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Abstract: An observer-based stability controller is established for linear systems
with delayed state. The controller not only realizes the separation of characteristic
roots for the closed-loop system, but also makes the closed-loop transfer function
equal to the transfer function of closed-loop constructed directly by state feedback.
Using the separation of characteristic roots, the stability condition is presented. The
controller can be obtained by solving two linear matrix inequalities(LMIs). Two il-
lustrative examples are given to show the applicability of the proposed approaches.
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1.INTRODUCTION

Time delay is commonly encountered in various
engineering systems. The theory for non-time-
delay systems has been developed(Doyle, et al.,
1984; Isidori, et al., 1989). The research for time-
delay system has received a considerable amount
of attention in recent years. There are many pub-
lications on solving the stabilization problem of
system with: 1) constant delay (Joon, et al., 1994;
Mahmoud, et al., 1999); 2) time-varying delay (Je-
ung, et al., 1998; Ikeda and Ashida, 1979); 3) con-
stant delay and parameter uncertainty (Choi, et
al., 1996; Mahmoud and Al-Muthairi, 1994; Shen,
et al., 1991) and 4) time-varying delay and pa-
rameter uncertainty(Choi, et al., 1995; Jeung, et
al., 1996; Kim, et al., 1996). The stability of the
closed-loop system in literature(Joon, et al., 1994;
Mahmoud, et al., 1999; Shen, et al., 1991) is in-
dependent of time delay, but one in literature (Je-
ung, et al., 1998; Choi, et al., 1995; Jeung, et al.,
1996) is dependent on only the maximum value of
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the time derivative of time-varying delay. Litera-
ture(Joon, et al., 1994; Mahmoud, et al., 1999)
gave state feedback controller for state delayed
systems. However, it is not easy to measure
the state, so it is difficult to realize state feed-
back. Thus, output feedback for state delayed
systems have attracted out great attention. Some
authors proposed dynamic output feedback con-
troller(Mahmoud, et al., 1999; Jian-Hua, et al.,
1996; Choi, et al., 1997; Su, et al., 1999; Choi, et
al., 1996). However, it is needed to regulate some
parameters to obtain the controller. It is not con-
venient in practical situation.

In this paper, using LMI Method, an observer-
based controller is given for linear system with
constant delay in state. This controller realizes the
separation of characteristic roots, and makes the
closed-loop transfer function equal to the trans-
fer function of closed-loop constructed directly by
state feedback. Moreover, using the separation
theorem, a stability condition is presented. The
design can be directly obtained by solving two
LMIs. It isn’t needed to regulate any parame-
ter to obtain the controller. Additional, two small
examples are given to illustrate the validity of the
proposed design method.
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2. MAIN RESULT

Consider the following system




ẋ(t) = Ax(t) + Ahx(t− h) + Bu(t)
y(t) = Cx(t)
x(t) = 0, t ∈ [−h, 0]

(1)

where, x ∈ Rn is the state, u ∈ Rm is the con-
trol, y ∈ Rr is the measured output, and A, Ah,
B and C are constant matrices with appropriate
dimensions. h ≥ 0 is the delay constant.

In this paper, (A,B, C) is stabilizable and de-
tectable. Additional, the following lemma is nec-
essary to the main result.

Lemma 1. (Joon, et al., 1994) If there exist
positive-definite matrices P > 0, Q > 0 satisfy-
ing the following inequality:

PA + AT P + PAhQ−1AT
h P + Q < 0

the system ẋ(t) = Ax(t) + Ahx(t − h) is zero-
solution asymptotically stable.

Using the above lemma, an observer can be ob-
tained for system (1).

Lemma 2. If there exist matrix L and positive-
definite matrices P1 > 0, Q1 > 0 satisfying the
following inequality:

M1
4
= (A− LC)T P1 + P1(A− LC) + Q1

+P1AhQ−1
1 AT

h P1

< 0
(2)

then the following system




ξ̇(t) = Aξ(t) + Ahξ(t− h) + Bu(t)
+L(y(t)− Cξ(t))

ξ(t) = 0, t ∈ [−h, 0]
(3)

is an observer of system (1).

Proof. Let e(t) = x(t)− ξ(t), then

ė(t) = ẋ(t)− ξ̇(t) = (A− LC)e(t) + Ahe(t− h)

From the above lemma 1 and the condition (2),
the system ė(t) = (A − LC)e(t) + Ahe(t − h) is
zero-solution asymptotically stable.

In inequality (2), if let L̄ = P1L, get another de-
scription for condition (2):

Remark 1. There exist matrix L and positive-
definite matrices P1 > 0, Q1 > 0 satisfying (2)
if and only if there exist matrix L̄ and positive-
definite matrices P1 > 0, Q1 > 0 satisfying the
following inequality

M2
4
= AT P1 + P1A− CT L̄T − L̄C + Q1

+P1AhQ−1
1 AT

h P1

< 0
(4)

From Schur complement, inequality (4) holds iff
the following LMI holds.

[
Ã P1Ah

AT
h P1 −Q1

]
< 0 (5)

where, Ã = AT P1 + P1A− CT L̄T − L̄C + Q1

Example 1. Consider the state delayed linear (1)
with the following date,

A =
[

0.2 0.1
−0.1 −0.2

]
, C =

[
0.2 0.1

]

Ah =
[

0.1 0.1
0.2 0.1

]
, B =

[
0.1
0.2

]

Using LMI toolbox in Matlab, by solving (5), get

P1 =
[

40.5340 −17.5276
−17.5276 66.2187

]

Q1 =
[

32.3359 10.6799
10.6799 15.8655

]
, L̄ =

[
198.3315
5.8640

]

Hence, obtain the observer (3) of system (1), here,
the output gain matrix is

L =
[

5.5686
1.5625

]
.

Suppose there exists system (3) satisfying the con-
dition of lemma 2, then design the following dy-
namic output feedback controller.





ξ̇(t) = Aξ(t) + Ahξ(t− h) + Bu(t)
+L(y(t)− Cξ(t))

u(t) = Fξ(t) + v(t)
ξ(t) = 0, t ∈ [−h, 0]

(6)

here, matrix L is the output gain, F is the state
gain. Introducing the variables

e(t) = x(t)− ξ(t), xT
c (t) = (xT (t), eT (t)) (7)

then the closed-loop system corresponding to (1),
(6), (7) is given by state model

{
ẋc(t) = Acxc(t) + Achxc(t− h) + Bcv(t)
y(t) = Ccxc(t)

(8)
where,

Ac =
[

A + BF −BF
0 A− LC

]
, Bc =

[
B
0

]
,

Ach =
[

Ah 0
0 Ah

]
, Cc =

[
C 0

]

Now, give the main result of this paper.

Theorem 1. The closed-loop system (8) real-
izes the separation of characteristic roots and the
transfer function of closed-loop (8) is equal to



the transfer function of closed-loop constructed di-
rectly by state feedback.

Proof. The characteristic roots set of closed-loop
is

{s|det(sI −Ac −Ache−sh) = 0}

Substituting Ac, Ach into the above equality,

{s|det(sI −Ac −Ache−sh) = 0}
={s|det(sI − (A + BF )−Ahe−sh) = 0}
∪{s|det(sI − (A− LC)−Ahe−sh) = 0}

Thus, the separation of closed-loop characteristic
roofs is realized.

The transfer function of closed-loop (8) is

Gc(s) = Cc(sI −Ac −Ache−sh)−1Bc

= (C 0)
[

s(AF ) BF
0 s(AL)

]−1 [
B
0

]

= C(s(AF ))−1B

where,

s(AF ) = sI − (A + BF )−Ahe−sh,

s(AL) = sI − (A− LC)−Ahe−sh.

It is obvious that Gc(s) is equal to the trans-
fer function of closed-loop corresponding to state
feedback u(t) = Fx(t) + v(t).

It is well known, when v(t) = 0, closed-loop (8) is
zero-solution asymptotically stable if and only if
all the characteristic roots have negative real part.
Therefore, from above theorem, when v(t) = 0,
the closed-loop (6) is zero-solution asymptotically
stable if and only if the two following systems;

ż1(t) = (A− LC)z1(t) + Ahz1(t− h),

ż2(t) = (A + BF )z2(t) + Ahz2(t− h)

are zero-solution asymptotically stable. Hence,
using the Lemma 1, get a stability condition for
system(1).

Theorem 2. If there exist matrices F,L and pos-
itive matrices P1 > 0, P2 > 0, Q1 > 0, Q2 > 0
satisfying the following inequality

M3
4
= (A + BF )T P2 + P2(A + BF )

+P2AhQ−1
2 AT

h P2 + Q2

< 0
(9)

and inequality (2), then when input v(t) = 0, the
closed-loop system (8) is zero-solution asymptoti-
cally stable.

If premultiply (9) by P−1
2 , postmultiply the result

by P−1
2 and let P̄2 = P−1

2 , Q̄2 = Q−1
2 , F̄ = FP̄2,

get another description for condition (9).

Remark 2. There exist matrix F and positive-
definite matrices P2 > 0, Q2 > 0 satisfying in-
equality (9) iff there exist matrix F̄ , and positive-
definite P̄2 > 0, Q̄2 > 0 satisfying the following
inequality:

M4
4
= AP̄2 + P̄2A

T + AhQ̄2A
T
h + P̄2Q̄

−1
2 P̄2

+BF̄ + F̄T BT

< 0
(10)

or satisfying the following LMI
[

Ā P̄2

P̄2 −Q̄2

]
< 0 (11)

where, Ā = AP̄2+P̄2A
T +BF̄ +F̄T BT +AhQ̄2A

T
h .

Thus, design stability controller (6), it is only
needed to solve the two LMIs (5) and (11) to get
the output gain matrix L and state gain matrix F.

Remark 3. When Ah = 0 or h = 0, the above
results are consistent with non-time-delay system.

Remark 4. One important prerequisite condition
in this paper is that the delay is known. Other-
wise, these results don’t hold.

Example 2. Consider the state delayed linear sys-
tem (1) with the following data,

A =
[

0 1
−1 −2

]
, C = [0 1],

Ah =
[

0 0
0.2 0.1

]
, B =

[
0
1

]

Using LMI toolbox, by solving (5) and (11), get

P1 =
[

40.7117 22.7757
22.7757 37.0106

]

Q1 =
[

28.7544 −0.0000
−0.0000 40.7117

]

P̄2 =
[

0.4743 −0.2846
−0.2846 0.4743

]

Q̄2 =
[

1.4228 −0.0000
−0.0000 1.4228

]

L̄ =
[ −41.8504
−10.5338

]
, F̄ =

[ −0.5691 −0.0830
]

Thus, get the state gain matrix and the observer
gain matrix.

F =
[ −2.0391 −1.3984

]
, L =

[ −1.3249
0.5307

]
.

Hence,




ξ̇(t) = Aξ(t) + Ahξ(t− h) + Bu(t)
+L(y(t)− Cξ(t))

u(t) = Fξ(t)
ξ(t) = 0, t ∈ [−h, 0]

is an observer-based stability controller for system
(1) with the above data.



3.CONCLUSION

Using LMI method, this paper introduced an ob-
server with delayed state. The dynamic output
controller given in this paper not only realizes the
separation of characteristic roots and makes the
closed-loop transfer function equal to the trans-
fer function of closed-loop corresponding to state
feedback. Moreover, using the characteristic roots
separation theorem, an output feedback controller
design has been obtained that stabilizes the state
delayed linear system. The controller can be given
by solving two LMIs. Finally, two small examples
are given to illustrate the validity of the design
method.
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