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Abstract: A mobile manipulator is defined as a robotic system composed of a nonholonomic
mobile platform and a holonomic manipulator fixed to the platform. The kinematics of the
mobile manipulator, describing velocity constraints imposed on the platform and determining
actual position and orientation of the end effector, are represented by a driftless control
system with outputs. The motion planning problem considered in the paper consists in
computing a control of the platform and a joint position of the manipulator, that produce
a desirable position and orientation of the end effector in the taskspace at a prescribed instant
of time. The motion planning problem can be solved globally, using methods of optimal
control theory, or locally, by Jacobian methods employing the concept of analytic Jacobian.
In the paper we concentrate on local methods, and present three Jacobian motion planning
algorithms effective at regular configurations of the mobile manipulator. The performance
and convergence of these algorithms is illustrated with computer simulations.Copyright 2002
c
�

IFAC
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1. INTRODUCTION

We define a mobile manipulator as a system built
of a mobile platform having a manipulator aboard.
The platform is assumed nonholonomic. Important
role played in robotics by mobile manipulators re-
sults from their exquisite mobility and manipulabil-
ity characteristics. In the last decade contributions
to theory and design of mobile manipulators have
been made by quite many authors (Papadopoulos and
Dubowsky, 1991; Yamamoto and Yun, 1994; Khatibet
al., 1996; Seraji, 1998; Tchoń and Muszyński, 2000;
Gardner and Velinsky, 2000; Bayleet al., 2001); for
an extensive review the reader is directed to (Tchońet
al., 2001).

1 This work was supported by Polish State Committee of Scientific
Research.

Recently, in (Tchoń and Muszyński, 2000; Tchońet
al., 2001) we have set forth a new approach to mobile
manipulators, based on a control theoretic concept of
endogenous configuration. As a result we have been
able to reconstruct mobile manipulator counterparts
of basic concepts and algorithms known for station-
ary manipulators, including the concept of kinematics,
analytic Jacobian, regular and singular configurations,
kinematic dexterity measures, and regular as well as
singular Jacobian inverse kinematics algorithms. It is
worth mentioning that singular configurations of mo-
bile manipulators have been characterized as singular
controls that may be detected by examining the output
reachability Gramian of a variational control system.
In the case when the mobile manipulator consists of a
mobile platform exclusively, Jacobian pseudoinverse
motion planning algorithms based on the analogy be-
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tweenstationaryandmobile manipulatorsspecify to
nonholonomicmotionplanningalgorithmsdeveloped
within the continuationapproach(Sussmann,1992;
ChitourandSussmann,1998;Divelbisset al., 1998).

Themotionplanningproblemfor mobilemanipulators
consistsin computingan endogenousconfiguration
(i.e. a control for the platform and a joint position
of the aboardmanipulator)that allows the endeffec-
tor to assumea desirablelocation in the taskspace.
Principally, we study the problemwithout obstacles
(Laumond,1993; Chitour and Sussmann,1998), al-
though potentially our algorithms can be adapted
to obstacle-populatedenvironments(Divelbisset al.,
1998).The motion planningproblemis solved either
globally, e.g.usingmethodsof optimalcontrol(Desai
andKumar, 1997;Tchoń, 2001),or locally, by Jaco-
bian methodsrelying on the conceptof analytic Ja-
cobianfor the mobile manipulator. In this paperwe
concentrateon local algorithms working at regular
configurations,andpresentthreeJacobianalgorithms
of motionplanningfor mobilemanipulators:Jacobian
pseudoinverse,extendedJacobianpseudoinverse,and
adjointJacobian.Theconvergenceissueis addressed,
andexemplarycomputersimulationsaccomplishedto
illustratealgorithmsperformance.Distinctsuperiority
of Jacobianpseudoinverse-basedalgorithmsover the
adjoint Jacobianalgorithmhasbeenproved theoreti-
cally, andconfirmedin simulations.

The compositionof this paperis the following. Sec-
tion 2 introducesbasicconceptsfocusedarounden-
dogenousconfigurationandanalyticJacobian.Section
3 is devotedto motionplanningalgorithms.Theirper-
formanceand convergenceare studiedin section4.
Section5 concludesthepaper.

2. BASIC CONCEPTS

Givena mobilemanipulator, we let variablesq � Rn,
x � Rp, y � Rr denotepostureof theplatform,joint po-
sitionsof themanipulator,andpositionandorientation
of theendeffector. Underassumptionthattheplatform
velocitiesaresubjectto l � n independentconstraints,
andthatthetaskspaceof themobilemanipulatorcon-
sistsof positionandorientationcoordinatesof theend
effector relative to an inertial coordinateframe, the
kinematicsof the mobile manipulatorcan be repre-
sentedby adriftlesscontrolsystemwith outputs�� � q̇ � G � q� u � m

∑
i 	 1

gi � q� ui

y � k � q 
 x��
 (1)

with analytic vector fields g1 � q��
 g2 � q��
�
�
�
�
 gm � q� ,
m � n � l . Control signalsentering the system(1)
encompasscontrol functionsof the platformu ����� , as-
sumedto be(Lebesgue)squareintegrableontheinter-
val � 0 
 T � , andmanipulatorjoint positionsx � Rp that
remainconstantover � 0 
 T � . It is assumedthat for any
u ����� thesolutionq � t ��� ϕq0 � t � u ������� of (1) initialized at

q0 anddriven by u ����� exists for every t ��� 0 
 T � . The
Hilbert space��� L2

m � 0 
 T ��� Rp equippedwith inner
product � u1 ������
 x1 ��
�� u2 ������
 x2 ��!"�# T

0
uT

1 � t � u2 � t � dt $ xT
1 x2 
 (2)

and the correspondingnorm %&%&� u ������
 x�'%(% will be re-
ferred to as the endogenousconfiguration spaceof
themobilemanipulator.

For the control systemrepresentation(1), we fix the
initial postureq0 of theplatformaswell asthecontrol
horizonT, anddefinetheinstantaneouskinematicsof
themobilemanipulator(Tchoń andMuszyński,2000)
astheoutputreachabilitymapKq0 � T : ���*) Rr of (1)
suchthat

Kq0 � T � u ������
 x�+� k � ϕq0 � T � u ��������
 x��
 (3)

Given the kinematics(3), the motion planningprob-
lem for the mobile manipulatorconsistsin determin-
ing an endogenousconfiguration � u ������
 x�,�-� such
that theendeffector, placedinitially at a certainy0 �
k � q0 
 x0 � , reachesat T a desirablepositionandorien-
tationyd, sothat

Kq0 � T � u ������
 x��� yd 
 (4)

Themotionplanningproblemwill besolvedprovided
that the kinematics(3) areaccompaniedwith an an-
alytic Jacobian.At a configuration � u ������
 x�.�/� , the
analyticJacobianJq0 � T � u ������
 x� : �0�1) Rr is a linear
mapdefinedwith referenceto theso-calledvariational
systemassociatedwith (1). The variational system
describesa linear approximationto (1) alonga triple� u � t ��
 x 
 q � t ��� , and is representedby a linear, time-
dependentcontrolsystem2

ξ̇ � A � t � ξ $ B � t � v
η � C � t 
 x� ξ $ D � t 
 x� w
 (5)

whosematrices

A � t �"� ∂ � G � q � t ��� u � t ���
∂q


 B � t �"� G � q � t ����

C � t 
 x��� ∂k � q � t ��
 x�

∂q

 D � t 
 x��� ∂k � q � t ��
 x�

∂x

 (6)

Eventually, we let Φ � t 
 s� denotethefundamentalma-
trix of (5), satisfyingtheequation

∂
∂t

Φ � t 
 s�+� A � t � Φ � t 
 s��
 Φ � s
 s�3� In 
 (7)

After this introduction, we are ready to define the
analyticJacobianby thefollowing formula

Jq0 � T � u ������
 x�4� v ������
 w�+�
C � T 
 x� # T

0
Φ � T 
 s� B � s� v � s� ds $ D � T 
 x� w
 (8)

Thanksto the introductionof the analytic Jacobian,
thenonlinearequation(4) canbereplacedby a family
of linearJacobianequationsof theform

Jq0 � T � u ������
 x�4� v ������
 w�+� η 
 (9)



andsolvediteratively. A necessaryandsufficientcon-
dition for solvability of the Jacobianequationis sur-
jectivity of the map Jq0 � T � u ������
 x� . A presenceor an
absenceof surjectivity leadsto distinguishingregular
andsingularendogenousconfigurationsof themobile
manipulator. Configurationsat which the Jacobianis
surjectiveareregular. Otherconfigurationsof themo-
bile manipulatorare singular. It may be proved that
thevariationalsystem(5) at a regularconfigurationis
outputcontrollable.

Supposethat a configuration � u ������
 x�5�6� is regular.
In sucha case,the Jacobianequationmay be solved
using the least squaresmethodthat yields a (right)
pseudoinverseJ#

q0 � T � u ������
 x� : Rr �*)7� of theJacobian
suchthat8

J#
q0 � T � u ������
 x� η 9:� t ���<; v � t �

w = �>
BT � t � ΦT � T 
 t � CT � T 
 x�

DT � T 
 x� ?A@CB 1
q0 � T � u ������
 x� η 
 (10)

TheJacobianpseudoinversedependson amatrix@ q0 � T � u ������
 x���
C � T 
 x��D q0 � TCT � T 
 x�E$ D � T 
 x� DT � T 
 x� (11)

known astheoutputreachabilityGramianof thevari-
ationalsystem,andcalledthe dexterity matrix of the
mobile manipulator(Tchoń and Muszyński, 2000).
ThestatereachabilityGramianD q0 � T � u ��������� # T

0
Φ � T 
 s� B � s� BT � s� ΦT � T 
 s� ds

incorporatedin (11) denotesthe mobility matrix of
the platform. A dexterity of configuration � u ������
 x� ,
measuringits degreeof regularity, is definedas

dq0 � T � u ������
 x�+�GF det @ q0 � T � u ������
 x�4
 (12)

It follows that a configuration � u ������
 x� is regular, if
and only if @ q0 � T � u ������
 x� is positive definite or the
dexterity (12) is positive.

The pseudoinverse(10) is right, what meansthat it
satisfiestheidentity

Jq0 � T � u ������
 x� J#
q0 � T � u ������
 x�+� Ir 
 (13)

Moreover, theform of (13)entailsthatthemap

J#
q0 � T � u ������
 x� Jq0 � T � u ������
 x��� idHI
 (14)

where idH denotesthe identity on � , is a projec-
tion of the configurationspaceonto the null-space
KerJq0 � T � u ������
 x� .

3. INVERSEKINEMATICSALGORITHMS

Assumingregularityof configurations,below weshall
presentthree local motion planning algorithmsem-
ploying theconceptof analyticJacobian.In eachcase
ouraimwill consistsin providing aniterativesolution
to equation(4).

3.1 General Jacobianpseudoinverse

TheJacobianpseudoinverse(10) canbepluggedinto
the Newton algorithmin the configurationspace,re-
sulting in the basic Jacobianpseudoinversemotion
planningalgorithm.In accordancewith thisalgorithm
a solutionof the motion planningproblemis sought
for asthelimit; ud � t �

xd = � lim
θ JLK ∞

; uθ � t �
x � θ �M=

of a curve in the configurationspace,initialized at
a given configuration � u0 ������
 x0 � , and satisfying the
differentialequation.

d
dθ

; uθ � t �
x � θ �M= �N� γJ#

q0 � T � uθ ������
 x � θ ���� Kq0 � T � uθ ������
 x � θ ���1� yd �O� t ��
 (15)

whereJ#
q0 � T � u ������
 x� standsfor theJacobianpseudoin-

verse(10), and γ P 0. In order to computethe left
handsideof (15), for every subsequentconfiguration� uθ ������
 x � θ ��� we first find out a trajectory qθ � t � of
the control systemq̇θ � G � qθ � uθ starting from q0,
and then derive equationsof the variational system
along � uθ � t ��
 x � θ ��
 qθ � t ��� whosematricesAθ � t ��
 Bθ � t ��

Cθ � t 
 x��
 Dθ � t 
 x� definetheJacobianpseudoinverse.

The basic algorithm may be augmentedby a pro-
jection of a vector � ω ����� ζ �Q�R� into the Jacobian
null-space,resultingin thefollowing generalJacobian
pseudoinversealgorithm

d
dθ

; uθ � t �
x � θ �M= �N� γJ#

q0 � T � uθ ������
 x � θ ���� Kq0 � T � uθ ������
 x � θ ����� yd �O� t �E$S� J#
q0 � T � uθ ������
 x � θ ���

Jq0 � T � uθ ������
 x � θ ���1� idH.�M; ω �����ζ = � t ��
 (16)

The vector � ω ������
 ζ � may be chosene.g. to point out
into a directionof pushingoff from obstaclesor in-
creasingdexterity (12)of themobilemanipulator. The
lattermeansthatthedifferential

Dd2
q0 � T � u ������
 x�4� v ������
 w�+�  � ω ������
 ζ ��
�� v ������
 w��!�


where

 �&
���! standsfor theinnerproduct(2).

To betterapprehendthe convergenceof the general
Jacobianpseudoinversealgorithm, we computethe
derivativeof taskspaceerror

e� θ �+� Kq0 � T � uθ ������
 x � θ ���1� yd 
 (17)

alonga solutionof (16)

d
dθ

e� θ �+� Jq0 � T � uθ ������
 x � θ ��� d
dθ

; uθ �����
x � θ �T= �� γJq0 � T � uθ ������
 x � θ ��� J#

q0 � T � uθ ������
 x � θ ��� e� θ ���U� γe� θ �
thatimpliesexponentialconvergenceof theerrorwith
therateγ, e� θ ��� e� 0� exp ��� γθ ��




3.2 ExtendedJacobianpseudoinverse

Rightpseudoinversesof theanalyticJacobian,alterna-
tive to (10),maybeintroducedby suitableextensions
of the output mapof system(1). To this aim, let us
addto k � q 
 x� new outputfunctionsȳ j � h j � q 
 x��
 j �
1 
 2 
�
�
�
�
 s
 writtenvectoriallyas

ȳ � h � q 
 x��
 (18)

where the numbers, 0 � s � n $ p � r, is called a
degreeof outputextension.For the extendedcontrol
systemrepresentation,comprising(1) and (18), we
computetheextendedJacobian

JE
q0 � T � u ������
 x�'� v ������
 w�3�>
C � T 
 x�
C̄ � T 
 x� ? # T

0
Φ � T 
 s� B � s� v � s� ds $ >

D � T 
 x�
D̄ � T 
 x� ? w
 (19)

whereC̄ � T 
 x��� ∂h V q V T W � xW
∂q , D̄ � T 
 x��� ∂h V q V T W � xW

∂x , whereas
remainingterms come from (6) and (7). If regular
configurationsof JE

q0 � T andJq0 � T coincide,we get the
pseudoinverseof extendedJacobian; JE#

q0 � T � u ������
 x��; η
η̄ =X= � t �"�>

BT � t � ΦT � T 
 t �ZYCT � T 
 x� C̄T � T 
 x��[Y DT � T 
 x� D̄T � T 
 x��[ ?8 @ e
q0 � T 9 B 1� u ������
 x� ; η

η̄ = 
 (20)

whereη � Rr , η̄ � Rs, whereastheextendeddexterity
matrix@ e

q0 � T � u ������
 x��� > C � T 
 x� D � T 
 x�C̄ � T 
 x� D̄ � T 
 x� ?> D q0 � T � u ������� 0
0 Ip ? > C � T 
 x� D � T 
 x�C̄ � T 
 x� D̄ � T 
 x� ? T
 (21)

Expression(20), restrictedto η subspace,yields the
extendedJacobianpseudoinverse

Je#
q0 � T � u ������
 x� η � JE#

q0 � T � u ������
 x��; η
0 = 
 (22)

definedas8
Je#

q0 � T � u ������
 x� η 9 � t ���>
BT � t � ΦT � T 
 t �3YCT � T 
 x� C̄T � T 
 x� [Y DT � T 
 x� D̄T � T 
 x��[ ?8 @ e

q0 � T 9 B 1� u ������
 x�'% r clsη 
 (23)

where“ r cls” refersto the first r columnsof matrix\ @ e
q0 � T ] B 1� u ������
 x� . For thedegreeof extensions may

be varied,(23) actuallyprovidesus with a collection
of right pseudoinversessuchthat

Jq0 � T � u ������
 x� Je#
q0 � T � u ������
 x�+� Ir 


TheNewton algorithmcoupledwith theextendedJa-
cobianpseudoinverseresultsin theextendedJacobian
pseudoinversealgorithm.Hence,asolutionof themo-
tion planningproblemarisesasthelimit; ud � t �

xd = � lim
θ JLK ∞

; uθ � t �
x � θ �M=

of a curve � uθ ������
 x � θ ��� in the configurationspace,
satisfyingthedifferentialequation

d
dθ

; uθ � t �
x � θ � = �N� γJe#

q0 � T � uθ ������
 x � θ ���� Kq0 � T � uθ ������
 x � θ ���1� yd �4� t ��
 (24)

whereJe#
q0 � T � u ������
 x� is givenby (23),andγ P 0.

Proceedingsimilarly to the caseof the basic Jaco-
bianpseudoinversealgorithm,by differentiationof the
taskspaceerror (17), and using (24) as well as the
propertyof Je#

q0 � T beinga right pseudoinverse,we ob-
tain

d
dθ

e� θ �+� Jq0 � T � uθ ������
 x � θ ��� d
dθ

; uθ �����
x � θ �T= �� γJq0 � T � uθ ������
 x � θ ��� Je#

q0 � T � uθ ������
 x � θ ��� e� θ ���U� γe� θ ��

andconcludethatagainconvergenceof thetaskspace
erroris exponential,e� θ ��� e� 0� exp ��� γθ ��

3.3 Adjoint Jacobian

TheNewton algorithmmaybereplacedby thesteep-
estdescentalgorithmin the configurationspaceof a
mobile manipulator, directedtoward decreasingthe
taskspaceerrornorm

e2 � u ������
 x��� 1
2
%(%Kq0 � T � u ������
 x��� yd %&% 2 
 (25)

Differentiationof theerroryields

De2 � u ������
 x�4� v ������
 w�+�� Kq0 � T � u ������
 x�1� yd � T Jq0 � T � u ������
 x�4� v ������
 w�+�^
J _q0 � T � u ������
 x�E� Kq0 � T � u ������
 x��� yd �`
�� v ������
 w��ab
 (26)

whereJ _q0 � T � u ������
 x� : � Rr � _ �1)c� �d� _ denotesthe ad-
joint Jacobiandefinedas 

J _q0 � T � u ������
 x� p 
�� v ������
 w��!+� � BT ����� ΦT � T 
���� CT � T 
 x� p 
 DT � T 
 x� p��
�� v ������
 w��!�

(27)

for p �-� Rr � _be� Rr , � v ������
 w�b�f� , andtheinnerproduct
(2). By definition,8

J _q0 � T � u ������
 x� p9:� t �"�; BT � t � ΦT � T 
 t � CT � T 
 x� p
DT � T 
 x� p = 
 (28)

In consequence,we have derivedtheadjointJacobian
motionplanningalgorithmproviding a solutionin the
form of thelimit; ud � t �

xd = � lim
θ JLK ∞

; uθ � t �
x � θ � =

of a curve � uθ ������
 x � θ ���g�h� satisfyingthedifferential
equation

d
dθ

; uθ � t �
x � θ � = �N� γJ _q0 � T � uθ ������
 x � θ ���� Kq0 � T � uθ ������
 x � θ ���1� yd �4� t ��
 (29)

with adjointJacobian(27),andγ P 0.



In orderto assessconvergenceof theadjointJacobian
algorithm,weconsiderthetaskspaceerror(17) thatis
governedby thedifferentialequation

d
dθ

e� θ �+� Jq0 � T � uθ ������
 x � θ ��� d
dθ

; uθ �����
x � θ � = 
 (30)

anduseV � θ �"� 1
2 %(% e� θ �'%(% 2 asaLyapunov function.By

differentiationwededuce

d
dθ

V � θ ���� γeT � θ � Jq0 � T � uθ ������
 x � θ ��� J _q0 � T � uθ ������
 x � θ ��� e� θ �Z�� γeT � θ � @ q0 � T � uθ ������
 x � θ ��� e� θ �i� 0 

and concludevia La Salle invarianceprinciple that
outsidesingularconfigurationsthetakspaceerrorcon-
vergesasymptoticallyto 0.

4. SIMULATIONS

Simulationshave beenrun for a mobile manipulator
portrayedin figure 1, consistingof a kinematic car
type platform with an RTR manipulatoron board.
The platform posturevector q ��� q1 
 q2 
 q3 
 q4 � in-

y

y
y

1

2

3

(q  ,q  )

q

q

x

x

x
l

l

3

1 2

4

1

2

3
2

3

Fig. 1. RTR manipulatoratopof kinematiccar.

cludespositioncoordinatesin the plane � q1 
 q2 � , the
orientationangle q3, and the direction angle q4 of
front wheels.The vectorx �j� x1 
 x2 
 x3 � denotesma-
nipulator joint position. Taskspacecoordinatesy �� y1 
 y2 
 y3 � describeCartesiancoordinatesof the end
effector. The length of the car serves as a measure
unit. If side-slippingof the platform wheels is not
permitted,thecontrolsystemrepresentation(1) of the
mobilemanipulatorkinematicsassumesthefollowing
formk

q̇1 � u1cosq3cosq4 
 q̇2 � u1sinq3cosq4 

q̇3 � u1sinq4 
 q̇4 � u2 


y � k � q 
 x���mln q1 $o� l2 $ l3cosx3 � cos� q3 $ x1 �
q2 $S� l2 $ l3cosx3 � sin� q3 $ x1 �

x2 $ l3sinx3 pq 

(31)

The time horizonis fixed asT � 1. Controlsdriving
the system(31), that consistof the linear velocity of
theplatform(u1) andtheangularvelocity of directing
front wheels(u2), have beenchosenin the form of a
truncatedFourierseries

u1 � t �"� λ01 $sr 2 � λ11sin2πt $ λ21cos2πt $
λ31sin4πt $ λ41cos4πt ��

u2 � t �"� λ02 $sr 2 � λ12sin2πt $ λ22cos2πt $
λ32sin4πt $ λ42cos4πt ��


After parameterization,theendogenousconfiguration
space � e� R13 encompasses10-dimensionalplat-
form control spaceand 3-dimensionalmanipulator
jointspace.Whenapplicable,theoutputextensionin-
cludestwo of ZYZ Euleranglescharacterizingtheend
effectororientation,so ȳ1 � θ � x3, ȳ2 � ϕ � q3 $ x1.

For three initial positions � q01 
 q02� of the platform
givenin polarcoordinatesasP � 5 
 0��
 Q � 5 
 π

4 ��
 R� 5 
 5π
4 � ,

we study the following motion planning problem:
givenzeroinitial platform orientationq03 � 0, initial
front wheel direction q04 � π

6 , initial configuration
λ0 �t� 0 
 01
�� 0 
 01� , λ1 �N�����u� λ4 � 0, x01 � 0, x02 �
2, x03 � π

4, and the desirableend effector position
yd �t� 0 
 0 
 1� , find aconfiguration� λ 
 x�3�I� suchthat
yd is reachedin time T � 1 with admissibletaskspace
errornorm � 10B 12. Lengthsof manipulatorlinks are
l2 � 0 
 6, l3 � 0 
 4. Convergencerateγ is setto 1.

Figures2, 3 and4 show a sampleof takspacepaths
of theplatform,andof theendeffector, for basicand
extendedJacobianpseudoinverseaswell asfor adjoint
Jacobianmotion planningalgorithms.A comparison
of convergenceof thesealgorithms is displayedin
figures 5, 6 and 7. The adjoint Jacobianalgorithm
startedfrom point A hasnot converged.

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

-1 0 1 2 3 4 5 6
q1,y1

q2,y2

q
y

Fig. 2. PointP, basicJacobianpseudoinverse.
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Fig. 3. PointQ, extendedJacobianpseudoinverse.
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Fig. 4. PointR, adjointJacobian.
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Fig. 5. Convergencecomparison,pointP.

1e-12

1e-09

1e-06

0.001

1

1000

0 20 40 60 80 100 120 140 160 180

iter.

||e||

J#

J*

Je#

Fig. 6. Convergencecomparison,pointQ.
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Fig. 7. Convergencecomparison,pointR.

5. CONCLUSION

Wehaveinvestigatedasampleperformanceof regular
Jacobianmotion planningalgorithmsfor mobile ma-
nipulators.Our computersimulationsshow a distinct
superiority of Jacobianpseudoinverseand extended
Jacobianpseudoinversealgorithmsover the adjoint
Jacobianalgorithm.More comprehensive resultswill
bepresentedin a separatestudy.
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