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Abstract: A mobile manipulator is defined as a robotic system composed of a nonholonomic
mobile platform and a holonomic manipulator fixed to the platform. The kinematics of the
mobile manipulator, describing velocity constraints imposed on the platform and determining
actual position and orientation of the end effector, are represented by a driftless control
system with outputs. The motion planning problem considered in the paper consists in
computing a control of the platform and a joint position of the manipulator, that produce

a desirable position and orientation of the end effector in the taskspace at a prescribed instant
of time. The motion planning problem can be solved globally, using methods of optimal
control theory, or locally, by Jacobian methods employing the concept of analytic Jacobian.
In the paper we concentrate on local methods, and present three Jacobian motion planning
algorithms effective at regular configurations of the mobile manipulator. The performance
and convergence of these algorithms is illustrated with computer simula@opgright 2002
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1. INTRODUCTION Recently, in (Tchoh and Muszyhski, 2000; Tcheth

al., 2001) we have set forth a new approach to mobile
We define a mobile manipulator as a system built manipulators, based on a control theoretic concept of
of a mobile platform having a manipulator aboard. endogenous configuration. As a result we have been
The platform is assumed nonholonomic. Important aple to reconstruct mobile manipulator counterparts
role played in robotics by mobile manipulators re- of basic concepts and algorithms known for station-
sults from their exquisite mobility and manipulabil-  ary manipulators, including the concept of kinematics,
ity characteristics. In the last decade contributions analytic Jacobian, regular and singular configurations,
to theory and design of mobile manipulators have kinematic dexterity measures, and regular as well as
been made by quite many authors (Papadopoulos andingular Jacobian inverse kinematics algorithms. It is
Dubowsky, 1991; Yamamoto and Yun, 1994; Khaitb  worth mentioning that singular configurations of mo-
al., 1996; Seraji, 1998; Tchoh and Muszyhski, 2000; bile manipulators have been characterized as singular
Gardner and Velinsky, 2000; Bayt al, 2001); for  controls that may be detected by examining the output
an extensive review the reader is directed to (TolbN  reachability Gramian of a variational control system.
al., 2001). In the case when the mobile manipulator consists of a
mobile platform exclusively, Jacobian pseudoinverse

1 This work was supported by Polish State Committee of Scientific MOtion planning algorithms based on the analogy be-
Research.




tweenstationaryand mobile manipulatorsspecify to
nonholonomiamotion planningalgorithmsdeveloped
within the continuationapproach(Sussmann;1992;
ChitourandSussmann] 998;Divelbissetal., 1998).

Themotionplanningproblemfor mobilemanipulators
consistsin computingan endogenousonfiguration
(i.e. a control for the platform and a joint position
of the aboardmanipulator)that allows the end effec-
tor to assumea desirablelocation in the taskspace.
Principally, we study the problemwithout obstacles
(Laumond, 1993; Chitour and Sussmann1998), al-
though potentially our algorithms can be adapted
to obstacle-populatedrvironments(Divelbisset al.,
1998). The motion planningproblemis solved either
globally, e.g.usingmethodsf optimalcontrol (Desai
andKumar, 1997; Tchah, 2001),or locally, by Jaco-
bian methodsrelying on the conceptof analytic Ja-
cobianfor the mobile manipulator In this paperwe
concentrateon local algorithmsworking at regular
configurationsandpresenthreeJacobiarmalgorithms
of motionplanningfor mobilemanipulatorsJacobian
pseudoinerse extendedJacobiarpseudoinerseand
adjointJacobianThe convergencessueis addressed,
andexemplarycomputersimulationsaccomplishedo
illustratealgorithmsperformanceDistinct superiority
of Jacobiarpseudoinerse-basedlgorithmsover the
adjoint Jacobiaralgorithm hasbeenproved theoreti-
cally, andconfirmedin simulations.

The compositionof this paperis the following. Sec-
tion 2 introducesbasic conceptsfocusedarounden-
dogenougonfiguratiorandanalyticJacobianSection
3is devotedto motionplanningalgorithms.Their per
formanceand corvergenceare studiedin section4.
Section5 concludeghepaper

2. BASIC CONCEPTS

Givena mobile manipulator we let variablesqg € R",
x€ RP, y e R denotepostureof the platform,joint po-
sitionsof themanipulatorandpositionandorientation
of theendeffector Underassumptiorthattheplatform
velocitiesaresubjectto | < nindependentonstraints,
andthatthetaskspac®f the mobile manipulatorcon-
sistsof positionandorientationcoordinate®f theend
effector relative to an inertial coordinateframe, the
kinematicsof the mobile manipulatorcan be repre-
sentedby adriftlesscontrol systemwith outputs

{qzqmuzggmwi "
y=k(a,x),

with analytic vector fields g1(q),g92(q),.-..,dm(q),
m = n —|. Control signalsenteringthe system(1)
encompassontrol functionsof the platformu(-), as-
sumedo be(Lebesgueyquarantegrableontheinter-
val [0, T], andmanipulatorjoint positionsx € RP that
remainconstanover [0, T]. It is assumedhatfor ary
u(-) thesolutionq(t) = ¢q,t(u(-)) of (1) initialized at

go anddrivenby u(-) existsfor everyt € [0,T]. The
Hilbert spacex = L2[0,T] x RP equippedwith inner
product

((u(-);x1), (U2(-), %)) =
[ 0w de, @

and the correspondingnorm ||(u(-),x)|| will be re-
ferredto asthe endogenousconfiguration spaceof
themobile manipulator

For the control systemrepresentatioifl), we fix the
initial postureqp of the platformaswell asthe control
horizonT, anddefinetheinstantaneoukinematicsof
the mobilemanipulator(Tchoh andMuszynski, 2000)
astheoutputreachabilitymapKq, 1 : X — R of (1)
suchthat

Kao,T(U(),%) = k(.7 (u(-)),X)- 3)

Given the kinematics(3), the motion planningprob-
lem for the mobile manipulatorconsistsin determin-
ing an endogenougonfiguration(u(-),x) € X such
thatthe endeffector, placedinitially ata certainyg =

k(go, o), reachesat T a desirablepositionandorien-
tationyy, sothat

Kao.m(U(-),X) = Ya- (4)

Themotionplanningproblemwill besolvedprovided
that the kinematics(3) are accompaniedvith an an-
alytic JacobianAt a configuration(u(-),x) € X, the
analytic JacobianJy, T (u(-),x) : X — R’ is alinear
mapdefinedwith referenceo theso-calledvariational
systemassociatedwvith (1). The variational system
describes linear approximatiorto (1) alonga triple
(u(t),x,q(t)), andis representecby a linear, time-
dependentontrolsystem

£=A)E+B(t)v -
n = C(t,x)& + D(t,x)w,
whosematrices
Al = w B(t) = G(a(t)), "
Clt,x) = %;’X), D(t,x) = w.

Eventually welet ®(t, s) denotethe fundamentama-
trix of (5), satisfyingtheequation
do,9=ADR(L), AsY =l ()

After this introduction, we are readyto define the
analyticJacobiarby thefollowing formula

Jao, T (U(-), X) (V(+), W) =
(T, %) /0 (T, 9)B(V(8)ds+ D(T, . (8)

Thanksto the introductionof the analytic Jacobian,
thenonlinearequation(4) canbereplacedoy afamily
of linear Jacobiarequation®f theform

JQ07T(U(')’X)(V(')’W) =n, 9)



andsolvediteratively. A necessarandsuficientcon-
dition for solvability of the Jacobiarequationis sur
jectivity of the map Jq, 1 (u(-),X). A presenceor an
absencef surjectvity leadsto distinguishingregular
andsingularendogenousonfigurationof the mobile
manipulator Configurationsat which the Jacobianis
surjective areregular. Otherconfigurationsof the mo-
bile manipulatorare singular It may be proved that
the variationalsystem(5) at a regular configurationis
outputcontrollable.

Supposehat a configuration(u(-),x) € X is regular
In sucha case the Jacobiarequationmay be solved
using the least squaresmethodthat yields a (right)
pseudoinerselgoj(u(-),x) :R' — X of theJacobian

suchthat

e = (') -

T T T
[B (t)anq,Tt,))g (T, )]DJO?T(U(')’X)”- (10)

The Jacobiampseudoinersedependsn a matrix
Do, 7(U(-),%) =
C(T,X) Mg, 7CT (T,X) + D(T,x)DT(T,x) (11)

known asthe outputreachabilityGramianof the vari-
ational system,and calledthe dexterity matrix of the
mobile manipulator(TchoA and Muszyhski, 2000).
The statereachabilityGramian

My 7 (U(- /qa (T,9B

incorporatedin (11) denotesthe mobility matrix of
the platform. A dexterity of configuration(u(-),X),
measuringts degreeof regularity, is definedas

doo,7(U(),X) =

It follows that a configuration(u(-),x) is regular, if
andonly if Dg,1(u(-),X) is positve definite or the
dexterity (12) is positive.

T (5)®" (T,s)ds

detDy, 1 (u(-),x)- (12)

The pseudoirerse(10) is right, what meansthat it
satisfiegheidentity

JQO,T( (); )Jgo, (u(),x) = 1. (13)
Moreover, theform of (13) entailsthatthe map
o7 (U(), ) Jgo,7 (U(), ) —idx,  (14)

where idx denotesthe identity on X, is a projec-
tion of the configurationspaceonto the null-space
Kerdg, T (u(),X).

3. INVERSEKINEMATICSALGORITHMS

Assumingregularity of configurationsbelow we shall
presentthree local motion planning algorithmsem-
ploying the conceptof analyticJacobianin eachcase
ouraimwill consistsn providing aniterative solution
to equation(4).

3.1 Geneanl Jacobianpseudoinerse

The Jacobiampseudoinerse(10) canbe pluggedinto
the Newton algorithmin the configurationspace fe-
sulting in the basic Jacobianpseudoinerse motion
planningalgorithm.In accordancevith this algorithm
a solution of the motion planningproblemis sought
for asthelimit

(449) = yim_(%8))

of a curve in the configurationspace,initialized at
a given configuration (up(-),Xo), and satisfying the
differentialequation.

16 (8)) =¥, w)x®)
(Kau (000, X(8) = Yo)D), (19

whereJé‘o’T(u(-),x) standsfor the Jacobiarpseudoin-
verse(10), andy > 0. In orderto computethe left

handsideof (15), for every subsequentonfiguration
(us(-),x(B)) we first find out a trajectory gg(t) of

the control systemqg = G(qgg)ug starting from qo,

and then derive equationsof the variational system
along(ug(t),x(8),qs(t)) whosematricesAg(t), Bg(t),

Co(t,X), Dg(t,X) definethe Jacobiarpseudoinerse.

The basic algorithm may be augmentedby a pro-
jection of a vector (w(-){) € X into the Jacobian
null-spaceresultingin thefollowing generallacobian
pseudoinersealgorithm

16 (8)) =¥t w()x®)
(Ko (U X(8)) — Vo)1) + (3 7 (uo(1),X(0)
S (wa():x8) = i) (0. 19)

The vector (w(-),{) may be chosene.g.to point out
into a direction of pushingoff from obstaclesor in-
creasinglexterity (12) of themobile manipulatorThe
lattermeanghatthe differential

Do, (U)X (v(:),W) = ((6(-),2), (V(-), W),
where(-,-) standdor theinnerproduct(2).

To betterapprehendhe corvergenceof the general
Jacobianpseudoinerse algorithm, we computethe
derivative of taskspacerror

&(8) = Kgy, 7 (Us(:),X(8)) — Yu, (17)

alonga solutionof (16)

4650 = Jr () g (5)) =
—Ydao,7 (Ue (), X(8)) 35,7 (ue (), X(8) )&(8) = —ve(®)

thatimpliesexponentialcornvergenceof theerrorwith
theratey, e(8) = e(0) exp(—y0).



3.2 Extendedlacobianpseudoinerse

Rightpseudoinersef theanalyticJacobianalterna-
tive to (10), maybeintroducedby suitableextensions
of the output map of system(1). To this aim, let us
addto k(g,x) new outputfunctionsy; = hj(q,x), j =
1,2,...,s, writtenvectoriallyas

)7: h(qv X)7 (18)
wherethe numbers, 0 <s<n+p-r, is calleda
degreeof outputextension.For the extendedcontrol
systemrepresentationcomprising (1) and (18), we
computeiheextendedlacobian

I, (UE) 0 (V(-), W) =
D(T,x)
[ ]/(D (T,s)B s)ds+ [D(T,x)] w, (19)
whereC(T,X) = ah(q(q) X D(T,x) = MDX \whereas

remainingterms come from (6) and (7). If regular
configurationsof JEO’T andJq, 7 coincide,we getthe
pseudoinerseof extendedlacobian

(Jqu?T(U('),X)@T))(t) -

BT (t)®"(T,t) [CT(T,x)CT
[ [DT T,X)D"(T,x)]

28 1) (), (’l) (20)

wheren € R', n € R®, whereaghe extendeddexterity
matrix

e[S

P e

(T, X)]]

0

Expression(20), restrictedto n subspaceyields the
extendedJacobiarpseudoinerse

KO0 = Er0(g). (@2
definedas

(I (UC),9n)(t) =
[BT( )T (T,1) [CT(T x )éT(T,x)]]
[DT(T,x) D(T,x)]
D7) W)Y, (23)
where“r cls’ refersto the first r columnsof matrix
(Q)go T)_ (u(-),x). For the degreeof extensions may

be varied, (23) actually providesus with a collection
of right pseudoinersesuchthat

Jgo,7 (U(),¥) 350 7 (U(), %) = 1r.

The Newton algorithmcoupledwith the extendedJa-

cobianpseudoinerseresultsin the extendedlacobian
pseudoinersealgorithm.Henceasolutionof themo-

tion planningproblemarisesasthe limit

(40 = im_ ()

of a curve (ug(-),x(0)) in the configurationspace,
satisfyingthedifferentialequation

56 (8)) = gt we()x0)
(Koo, T (U (+),X(6)) — ya)(1),
whereJ¢ 1 (u(-), ) is givenby (23),andy > 0.

Proceedingsimilarly to the caseof the basic Jaco-
bianpseudoirersealgorithm,by differentiationof the
taskspaceerror (17), and using (24) as well asthe
propertyof Jgg"T beingaright pseudoinerse we ob-
tain

460 = Jr () g (5)) =

— Yoo, (Ua(-),X(8)) I 7 (Ua (), X(8)) e(8) = —Ye(®),
andconcludethatagaincornvergenceof the taskspace
erroris exponential,g(8) = e(0) exp(—Y0).

(24)

3.3 Adjoint Jacobian

The Newton algorithmmay be replacedoy the steep-
estdescentlgorithmin the configurationspaceof a
mobile manipulator directedtoward decreasinghe
taskspacerrornorm

P(u0), 1) = 3llKep (WX ~Yal (25)
Differentiationof theerroryields
DE?(u(-),X)(v(-),w) =
(Koo, ( () X) = ¥a) " Jgo,7(U(-), ) (V(-), W) =
(0,7 (UC), %) (Kgo, 7 (U(), %) = Ya) , (V(-), W), (26)
whereJa‘O,T( (+),X) : (R)* — (X)* denoteghe ad-

joint Jacobiardefinedas

(Jgo,7(U(), ) P, (V(-), W) =
<(BT( )(DT (Ta )CT (T,X) p, DT (T,X) p)7 (V('),W)),
(27)
forpe (R)* =R, (v(-),w) € X, andtheinnerproduct
(2). By definition,
(35,7 (UC), ) P)(E) =

BT (t)®' (T,t)C™(T,x)p
( D™ (T,X)p ) - (28)

In consequenceye have derivedthe adjointJacobian
motion planningalgorithmproviding a solutionin the
form of thelimit

(449) = jim_(te))

of acurve (ug(+),x(8)) € X satisfyingthe differential
equation

16 (8)) = 195, (w()x®)

(Kgo,T (U (-),x(8))
with adjointJacobiar(27),andy > 0.

- Yd)(t), (29)



In orderto assessorvergenceof theadjointJacobian
algorithm,we considetthetaskspacerror(17) thatis
governedby thedifferentialequation

16°0) =Inr(w0xO) 5 (%), @0

anduseV (6) = 3||e(8)||? asaLyapuna function.By
differentiationwe deduce

d
@V(e) =
— ¥e' (8)Jq6,7 (s (-), X(8)) 35, (Us (-), X(6))e(8) =
— Ye" (8) D7 (Us (), X(8))e(8) <0,
and concludevia La Salle invarianceprinciple that

outsidesingularconfigurationghetakspacerrorcon-
vergesasymptoticallyto 0.

4. SIMULATIONS

Simulationshave beenrun for a mobile manipulator
portrayedin figure 1, consistingof a kinematic car
type platform with an RTR manipulatoron board.
The platform posturevector q = (q1,02,03,d4) in-

Fig. 1. RTR manipulatoratopof kinematiccar.

cludesposition coordinatesn the plane (g1, 02), the
orientationangle gz, and the direction angle g4 of
front wheels.The vectorx = (X1, X2,%3) denotesma-
nipulator joint position. Taskspacecoordinatesy =
(y1,Y2,ys) describeCartesiancoordinatesof the end
effector The length of the car senes as a measure
unit. If side-slippingof the platform wheelsis not
permitted the controlsystemrepresentatiofil) of the
mobile manipulatokinematicsassumeshefollowing
form

(1 = U1 COSO3COSQ4, G2 = U1 SiNQ3COSY4,
gz = u1Singa, Os = Uy,

g1 + (I2+13cosxs) coqds + x1)
y=k(g,x) = g2+ (I2+ I3cosxz) sin(gz + x1) |.
X2 + I3sinX3

(31)
Thetime horizonis fixedasT = 1. Controlsdriving
the system(31), that consistof the linear velocity of
theplatform (u;) andtheangularvelocity of directing
front wheels(uz), have beenchosenin the form of a
truncated~ourierseries

U(t) = Aoz + V2(A11SIiN2Mt + A2y cOS2TE +
A31Sin4Tt + A41 COSATL),

up(t) = Ao2+ ﬁ()\lzsinzm + AooCOS2T+
A32Sin4Tt + Az2COSATL).

After parameterizatiorthe endogenousonfiguration
space X = R!3 encompassed0-dimensionalplat-
form control spaceand 3-dimensionalmanipulator
jointspace Whenapplicable the outputextensionin-
cludestwo of ZYZ Euleranglescharacterizingheend
effectororientationsoy; =0 =x3, y2 = ¢ = gz + 1.

For threeinitial positions (go1,qo2) of the platform
givenin polarcoordinatesisP(5,0), Q(5, ¥), R(5, 21),
we study the following motion planning problem:
givenzeroinitial platform orientationqoz = 0, initial
front wheel direction gos = §, initial configuration
)\0 = (0.0].,—0.0l), )\1 == )\4 =0,%X1=0,%X2=
2, Xo3 = %, and the desirableend effector position
yd = (0,0,1), find aconfiguration(A, x) € X suchthat
Y4 is reachedn time T = 1 with admissibleaskspace
errornorm < 10~%2, Lengthsof manipulatorinks are
I, =0.6,13 = 0.4. Corvergenceratey is setto 1.

Figures2, 3 and 4 shov a sampleof takspacepaths
of the platform, and of the endeffector, for basicand
extendedJacobiampseudoinerseaswell asfor adjoint
Jacobiammotion planningalgorithms.A comparison
of corvergenceof thesealgorithmsis displayedin

figures5, 6 and 7. The adjoint Jacobianalgorithm
startedfrom point A hasnot corverged.
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Fig. 2. PointP, basicJacobiampseudoinerse.
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Fig. 4. PointR, adjointJacobian.
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5. CONCLUSION

We have investigatedh sampleperformancef regular
Jacobiarmotion planningalgorithmsfor mobile ma-
nipulators.Our computersimulationsshowv a distinct
superiority of Jacobianpseudoinerseand extended
Jacobianpseudoirnerse algorithms over the adjoint
Jacobiaralgorithm.More comprehensie resultswill
bepresentedn aseparatestudy
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