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Abstract: In this paper we show how to embed the variable internal structure present
in square implicit descriptions inside an (A, E, B) invariant subspace contained in
the kernel of the output map. Thanks to this embedding, we make unobservable the
variable internal structure, obtaining in this way a proper closed loop system with a
controllable pre specified structure. Copyright © 2002 IFAC.
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1. INTRODUCTION

Given the implicit global description:
Y9 E#(t) = Ha(t)+ Bu(t) ; y=Cx(t)

SHEH T

where z(t), u(t), and y(t) are, respectively, the
descriptor variable, the input, and the output.
E:¥Y—->X, H:X->X, B :U—> X,
and C' : X — Y are linear operators, such that: !

mA+BCE ; £@lm D =X, (2)

We are interested in finding a P.D. feedback,
u(t) = Fpx(t) + Fyi(t), to solve the Problem
stated in (Bonilla and Malabre 2002); namely for
rendering unobservable the variation of structure,
characterized by 0 = Dz(t), and assigning at will,
for all the linear systems described by (1), the
same external closed loop behaviour. The syn-
thesis of the control law is based on the com-
mon internal structure, showed in (Bonilla and
Malabre 2002), of the implicit system:

Y. Ei(t) = Az(t) + Bu(t) ; y(t) = Cz(t) (3)

1 We write B and £ to denote Im B and Im E, resp.

In Section 2 we show that the geometric condition

dim (Ker E) <dim (V*NE™'B)  (4)

where: 2 V* =sup {T C K¢ | AT C ET + Im B},
guarantees the existence of a P.D. feedback which
makes unobservable at the output the internal
variation of structure. In Section 3, we show that:

Ry =X (5)

where R} is the reachability subspace, computed
by: R% = Vi NSy, with: Vi =sup {T C X
| AT ¢ ET + Im B}, and S84 = inf {T C
X | T =E"! (AT + Im B)}, guarantees that
the observable part of the closed loop system
is controllable. And in Section 4 we conclude.
For the notation concerning subspaces, and their
associated algorithms, the reader is sent to Part I
of this paper (Bonilla and Malabre 2002).

2. VARIABLE STRUCTURE REJECTION

In this Section we explore the usefulness of the
(A, E, B) invariant subspace contained in K¢,

2 We also write Kx to denote the kernel of a given X.



Vi si» for making unobservable the variation of
the internal structure in the input—output behav-
iour of the closed loop system. For this, in Theo-
rem 1 we show that thanks to (4) we can embed
the degree of freedom in Vg _ 5. (see (7)). And
in Theorem 2 we show that the quotient system,
Y5 (Ey, Ay, By, Cy) (see (24)), is actually strictly
proper described by the state space description
(27). In order to simplify the notation, in this
Section we write V* in place of Vl*cc,):i'

Theorem 1. If (2.a) and (4) hold, there then exists
(Fy , Fj) € F(V*) such that:

Ker (FE—BF;)~Kg; Im (E—BF])=¢& (6)
Ker (E— BF]) CV* (7)

Proof of Theorem 1 This proof is done in 7
steps. We are going to write Ep~ and Ap~ to
design (E — BF}) and (A + BF))), respectively.
1. Let us first decompose the space X and the
subspaces V*, E~1B and Ky as follows:

X=WV"+E'B)aX

V' =Xp- @ (V' NE'B) g
E7'B=((V'NE™'B)+Kg) ® X3 (8)

Kg = (V* NKg)® Xk,

where Xp, Xy, A3, and X, are any complemen-
tary subspaces. Now in view of (4), there then
exist A and X, both subspaces of E~!8, such
that (recall (8.d)):

V'NE'B=X0X o (V' NKEg) ()
with: X =~ Xk,
From (8) and (9), X can be decomposed as:

X=X X1 X0 (V' NKEg)® Xk
PX3 P Xy

ET'B=X0X o (V'NKEg) ® Xk, ® Xs
2. Let us next note that:
NAV* ¢ NEV* (11)

N: X E/B is the canonical projection (12)

Indeed, for any (Fp, Fq) € F(V*): (A+BF,)V* C
(E — BF;)V*, then (11) follows from (12).

3. Let us now define the control law. For this, we
define the following natural projections (X is any
fixed complement of Bin £, ie. £ = B® X,):3

P:&— B, along X,, suchthat: PB=1

Qv+ X = V" Qup. 1 & — Xy (13)

Qa: X =Xy 5 Qup, X = Xy

3 The natural projections Qx; are projected along the
complementary subspaces of X;, shown in (10).

the following insertion maps:

{Rv*IV*—)X;RXV,FZXv*%X (14)

Ry: Xy > X ;RX)CE: Xy =+ X

such that Qx, Ry, = I, note that Qx, Rx, = 0 for
all i # j. Let us define the isomorphism

T: X «— X (15)
Let us then define the maps, Fy : X — U and
F;: X — U, as follows:

Fj = PE (ReTQuxy,, (Rx,. Quy. + R2Q2)) 16)
F? = —PARy-Qy-
Applying this P.D. control law, u(t) = Fyz(t) +
Fji(t) + v(t), to system (3), we get from (16),
(13), (14), and (15):

PEp-« |X . = PEF*RXV* =0

PEp. |X, = PE|X)

PEp- |X2 = PEp+Ry =0

PEg-« |XICE = PEF*RX;CE = (PE|X2)T
PEp. |Xs — PE|Xs ; PEp.|Xo — PE|Xo

(17)

{PAF* |V = PAF*Rv* = 0 (18)

PAp- |X1 :P14|/’)C'Z R ZE{ICE,3,0}

Let us note that (18) and (11) imply that
(Fy, F7) € F(V").

4. From (10) we have that the map PE |E~' :
E~! B — B is characterized by the following
matrix:

M=[X; X>00 X3]| (19)
X1:PE|X1; XQZPE|X2; XgZPE|X3(2O)

The map [Xl Xo Xg} is an isomorphism.
Indeed, since B C &, we get: Im M = PEE~1B =
P (£ N B) = PB = B, which implies that M is epic,
namely, so does [Xl Xo X3 } On the other hand
(recall (2.a) and (10)): dimkKy; = dimE~'B —
dimB =dimKg+dim (BN E)—dimB = dimKg
=dim E7'B — (dim &} + dim X, + dim X3), and
thus, the map [Xl X5 Xg} is monic.

5. Noting that for any feedback Fy: X — U:

E-'B=(E - BF;)™'B (21)
We have that the operator PEp« |[E~'B : E~'B

— B is characterized by the following matrix
(recall (10), (17), and (20)):

Mp=[X100 X> X;] (22)

Now, in view that (recall (13) and (21)):

{ Kvy=E 'BNE'Kp=Kg (23)

Kump = EptBNERIKp = K,



from (19) and (22), we get: Kg,. ~ Kg.

6. From (2.a) and (6.a) we get (6.b).

7. In view of (22), (23.b), and (10), we get:*
Ker Ep« C V*. a

Theorem 2. Let (F;, F;) € F (V*), as in Theorem
1. There then exist unique maps E,, A, B, and
C, satisfying:

HAF* = A*@ 3 HEF* = E*@ (24)
IB=B,; C=0C.®

where: Ep« = (E — BF}), Ap+ = (A+ BF}) and

II: £ — E/ER-V*, the canonical projection (25)
®: X = X/V* | the canonical projection

Moreover, the induced map E, is an isomorphism.
Furthermore, when the system (1) is fed back with
the pair (F,, Fy), namely

u(t) = Fyz(t) + Fya(t) +v(t) (26)

it is externally equivalent to the quotient system:

i=B"Y4,2+E B y=0C2  (27)

where: & = ®z.

Proof of Theorem 2 Proved in 4 steps:
1. (24) is satisfied. Since (F, F;) € F(V"),
then Ap«V* C Ep+V*, which implies: ApKep C
ICH and EF*’Cq) = ’CH.
2. E, is an epic map. From (6.b), (24) and (25)
we get: Im F, = E.X /V* = E, X =IEp-X =
[EX =& /EpV*.
3. FE, is a monic map. From previous
item, (7) and (6.a), we get: dim Kg, = dim X /V*
— dimIm E, = dim& /V* — dim&/Ep-V*
= dimKgp — dim(V*NKg,.) = dmKg -
dimKg,. = 0.
4. Quotient System. applying the control law
(26) to system (3) we get (recall (24)):

E,# = A2+ B ; y=C.2
Let us define the monic maps, T : X /V* — X and
L3 : E/EpV* — &, such that X = V*®Im T and
€ = Ep«V* @ Im L3. In these bases the matrix

representation of the closed loop system, (1) fed
back by (26), is:

Vi Vel s Xy X2 p s 0

0 E, [;}: 0 A, []Jr B, |u

0 o0 |L” Dyt Dy | L7 0
y=[0 c][z&]"

which implies (27). This pencil is solvable since
FE, is an isomorphism and the maps Y; =
Ep« V*| Ep« |V* and D; : X — X, are epic. O

4 Recall that the map [Xl X2 X3 } is an isomorphism.

3. CLOSED LOOP REACHABILITY

In this Section we show, in Theorem 3, that the
reachability condition (5) implies the reachability
of the closed loop system (27).

Theorem 3. Given any pair (F,, F;j), as in Theo-
rem 2, and the closed loop system, X%. : Ep«d =

Ap«x + Bv, and if in addition RY, y,; = &, then:

Riyss. =X (28)

iy

S (E,E_l)A*)jIm (E,E_l)B) — X[V s (29)
§=0

We need the following Lemma:

Lemma 4. Given any pair of feedbacks Fy : X —
U and F, : X — U, and the closed loop system
Y : Epi = Apz + Bv, with Er = E — BF,
and Ap = A+ BF,, such that Kg, ~ Kg and if
Im A+ B C €&, then:

Im Ap + BCIm Ep (30)
VX,):; =X X,z = SX,E; (31)
Moreover, the algorithm to compute S;‘( i satis-
R
fies the following two equations:
k1 _ =1 g \k+1
SX,E% - (E A) ’CEF (32)
HETAFETIB+ SY g
SszlF = (Bp'Ap)""'Kp,
(33)

k
+ (Ep'Ar)YEL'B
=0

J

Furthermore, if Kg, C Vg _ s and (F,, Fy) €
F(Vg, si), then:

(Bp'Ar)*" ' Kpp C Vi s (34)

Proof of Lemma 4

1. Since Kg, ~ Kg implies Im Er = &, we get
together with Im A + B C &£ that: Im Ap + B C
Im A+ B C & =1Im Ep. From® [7] and (30),
we get: VB(’E% = X and V}(’E% = A;! Im Ep
+ B) = X, which implies (31.a). Equation (31.b)
directly follows from (31.a) and [10].

2. Let us note that: En' (ArS + B) =
E~1(AS + B) (this is a standard result, see for
instance Wonham 1985). Then, from [8], (2.a),
and noting that B+ Im A C & implies:

E~'(AS+BT)=E'AS+E"'BT (35)

5 We write [x] for the equation’s numbers which are in
(Bonilla and Malabre 2002), Part I of this paper.



we have that the remaining steps, ¢ > 0, of the

algorithm to compute S, y.; are also equal to:
'

Sy, = ETASy o + BB (36)

Let us now note that (2.a), [8], (36) and (35)

imply that: Sg, si = KEgg, S}\, s = E'AKE,
25 el
+ E'B=E"'AKp, + Kg + E7'B, 8% 5 =
Raby

(E-'A)’Kp, + (E*A)Kp + (E"'A)E! B +

E7'B,..., 8% = (B A" Kp, + (B4

Kp + (E7'AF E-V B+ Y (E-1AY B~ B
= (B4 K, + (E'A)* E7' B + Sk ...
Equation (33) directly follows from [8], (30) and
(35).

3. Let us first note that: (£}, Fy) € F(V_ i),
implies that: Ap V,*%Cﬂ C Ep Vlzc,E"‘ Let us next
note that: Kg, C V;%c 5, implies that: Ap Kg,
C Ap Vi, si C EpVi_ i, namely: Ep' Ap Kg,

CER'EpVi, s = Vi s +Kep = Vi g And
thus: (B! Ap)Ft Kpg, C Vi, s
Proof of Theorem 3 Since R},):i = X and

jv,):i = V;},Ei N S;c,ziv then: S}}Ei = X, and
thus, equation (28) directly follows from (31.b)
and (32). Equation (29) is proved in 4 steps:
1. Let us first show that:

®EL!S Cc E]'IS (37)

Indeed, let z € @E;}S , there then exist s € S and
z € E;}S such that: © = &z and Ep~z = s, which
imply (recall (24.b)): E.x = E.®z = [IEp«z =
IIs, namely: z € E; 1s.

2. Let us next note that (34) and (25.b) imply:

_ n+1 *
® (Eptap)"" Kp,. COVE 5 =1{0} (38

3. Let us now show that (37) and (24) imply:

O(EptAp-)(EplAp-) - (EptAp-)EplB
C E;'IAp-(EptAp) - (EptAp-)ERlB (39)
C(E]'A)(E'A,) - (E7YAL)E ' Im B,

4. Finally, from (28), (31.b), (33), (25.b), (38) and
(39), we have that: X = R}E;* = (EptAp.)ntt
Kepe + Y7 o(Ep!Ap-Y Ep!B, and that: TIX
=XNVys = >0 O(EpAp- Y EpiB C > im0
(E;TA)E Im By © X/V5, . Namely: 3770
(E;'AL)E MIm B, = X/V;(,Eﬂ which together
with the Cayley-Halmiton Theorem, gives (29)
(recall that we have also proved in Theorem 2 that
the induced map F., is an isomorphism). O

Let us come back to the illustrative example [2]:

1007 . 01 -1 0
[010]‘75(“: 10 -1 x(t”[l]“@
0=|apf 1|zt
yt) =100 1]z(t)

Let us note that: V* = Ko = {e1,ea}, Kg = {es},
and E71B = {e,,e3}, then (see (8), (9) and (10):
Xy« = {61}, X = {0}, Xy = {62}, V*NKg = {0},
Xicp = {es}, A3 = {0}, Ao = {0}. From (13), (14)

and (15), we have: P = [0 1], Qy- = [(1) (1J 8]

R, Qx,. =[100]=R% ,Qx,=[010]=
R%,, Qux., = [001] = RZ’(,CE, and Tjng =
[—1]; which together with (16) imply: Fj =
[0 -1 -1] and F = [-100]. In view of
Theorem 3, we can assign the dynamics of the
strictly proper quotient system (27), so we choose:
Fr =100 (1—1/m)]. And thus, u = Fj; @ +

p2
(Fyy + Fp)z + R/79. The closed loop system is:

00150 = |00 _1jr) #* [1fr ]

y(t) =[001]=x

And thus, the degree of freedom has been made
unobservable, in other words, the wvariation of
structure is no longer present at the output. The
closed loop system behaves as: 7oy(t) + y(t) =
R(t), whatever be the active constraint: 0 =
[ B 1] z(t). For details on the practical imple-
mentation of the proposed P.D. control law by a
proper controller, see (Bonilla et al. 1993). And
for details on the synthesis of a descriptor variable
reconstructor see (Bonilla et al. 2000).

4. CONCLUDING REMARKS

We have proposed here a synthesis procedure for
giving the closed loop system an unique and pre
specified external behaviour.

Our approach is based on the use of geometric
tools (see Wonham 1985). Namely, our control law
makes unobservable the degree of freedom which
was initialy present in the external behaviour of
the system (see Theorems 1 and 2).

Moreover, under some controllability condition
(which includes the effect of the degree of free-
dom), the strictly proper closed loop system ob-
tained in that way not only has an unique be-
haviour, but also is completely controllable by its
control input (see Theorem 3).

Our solution is based on the use of (P, D) feed-
backs which are friends of the supremal (A, E, B)
invariant subspace included in K¢.
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APPENDIX FOR PART I
PROOFS OF
(BONILLA AND MALABRE 2002)

Remember that [x] refers to equation’s number
(x) in (Bonilla and Malabre 2002), Part I of this

paper.

Proof of Lemma 5 Proved in the 3 steps:

1. The internal properness is equivalent to:

Vips ©Kp=X5 St 5 =Ke (A1)

D34

Let us first note that reqularity implies:

X - Ai\pg @ A;7\I;g (A2)

Let us now note that Aj g, = Kg. Indeed the
absence of infinite zeros of order greater than one
is equivalent to card{infinite elementary divisors
of order > 2} = 0, which in turns is equivalent to
(see Malabre 1989):

As go + A2 4,
dim [ 2222 ¥ ) (A.3)
A3 wo + Af o

Furthermore, in view that the geometric algo-
rithm [13] is nondecreasing, i.e. A’f&g C A’f;,lg,
(A.2) implies A;,\I/g + AllL’\I,g - A;7\pg ©® Aét,\l,g,
which together with (A.3) imply:

A%,\Ifg = A?,\Ifg = T,\Ifg (A~4)

Then, from [12] and (A.4) we get (recall [16]):
Cpe = Al gy = ETTHAY y, = Ker E = Kp.
From [12] and [16], we get by simple induction:

A’f;lg = SlléD,Eg’ Finally from [13] and [7], we get

by simple induction Af g, = V,’éD’E(,.).

2. We next show that: Cp N Kg C K 4. Indeed,

the limit of [8] satisfies Sy . = E7'A(Kp N
2l

;ED,E(I-)), that is because of (A.1.b): E~'A(Kp N

Kg) = Kg, which implies: £ N A(Kp N Kg) =

{0}, and, due to [17.a]: A(Kp N Kg) = {0}.
3. We are now in position to prove that proper-
ness implies [18]:

Let us first note that (A.1.a) implies:

Let us next show that:

AVI*CD,zg‘) =AKp ; AKp+ AKg =Im A (A.6)

Indeed, the limit of [7] satisfies Vi

KD,Ef) - ICD n

AT'EVy. o, , which together with (A.5) implies:
D»=o
L =KpnATle
Vicny =Ko (A7)
KeNnKpnA=—&=1{0}
From (A.7.a) and [17.a] we have: AV =AKp

Kp,si
AMmANE=AKp NIm A = AKp. Applying
the operator A to equality (A.l.a) and taking into
account (A.6.a), we get (A.6.b).

Now, in view of the definition of V;EDyE(i) and

taking into account (A.6.a), we get:
AICD - AV;%D,X% C EV;CD,(A,E,O)] C E’CD

Hence, Kp is an (A, E,0) invariant subspace con-
tained in Kp and from the supremality of V.

we get: Kp C V,*&

D,%g’

* —
e namely VICD,Eg =Kp. O

Proof of Proposition 8 Proved in 4 steps:
1. Let us first prove that, if Im A+ B C £ then:

Viss =Kbp (A.8)

Indeed, from algorithm [7] we have for the first

-1
step (recall [17.a]): V50 = [g] <[§} VS 5o

-1
B A E B

= [o]u) = [o] ([G]=[5]4) -
—1

[g] Im [5} = Kp. Now, since (recall [18]):

EVy s = EKp = € = EX = EVS 5, we get:

ng,zg = Vélv,)jg =Kp = V/'*Y,Eg'

2.  From Proposition 7, [18], [17.a] and (A.8),

we get that the non algebraic redundant part of

the global system, X9, is restricted to Kp in the

domain and to EXp in the codomain.

3. Lgt\ us now prove that, the pair of induced

maps E : X/V5 g, — X /(EVy s +Im B)

and H : X/Vyy, — X,/(EViy, +Im B)

satisfy: (E, H) = (0,1).

Indeed, noting first that [19] implies that X'/V}, 5,

~ Kgp and X, /(EV} 5o +Im B) =~ DKp, and

defining next the following pair of maps:

Q@ : X — Kg, natural projection along Kp
Q : &g — DK g, natural projection along EXp



we have that (recall [19] and [16]):

EKer Q= [EKp = EKp C Ker Q@
HKer Q= HKp=AKp C&=EKp CKer @

There then exists a pair of unique maps (E, ﬁ)
such that (see Fig. 1 in (Bonilla and Malabre
2002) ):

EQ=QE and HQ=QH
which implies that (recall [19] and [16]):

Im E = EIm Q = QIm E = QEKp = {0}
Im H=HImQ=QIm H =DKg=1Im Q

namely, (E\, ﬁ) = (0,1).

4. Let us finally prove that, the global system
[16], 29 : (E, H, B ,C), is externally equivalent
to the reduced state space description [24], ¢ :
(I, Ao, Bo, 0).

Let us first note that (A.8), [17.a] and Propo-
sition 7, imply that X9 : (E, H, B,C) is ex-
ternally equivalent to the restricted system ¥ :
(E,A,B,C). Let us next note that £ is an in-
vertible map. Indeed, from [23.a], [16] and [21] we
have: Kz =Ker (VE) =Ker (EV)=V~KR
= V~'Kg = {0}, E is thus monic. On the other
hand, from [18] directly follows that Kp =~ &, and
then, E is a square monic map. Let us finally note
that definitions [20] and [21.b] imply P V. = 1,
which together with [23] and [16] we get [26]. O

Proof of Lemma 10 Let us first note that [17.a]
implies that Bi"q,,. = £ (just apply algorithm [14]
with ¥¢ = [AE — A]) and then B C B i +
B;,‘I”" which together with Proposition 9 prove
the first part. Let us next note that (2.b) implies
that Im B C Im [A[E — H | which together with
Proposition 9 prove the second part. Let us finally
note that [17.a] and [29] imply that Im (A + BF),)
+ImBCImA+ImBCImFE =1Im(F -
BF,;) and then BT,‘I’} =Im (E— BFy) (just apply
algorithm [14] with Wi, = [A(E — BF,) — (A +
BF,)]), then B C B} ,; + B} ,: , which together

TR T F
with Proposition 9 prove the third part. O

Proof of Theorem 11 For the proof of this
theorem we write Er and Ap to denote (E—BF,)
and (A+ BF,), respectively, and U%, is the pencil
[A\Er — Ap]. This Theorem is proved in 4 steps:
1. Let us first note that [17.a] and [29] imply:

VI=Ker C ; ImAr CImEp (A.9)
Indeed, taking into account [17.a] in [7] we get
(A.9.a). And from [17.a] and [29] we get: Im A C
ImA+BcC&=Im FEp.

2. Let us next show that (A.9) imply that:

Epd; g = ApA; 40 (A.10)

Indeed, from (A.9.b) and [12] we get: EpA*

1L,Pi,
EFEglAFA;WF =Im EpNAp A} 4 = ArA] . -

3. Let us then prove that the solution y of the
closed loop system X% is unique if and only if

Al g, CV° (A.11)

Let us first note that (A.9.b) and [13] imply that
;7\1,} = X, then, from Proposition 9, the solution

y of X% is unique iff A’{,W% Cc Ke.

Let us now show that AI,‘P} C K¢ implies that
’1‘,\1,% C V*. Indeed, in view of (A.9.a) let us

assume that Aj ,, C V¥, then from (A.10) we
R

get AFAI v = EF’AT,\IJ} C ErpV* C EpV* +
B, which implies A}, C Al g + Kap =
L T F
A;lAFA*l‘ gi C A;l(EFV“—i—B) = A"Y(EV*+B)
L
and then A}, = A% . NKo € KcNA™H(EVF+
B)=vitt, :

4. Let us finally conclude that if the solution y
of the closed loop system Y% is unique then [30]
and [31] are satisfied. From (A.11) and [12] we get
[30]. From [29] and [30] we get: Kp ~ Kg, C V*N
Ep'B=V*NE™'B. O

Proof of Theorem 12 In view of Theorem 11
(and its proof) we only need to prove that [30]

and [31] imply A} ,, C V* with (F; , Fj) €
P

F(V¢, »i)- Indeed from algorithm [12] and [30]
1w,
C V*, we then have from [12] and

we get A = Kgp C V*. Let us now suppose

that A*

1,94
. +1 . -1 -1 *
Ep'EpV* =V* + Kg, C V*. O

Proof of Lemma 14 Let us first prove [35.a)].
From [7], [25], [26], and Fig. 1, we get (recall that
€ = EKp and that B C &): V{ 5. = Kp and

— (—1) —\ 1 — (=
Vi, =Kon (ECVA) " (kp+E 7 B)
—KpnA ' (EKp+B) =Kpnd ' (PEVKp
+ B =Kpnd "(£+B) =Kkpnd '€=
Kp, which implies: Vipms = Kp. Let us next

prove [35.b]. From algorithm [7] we have for the
first step (recall that Im A C &): X D Vi =
A7 (VY +B) = A (E+B) D AT lE = X,
Hence, V;{,Ei = V}{ i = Vg{ si = X. Let us finally
prove [35.c]. The assumption Im A C £ and the

: ; . 0 _ 1 _
algorithm [7] imply: VXJ% = X and V?CE?, =
AT = A1 (Im ANE) = A7 MIm A = A71AX
=X+Kp=2X.



