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Abstract: Some initial results on the disturbance properties of high order iterative learning
control (ILC) algorithms are presented. Of particular interest is to investigate how high
order ILC algorithms cope with measurement and load disturbances of different character.
Some results are obtained by assuming statistical properties of the involved disturbances
and deriving equations for the covariance matrix of the control error vector. The results are
illustrated by analytic derivation of the covariance matrix for a second order ILC algorithm
with a particular choice of design variables.
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1. INTRODUCTION addressed before for this class of ILC algorithms, as
. _ _ . the authors know about. It is also clear that this is a
High order ILC algorithms have received an increas- very important aspect to study from a practical point

ing attention during the last years. Although most con- of view since, in real cases, disturbances will always
tributions on ILC have been on the first order case, pe present.

the idea of utilizing the measurements from more than ) ) ) )
the previous iteration has been covered in many ar- 1he paper is organized as follows. Section 2 gives an

ticles. In (Liang and Looze, 1993) two dimensional introductio_n to linear iterative §ystems which .is the
transforms are used to analyze the behavior of theMathematical framework that will be used, and in Sec-
system in both the time and the iteration directions. tion 3 the type of systems considered are described. A
In (Arimoto, 1991) the errors from previous iterations [Tameworkfor representing high order ILC-algorithms
are used in an indirect way. Chen et al. have also'S Presented in Section 4, and Section S presents the
investigated the use of high order ILC and the main error_equanons that_ are obtained when the h_|gh order
reference is (Cheet al, 1998), but the issue is also lg0rithms are applied to the systems. The influence
discussed in (Cheet al, 199%: Chenet al, 1997). pf mea;urementand load dls'gurbances are investigated
High order ILC has also been covered in e.g., (Bien in Sections 6 an(_j 7 respectively. Se_ctlon 8 pr_esen_ts
and Huh, 1989), (Bien and Xu, 1998) and (Nofrl” an e>_<ample and finally some conclusions are given in
and Gunnarsson, 1999). In (Naf)2000) a frame- ~ S€ction 9.

work for dealing with high order ILC algorithms is
presented and some conditions for convergence are
presented. The purpose of this paper is to present

some initial results on the disturbance properties of 1, analyze the higher order ILC algorithms a system
high order ILC algorithms. These aspects has not beengiycture called linear iterative systems will be used.
A general linear iterative system can be described by

ey .
Thls 'work was supported by ISIS and CENIIT at Lepifigs 2pi1 = Fz, + For 1)
universitet.

2. LINEAR ITERATIVE SYSTEMS




where for a first order linear iterative system T, ur, wyi andwvy in equation (7) are represented by
T vectors containing the signal values in the sampling
ze = (21(0),... , 2k(n — 1)) @) points as in (2).

and For a time and iteration invariant and causal system the

r= (¢(0)7 ceyr(n— 1))T (3) relationship between e.g., the reference signal and the
controlled outputT’,., is described by a lower diagonal

For a high orderth order) linear iterative system,  10pjit; matrix where the elements are the impulse

_ [T T T coefficients. If the system is linear time variant, the
2k = [sz ) Ck—N-{—l} 4) . . .
_ _ matrixT',- does not become a lower triangular Toeplitz
where(;, are defined as in (2). matrix but instead a general lower triangular matrix.

As pointed out in (Norf, 2000) this class of systems 1 he matricesl’,, T, andT', are given in the same
can be analyzed easily with standard linear discreteWay-

time systems theory (Kailath, 1980; Rugh, 1996). Two when analyzing the high order ILC algorithms the
different measures of the size of a matrix are necessaryeffect ofuy_;11 for j € [1, N]is necessary to study
for this analysis. The first is the spectral radius which for stability. DefiningZ,, as

is defined as, .

Zy, = [z{ 2l ... zngJrl] (8)

andR, Uy, Y, Wy, andV analogous to (8), the
where\,;(F) is theith eigenvalue of the matrif" e system can be described by

R™*", The second is the maximum singular value,
defined as, Zy=T.R+TUp+T,Wy 9)

5(F) = \/p(FTF) 6 o

p(F) = max [Xi(F)] ®)

1=1,...,n

The maximum singular value gives a bound of the gain Yi=2x+TVi (10)
of a matrix by the fact that, In equation (9) the matrixZ, is a block diagonal
|Fa|| < 5(F)|| matrix where theV blocks are given b{l",.. The other

matrices are defined similarly.
If the maximum singular value is less than one it is

clear that the norm of the result decreases every time
x is mapped byF'. This is an important observation

that is used in many of the stability results for linear 4. HIGH ORDER ILC ALGORITHMS
iterative systems. The first result concerns bounded
input bounded output (BIBO) stability. A general N-th order ILC algorithm can be written

according to,

Theorem 1(BIBO stability). If p(F) < 1 in the lin-

. . upr1 = Hiug + ...+ Hyugp_ni1
ear iterative system, ! N

11
+ HSer+ ...+ Hyer_n+1 (11)
zZpy1 = Fzp+ F,r . . .

whereey, is the difference between the desired output
then the system is bounded-input, bounded-output sta-and the measured output, i.e.

ble.
e =T —1Y (12)

This result is a straight-forward application of results The matricest; and Hj are design variables deter-
from linear systems theory, see e.g., (Rugh, 1996).Mining the pr(_)pertles of the ILC algorlthm_. Defining
BIBO stability means that an input with bounded ~ Uk andE; asin (8) theV-th order ILC algorithm can

norm generates a bounded outpytfor all %. be written as
Uit1 =HUr +HEy (13)
3. SYSTEM DESCRIPTION where
HY HY ... HY H$ HS ... HS

The system description that will be used in this paper I 0 ... 0 . 0 0 ... 0
is given by H" = S HE=| . . .

zp =T, r+ T u+ T, wg (7a) o ... I 0 0 0 014

Y = =2k + T’ka‘ (7b) ( )

wherer, uy, w; andvy denote reference signal, ILC From the general theory on linear iterative systems
input signal, load and measurement disturbances represented in Section 2 it is straightforward to find a
spectively. Furthermore, andy, denote the con-  stability condition, formulated in the following corol-
trolled and measured output signal. The signals lary.



Corollary 2. (Stability, disturbance free case). The sys- N

tem Fi Fy ... Fx| ZH;(I—T,V)
I 0 ... 0 o
yp =Trr +Tyug U1 = S 0 r
controlled with the ILC updating equation from (13) 0 - 1 0] 0
is stable if the spectral radius fulfills -
1SS HS H ... HS Twwy, + Tyoy,
Fl F2 FN B 0 0o ... 0 Twwk,l.JrTv'uk,l
I 0 0 S : :
P( .. > <1 0 0 ... 0| |Twwr—nt1+Tovi_ni1
0 ... I O . u . L
with F; = H} — H;T,. If it is assumed that
whereF; = H} — HT,. the matricesZ,, and’H* commute the error equation
becomes
This corollary is a direct application of Theorem 1 e = (I - Hu)(I — T )R+ A& + BV (20)
when the system and the updating formula are put on + (H" Ty Wi — Ty Wit1)
the linear iterative systems form. How this is done will with 4 from (17) and
be shown in the next section. An even stronger result B = T.HT, 21)

than Corollary 2 is achieved when the spectral radius

is replaced by a condition on the singular value. If 7,, and’H* commute when the matricés, and H

this stronger condition is fulfilled then the norm of the commute fori = 1,... , N. Although this equation

difference between the current control signal and theis obtained using the assumption that the matrices

control signal that the ILC algorithm ultimately will 7, and H* commute it will be the basis for the

converge to is monotonously decreasing. following discussion. An obvious extension to the
results achieved below is to relax this assumption.

As a measure of the size of the eréhrthe following
property will be used

5. ERROR EQUATIONS P = E[ExEL] (22)
. . . . Inthe two next sections the stationary valuggfwill
From a performance viewpoint the quantity of main . sed and denoté@l

interest is the error between the desired output and the
controlled output, i.e.

6. MEASUREMENT DISTURBANCES
€L =T — Z (15)
In most applications it is realistic to assume that the
load and measurement disturbances are uncorrelated,

true output (not corrupted by measurement noise). The@nd hence both types of disturbances could be handled

size ofe;, will in the next sections be calculated when 2t the same time. For clarity in the presentation the
considering the impact from measurement and load WO disturbances will however be handled separately,
disturbances. and in this section the influence of measurement dis-

_ _ turbances is investigated. Consider therefore equation
Now some equations necessary for analyzing the prop20) in the case when the reference signal is zero,
erties of the error will be presented for the high order j.e, R = 0, and there are no load disturbances, i.e.

ILC case. Using (9) and and the ILC algorithm in (11) W, = 0 V k. The equation then becomes
the error equation is given by

This is different frome;. in (12) because;,, is based
upon the measured output whitg depends on the

Epr1 = A& + BV, (23)
&1 = —T,)R - T HE, — T, H"Uy (16) By assuming some statistical properties of the mea-
+ T H T,V — TuyWia surement disturbance the effects on the control error

can be found by computing the covariance matrix of
the error vector as in (22). In stationari®is a block
u e matrix where the diagonal blocks equgjee?] with
=H"—1T, 17 e 7%
A=H H (47 j=k—N+1,... k. Since it is assumed thd

the input signal is given by the difference equation ~ has reached stationarity all diagonal blocks will be the
same. Introduce therefore

(18) P = Elexe}] (24)

Using e.g., a second order ILC algoritimwill be
or equivalently a2 x 2 block matrix where the two diagonal blocks

Furthermore, using

Ui = AU, +H(I - T,)R
- HSZUWk - Heﬂvk



are given byP and the off-diagonal blocks represent HY—1 HY ... HY

the quantityE[ekef_l]. In the next step it is assumed I -7 . ..
that the covariance matrix of the measurement noise H" —1T= C (31)
vectors in each iteration is given by 0 ' I. .I
R, = ElwvY] (25) _ N
the vectorA will be zero provided that

and that the measurement disturbance vectors in dif- N
ferent iterations are uncorrelated. It is then possible to w
) : : S Hp=1 (32)
introduce the covariance matrix P

R, = B[V, V(] (26)  In order to have zero asymptotic error due to an itera-
which, using the assumptions above, is a block diago-tion invariantload disturbance (and reference signal) it
nal matrix with theN diagonal blocks given by,. is necessary that condition (32) is satisfied. This result

is shown for the special case, a second order ILC al-
Recall now the equation (23). Take both sides times its gorithm, in (Norrbf, 2000) and (Bien and Huh, 1989).
transpose, apply the expectation operator and assume o . ] ) )
that stationarity is reached. This gives that the covari- When considering an iteration variant load distur-
ance matrix is found as the positive semi definite and Pance some assumption concerning the properties of

symmetric solution to the Lyapunov equation the disturbance have to be made. Several different as-
- " sumptions are possible and the one that will be utilized
P =APA" +BR,B (277  hereis that the load disturbance consists of one itera-
+ AE[E, VBT + BE[V  .EFAT tion invariant term and one randomly varying term, i.e.
The cross terms are due to the fact that the vectors Wi =W + Oy i (33)

&, andV;;, are not uncorrelated. From the assumption
that E[vv,—;] = 0 for all j # 0 and Equation (15)
it is clear thatF[£, V1] is a block matrix with zeros
in and below the diagonal. This follows from the fact E[0uw, k6, 1] = Rs (34)
thatEfe;—;v;] = 0 for j > 0.

where the random vectors, ;, from different itera-
tions are uncorrelated. Furthermore it is assumed that

This implies

An immediate use of equation (27) is to compute the Wi=W + Ay, (35)
covariance matrix for some proposed ILC algorithm. “

This can be solved numerically using a standard Lya- whereA,, , = [05 , o7, ... &7 kaJrl}T and
punov equation solver. An analytic solution can only ’ ’ ’

be expected in special cases, like the one presented in Raw = E[Ay kA 4] (36)

Section 8. is a block diagonal matrix havinds as diagonal

elements. Equation (35) implies that, provided that
(32) is satisfied,
Ak = HuTwAw,k - TwAw,kJrl (37)
The influence of load disturbances are here analyzedry,o <ovariance matrix o,

assuming that the reference signal is zero and that
there are no measurement disturbances. The error

7. LOAD DISTURBANCES

is now given by

equation (20) is then given by Ra =H"TyRaw(H"T,)" (38)

Erit = AEn + Ay (28) + TwRA,wTwT + cross terms (39)

where where the cross terms occur due to the fact that;,
andA,, .1 are correlated. When e.g§/ = 2

Ap = (H"Tu W), — Ty Wiy1) (29)
0 R(;]

Even though it is a standard assumption in ILC that E[Ay kAL 1] = [0 0
the operating conditions are repeatable it is realistic to
assume that there can be iteration dependent changeand the cross terms are in this case given by

in the load disturbance. This assumption motivates , 0 Rs| r 00 -

the iteration index on the vectd# . The simplest —H"7y {0 0 } Ty — Tw [36 0] (H"T,)"  (40)

case to analyze is however when the load disturbance ] )
is iteration invariant, i.ew, = w1 = w, which Similar to (27) an equation for the covariance of the

implies error&y, is given by
A= (H"-DT,W (30) P =APAT + Ra "

T T AT
whereW now is iteration independent column vector +ABEAL] + ElArEy A
consisting of the vectow repeatedV times. Assum-  which can be solved once the cross terms have been
ing 7., to be a unit matrix and using that decided.



8. EXAMPLE

To illustrate the derived expressions this section will
contain an example dealing with a second order ILC-
algorithm. Consider therefore a problem where the
matrix T',, is invertible such that the design variables
H¢ = 1 T,;' i = 1,2 can be used. Furthermore
the matricesH} = r- I andHY = (1 —r) - I are
chosen. The choice dif} and H5 is motivated by
the condition in equation (32). It can be notice that
a first order ILC algorithm is obtained as the special
caser = 1 andus = 0. The design variables imply

r—pa)-1 (17”M2)'I)

I 0
(42)

The aim is now to investigate how the choice of the
design variableg; , 1o andr affects the properties of
the second order ILC algorithm.

A=H" —T,H = ((

8.1 Stability

A first requirement on the design variables is that the
algorithm is stable, and the condition for this is, see
Corollary 2 thatp(A) < 1. Using the rule, see for
example (Kailath, 1980), for determinants of block
matrices

A D
det(CB

it is found that the eigenvalues gf are determined by
the equation

) =det A-det(B—-CA™'D) (43)

M+ —rA+(r+pz—1)=0 (44)

It is difficult to get immediate insight into how the
roots depend on the design variables, and therefore th
special case,; = ps = p is treated. Figure 1 shows
a plot of how the maximum eigenvalue gf depends
on y andr.

Fig. 1. Maximum eigenvalue o4 as function ofz and
T.

The plot verifies the observation in (44) that all the

all eigenvalues are placed in the origin for the choice
u = r = 0.5. From a pure transient viewpoint this is a

desirable choice. Note that this is also achieved for all
designs wher@; = r andr + us = 1.

8.2 Measurement disturbances

The design variables selected above and an assump-
tion that7, equals the identity matrix imply that

(Hl'IMQ'I)

B =T,HT, (45)

0 0
The cross term in the equation for the covariance
matrix contains the factor

Using equation (20) it is found that all elements,
exceptE[exvi_,], are zero. For the non-zero element
equation (20) gives, assumitg), = I, that

Eleyvi || =T H{T,R, =1 -1  (47)

Due to these assumptions all blocks in the block
matrices involved will be diagonal and for solution of
equation (27) one can assi@hto consist of diagonal
block matrices. Solving (27) under these conditions
gives

T T
Ekvk €kvk71

(46)
€k—1VE €5—10V1_4

El&VE|=E {

_ r(pa + p2) — p2(ps — p2)
(11— p2 —2r)(r + p2 — 2)
In the special case= 0.5 andu; = pe = 1 One gets
7!
15 —p . (49)
The covariance is a decreasing functiongofvhich
means that a decreasing gain7f gives a reduced
magnitude of the error. This is a logical result but it has
to be remembered that the choiceuoélso affects the
transient properties of the ILC algorithm. In Figure 1 it
is seen that using = 0.5 the choiceu = 0.5 gives the
best transient properties, which yiel#s= 0.5-1. This
can be compared to the covariance matrix obtained for
& first order method, i.e: = 1 andu, = 0, which is
given by

T

(48)

_ M
2 — M1
Choosingu 1 which corresponds to the fastest
possible transient behavior the resulting covariance is
P = I. Using the second order algorithm hence gives
a reduction of the covariance matrix of the error.

(50)

8.3 Load disturbances

Recall now equation (41). In order to solve it for the
particular design variables studied here the involved
matrices have to be derived. The matdxwhich was
determined earlier in this section, is given by equation
(42). For the type of load disturbances defined by
equation (33) one gets

) @

A, — <7“5w,k + (1 =7)dw k-1 = Ow,k+1
b 0
) 62

using equation (37). This implies

(rP+1-r)?+1)-1T0

plawaf] = ( ; X



where it has been assumed tifa¢ = I. The cross  Bien, Z. and K.M. Huh (1989). Higher-order iterative

termsin (41), e.g. the term learning control algorithm. InlEE Proceedings
Vol. 136. pp. 105 - 112.
E[&. AT 53 . .
AE[& f“] ( . ) _ Chen, Y., C. Wen and H. Dou (198y High-order it-
are somewhat more complicated to compute in this erative learning control of functional neuromus-
case. After some calculations one obtains cular stimulation systems. IrProc. of the 36th
—r) =) IEEE Conf. on Decision and ContrdHyatt Re-
E[€kAT] _ (ﬂl(l 7") 7") Io (54) . - ] y
k (r—1)-1 0 gency San Diego, California.

Chen, Y., J.-X. Xu and C. Wen (198). A high-
order terminal iterative learning control scheme.
In: Proc. of the 36th IEEE Conf. on Decision and
Control. Hyatt Regency San Diego, California.

Chen, Y., Z. Gong and C. Wen (1998). Analysis
of a high order iterative learning control algo-

Multiplying this matrix with A all terms in equation
(41) are derived. Analogous to the measurement dis-
turbance case one can assigrto be a block matrix
containing diagonal matrices. Solving for the diagonal
block P this finally leads to

po 2t —1) —rup —(r=2)r) (55) rithm for uncertain nonlinear system&utomat-
(1 — po — 2r)(r + p2 — 2) ica 34(3), 345-353.
In order to get some intuitive insight into the proper- Kailath, T. (1980)Linear System$>rentice-Hall, Inc.,
ties of this matrix it is assumed, similarly to the study ~ Englewood Cliffs, New Jersey 07632.
of measurement disturbances, that= 0.5, 1 = Liang, Y.-J. and D P. quze (1993). Performance and
112 = p. This gives robustness issues in iterative learning control. In:
15 Proc. of thg 32nd Conf. on Decision and Control
P= : .1 (56) San Antonio, Texas, USA. pp. 1990-1995.
1.5 —p Norrlof, M. (2000). Iterative Learning Control:
Also in this case it is advantageous to use a smail Analysis, Design, and Experiments. PhD the-
order to make” small. Since the iteration varying part sis. Linkdpings universitet. Linkping, Swe-
of the load disturbance is independent between the den. Linkdping Studies in Science and Tech-
iterations this variation can not be tracked by the ILC nology. Dissertations; 653. Download from
algorithm. It is therefore better to keep the updating http://www.control.isy.liu.se/publications/.

gain low. Also here there has to be a trade off betweenNorrlof, M. and S. Gunnarsson (1999). A frequency
the transient properties and the disturbance rejection. domain analysis of a second order iterative learn-

Finally it should be noted that these conclusion con- ing control algorithm. InProc. of the 38th IEEE

cerning load disturbances are highly dependent on the Conference on Decision and Contrd?heonix,

particular assumption on the variations of the load Arizona, USA.

disturbances. Rugh, W. J. (1996)Linear system theonsecond ed..
Prentice Hall.

9. CONCLUSIONS

Some initial results concerning the disturbance prop-
erties of high order ILC algorithms have been derived.
This has resulted in some fairly general expressions
for the covariance matrix of the control error obtained
when a high order ILC algorithm is used for control
of a linear time invariant system. While the general
expressions are primarily suited for numerical evalu-
ation a second order example has been evaluated an-
alytically. The obtained expression clearly shows the
trade off between transient properties and disturbance
rejection.
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