A E,V+0(X1,2,V,W) (3.11)
Substituting (3.11) into the first equation of (3.10) and

the second and third equations of (3.9) gives areduced
order normal system as follows

X, = 1.5,z v,w) = AX; + Bz+Ev
+0(Xy,2,V,W)

=02+ 0y A o

y = he(X;,z,v,w) =Cx; + Dz+Fv
+0(Xy,Z, v, W)

where
A= (A — ApAsiiy,) B= (B, - ALAsiB,) K
11— P22 Pot)» 1~ P22 B2) By,
C=(C - Cg/‘\ggl Ag),D = (_CZAEZl_BZ)El’
E=(E,—ApALE,) F = (F-CALE)
Again if follows from the strong stability of (3.7) that
the matrix

A B
{ 9,C g, +9,0 }
is Hurwitz. Thus, from the center manifold theorem
(Carr, 1981), there exists sufficiently smooth func-
tions X (v,w) and z¥ (v,w) with X! (0,0) = 0, and
z (0,0) = 0 satisfying

(3.12)

XM (v, w) _

1Ta(v) = flc()?g_k) (V7 W) 7Z(k) (Va W) Vs W)
a7 (v,w (3.13)
P2 a(1) = 9,209 (4 w) + gy(vw)

y(v,w) = he(x (v,w), 2% (v,w) v, w)

Intermsof notationvl'l, xt¥ (v,w) ,z (v, w) and y(v,w)
can be uniquely expr as

X9 (v,w) = Ii(ng['] +0 (vk“)
z0 (v, w) = i g, +0 (vk+1) (3.14)
=1

a |
y(vw) = |;Y|WV[ I+o (vk“)



Substituting (3.14) into (3.13), expanding (3.13) as
power seriesinvll 1 = 1,... k, yield the following

(HwAi A(Hw_"Belw‘i'Ulw R
elwAi 919|W+ gZ(C(HW+ DeIw"'VIw) (3'15)
Iw - C(ﬂw_" D9|W+\/|W

where (U, Vy,,) =
dependsonly on @, -

(E,F),andforl =2,3,---,
SO 1yw and 6

1w7""9(|—1)w-
(3.15) is the Sylvester equation described in Lemma
3.1, and satisfies all conditions of Lemma 3.1. There-
fore, it has aunique solution for any (U,,,,V;,,) and the
solution satisfies

Y, =0l=1k (3.16)
Thus
y (W) = he(xt¥ (v, ),z (v, ) , v, w)
-0 (vk“) (3.17)
Finally define
X (v,w) = y(x (v,w), 29 (v,w) ,w)

x® (v,w) = T2[>?1(k (vw)",x¥ (vw)']T (3.18)

xe(yw) = (w2 ()T

Then it is ready to verify that x¢(v,w) satisfies (3.8)
upon using (3.13), (3.17), and (3.18).

Remark 3.3: It has been shown in (Dai, 1989) that,
given alinear singular system of the form

Ex = Ax+Bu+Ey,
y=Cx+Fv
v=AVv

(3.19)

with x € O",ue O™y e OP, which satisfies assump-

tionsA2 and A3, and

AS5:

A—EA B
cC o

and matrices g; and g, that are constructed according
to Lemma 3.1 with r = p, there exist two matrices K
and K,, such that the pair

E 0] [A+BK,C BK,
0 ln |’

9,C 9
is strongly stable. As a result, the following result is
obtained.

rank[ } =n+pVreo(A)

(3.20)

Corollary 3.4: Under assumptions Al to A3, assume
the plant composed of (2.1) and (2.2) satisfies A5 with
A, =diag{A,,---,A}, thenthereexists acontroller of
theform (3.6) such that property P1 holds and equation
(3.8) issatisfied.

Remark 3.5: It can be shown using the center manifold
theory (Carr, 1981; Isidori and Byrnes, 1990) that if the
closed-loop system satisfies Property P1 and equation
(3.8), then for sufficiently small (x4, V), the solution

(UAIW?VIW)

of the closed-loop system exists for al t > 0, and is
bounded, and

limsupy(t) = O (vk“(t)) , Ywew

t—oo

For this reason, a controller that renders the closed-
loop system these two properties is called k!"-order
robust regulator.

4. SOLVABILITY OF THE PROBLEM

The K"-order robust regulator is interesting in its own
since it guarantees the steady state tracking error of
the closed-loop system is in the order of k+ 1 of
the exogenous signal regardless of the small variation
of the uncertain parameter w. Moreover, under some
additional assumptions, the kiP-order robust regulator
actually solves the robust output regulation problem.

AG6: The exosystem s linear, that is, a(v) = A v.

Theorem 4.1: Under assumptions A1 to A6, and sup-
pose u(v,w) is K" degree polynomial in v, then the
same controller that solves the ki"-order robust out-
put regulation also solves the robust output regulation
problem.

Proof: By assumptions, there exist a linear control
law of the form (3.6) that solves the k'"-order robust
regulation problem. Clearly, the closed-loop system
composed of the plant and this control law satisfies
condition (i) of Theorem 2.2. We need to show that the
closed-loop system also satisfies condition (ii) of The-
orem 2.2. To this end, consider the following system

Ex=f (x,u+Kyy,v,w)

y=h(x,v,w) 4D

Performing the same coordinate transformation on
(4.1) aswhat was donefor the closed-loop system (3.9)
in the proof of Lemma 3.2 gives

(4.2
wherex; issuchthathflx: ()?I,)?;)T and f, (X;,u,v,w),
and h (X, u,v,w) is such that

f, (%, Kz, vw) = f (5,2 vw)

h (X, K 1z VW) = he (Xq,2,v, W) (4.3)

Next, let x(v,w) and u(v,w) be the solution of (2.8).
Then clearly, x(v,w) and u(v,w) aso satisfy the fol-
lowing

E

ox(v,w)
o W), u(vw)

Av= f(x(v,
+K2h(X(V7W)7V7W)7V7W)
h(x(v,w),v,w) =0 (4.9

Let T, 2x(v,w) = (X] (v,w), X3 (v,w))T. Then (4.2) and

(4.4) imply



9% (v, w) Av= f_1 (X1 (v, W), u(v,w), v, w) (4.5)

h(%, (v, W), u(v,w),v,w) = 0

Next we will show that there exists a sufficiently
smooth function z(v,w) such that

u(v,w) = K;z(v, w)
0z(v,w)
ov

(4.6)

Av=0,z(v,w)

To this end, let Xt (v, w), and %) (v,w) be as defined
in (3.13). Then by (43) and (3.17), xM(v,w), and
7 (v,w) also satisfy the following

Xt (v,w _
%Alv =f, (ﬂlk) (v;w), K 29 (v w), v, W)

h(x( (v, w), K, zM (v, w), v, w) = O+ 4.7)
Since X (v,w),z% (vw) take the form given by

(3.14), and @, and 6, satisfy (3.15) and (3.16), com-
paring (4.5) with (4.7) shows that there exist suffi-

ciently smooth functions x;, (v,w) = O (v(k+1)) and

u (v,w) =0 (v(k“)) such that

k
= z quv“] + Xq, (VW)
I=1

k
u(v,w) = Z Klelwv['] +u, (v, w)
=1

X1 (v, W)

But since u(v,w) is assumed to be k' degree polyno-
mial in v, it must hold that u(v,w) = 3K K, 6, M".
Let z(v,w) = 3K ,6,V]. Clearly the first equation of
(4.6) is satisfied. Now using (3.15) and (3.16) gives
6.,A =96, =1,---,k Hence

k k
z 6w A Vil = Zglelwv[l] (4.8)

Using 28 A v = v = AV in (4.8) gives
kK ol

zielwa Alv g1ZGIW

Thus, the second equation of (4.6) is satisfied.

(9sz

Finally letting xc(v,w) = (X" (v,w), z" (v,w))T and sub-
stituting X¢(v, w) and u(v,w) into (2.5) gives

hC (XC(V7W)7V7W) = h(X(V,W),V,W) = O
and, additionally using (2.8) and (4.6) gives

Ixc(V,W) [ F(x(vw),u(v,w),v,w) |
ov av) = | 9,2(v,w)

But (2.5) gives

Ec

[ (x(v,w),u(v,w),v,w) |
9,2(v,W)

Thus condition (ii) of Theorem 2.2 is also satisfied.

fe (Xc(V, W), v, W) =
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