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Abstact

A novel robust optimization methodologyis proposedfor schedulingunder boundeduncertaintyin
processingtimes. This approachgeneratesrobust” solutionswhich are in a senseimmune against
uncertaintywhenit is appliedto Mixed-Integer Linear Programming(MILP) problemswith uncertain
coeficientsandright-hand-sidgparametersf the inequality constraints.By introducinga smallnumber
of auxiliary variables,a deterministicrobust counterparproblemis formulatedto determinethe optimal
solution given the (relative) magnitudeof uncertaindataand feasibility tolerance. Basedon a novel
continuous-timeshort-termschedulingmodel, uncertaintyin processingtimes of operationaltasksis
considered. Preliminary computationalresultsare presentedo demonstrateghe effectivenessof the

proposedapproach.
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Introduction

The areaof productionschedulinghasreceved consider
ableattentionfrom boththeacademiandthechemicalpro-
cessingindustriesover the last few years. Due to lack of
accurateprocesanodelsandvariability of processanden-
vironmentaldata,it is of crucialimportanceto developsys-
tematicmethoddo addressheproblemof schedulinginder
uncertaintyin orderto createschedule®f high quality.

Most existing work follow the framework of stochastic
optimization,in which the uncertaintyis modeled for ex-
ample,throughthe useof a numberof scenariodasedon
discretizationof continuousprobability distribution func-
tions,andtheexpectatiorof acertainperformanceriterion,
suchasthe expectedprofit, is optimizedwith respecto the
schedulingdecisionvariables.Suchmethodsnevitably en-
large the size of the problemsignificantlyasthe numberof
scenariosncreasesxponentiallywith thenumberof uncer
tain parametersThis maindravbacklimits the application
of thesemethodsto solve practicalproblemswith a large
numberof uncertainparameters.

In this work, we proposea novel Rokust Optimiza-
tion approachto addresghe problemof schedulingunder
boundeduncertaintyin processingimes. The underlying
framework is basedn a RokustOptimizationmethodology
first introducedfor Linear ProgrammingLP) problemsby
Ben-Tal and Nemirovski (2000)and extendedin this work
for Mixed-Integer Linear ProgrammingMILP) problems.

The approachproduces‘robust” solutionswhich arein a
sensdémmuneagainstuncertaintiesn boththe coeficients
andright-hand-sid@arametersf theinequalityconstraints.
Theapproaclktanbe appliedto addresshe problemof pro-
ductionschedulingvith uncertainprocessindgimes,market
demandsand/orpricesof productsandraw materials.

Problem Statement

The schedulingproblem of chemicalprocessess de-
finedasfollows: given (i) productionrecipes(i.e., the pro-
cessingtimes for eachtask at the suitableunits, and the
amountof the materialsrequiredfor the productionof each
product), (i) available equipmentand the rangesof their
capacities(iii) materialstoragepolicy, (iv) productionre-
quirementand(v) time horizonunderconsiderationgdeter
mine (i) the optimal sequencef taskstakingplacein each
unit, (i) theamounf materialbeingprocessedteachtime
in eachunit, (iii) the processingime of eachtaskin each
unit, soasto optimizea performanceriterion,for example,
to minimizethemakesparor to maximizethe overall profit.

The mostcommonsourcesof uncertaintyin the afore-
mentionedschedulingoroblemare: (i) the processingimes
of tasks;(ii) the marketdemanddgor products;and(iii) the
pricesof productsand/orraw materials.

In this work, we emplgy the continuous-timegformula-
tion proposedn (lerapetritouandFloudas1998a;lerapetri-
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tou and Floudas,1998b; lerapetritou,Heré and Floudas,
1999; Lin and Floudas,2001)to study the effects of un-

certaintyon short-termproductionschedulingof chemical
processes.This formulation featuresthe original concept
of eventpointswhich representshe beginning of ataskor

utilization of a unit andtheresultingmathematicatodelis

anMILP problem.

Robust Optimization Approach
Considetthefollowing genericMILP problem:
Min/Maz Tz +dTy @)
T,y
st. BEx+ Fy =
Az +By < p

<z
y =01
Assumethat the uncertaintyarisesin both the coefi-
cientsandthe right-hand-sidgparametersf the inequality
constraintsnamely a;;, bir, andp;. We areconcernebout
thefeasibility of thefollowing constraint.

Z a;;z; + Z biryr < pi (2
3 %

It canbe showvn that optimal solutionsof MILP prob-
lemsmaybecomesererelyinfeasibleif the nominaldatais
slightly perturbedwhich makesthe “nominal” optimal so-
lutionscompletelymeaninglessOur objectiveis to develop
a methodologyto generate'reliable” solutions, which is
immunedagainstuncertainty

BoundedJncertainty
Theuncertaindatarangein thefollowing intervals.

|aij — asj| < €las] 3)
|bik — bik| < €|bi
|Pi — pi| < €|pi

whered;;, bi andp; arethe“true” valuesg;;, b, andp; are
the nominalvalues,e > 0 is a given (relative) uncertainty
level.

Property 1: Given an infeasibility tolerancelevel (§), to
generatea“reliable” solutionwhich cansatisfythei-th con-
straintwith anerrorof at mostdmax[1, |p;|], thefollowing
so-called(e, §)-Interval Rolust Counterpart(IRCJe, 6]) of
the original uncertainMILP problemcanbe derived. (Lin,
JanakandFloudas2002)
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whereJ; and K; arethe setof indicesof thex andy vari-
ablesrespectiely, with uncertaincoeficientsin thei-th in-
equalityconstraint.

Note that this remainsan MILP problem,but with ad-
ditional auxiliary variables(u;). It shouldbe pointedout
thatthe aforementionedRobust Optimizationmethodology
circumwentsary needfor explicit or implicit discretization
or samplingof the uncertaindata,avoiding undesirablén-
creaseof the problemsize, andthus rendersthe potential
capabilityof handlingproblemswith alarge numberof un-
certainparameters.

The parametersnvolved in the schedulingunderun-
certaintyproblemparticipatein the MILP formulationpro-
posedin (lerapetritouvand Floudas,1998a;lerapetritouand
Floudas,1998b;lerapetritouet al., 1999;Lin andFloudas,
2001)asfollows:

e Processingme. Thetaskprocessingime parameters
arelinearcoeficientsof the binaryand/orcontinuous
variablesn the durationconstraint.

e MarketdemandThedemandlataappeaastheright-
hand-sidgparameterin the demancdconstraints.

e Priceof productand/orraw material.With simplere-
formulation,materialpricescanalsobeusedaslinear
coeficientsof continuousvariablesin an inequality
constrainfor the calculationof profit and/orcost.

All of thesethreetypesof uncertaintycanbe addresseef-
fectively basedn theaforementioned@ohustOptimization
framavork. An examplewill be presentedn the next sec-
tion toillustratehow the RolustOptimizationtechniquecan
beappliedfor thecaseof boundedincertaintyin processing
times.

Computational Studies

Consider Example 2 in (lerapetritou and Floudas,
1998a). The processingecipeandthe available units are
asshawn in Figurel andTablel, respectrely. The “nom-
inal” solutionof the problemis shovn in Figure2, with an
objective value(profit) of 3639. However, this solutioncan
becomecompletelyinfeasiblewhenthereis uncertaintyin
the processingimes of the tasks. If the processingime
of eachtaskis increasedy 0.1% of its nominalvalue,the
optimal schedulds changedsignificantly asshowvn in Fig-
ure3. In theheaterandthe separatgthenumberof tasksas
well asprocessingamounthangeswhile in thetwo reac-
tors,eventhetasksequencearedifferent. Furthermorethe
profitis reducectonsiderablyto 3265.
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Figure 1. State-AskNetworkfor theexample
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Table 1. Availableunitsfor theexample

Units  Capacity Suitability Processing@ime
Heater 100 heating 1.0
Reactorl 50 reaction1,2,3 2.0,2.0,1.0
Reactorz 80 reactionl,2,3 2.0,2.0,1.0
Separator 200 separation 2.0

Basedon the continuous-timgormulation proposedn
(lerapetritouand Floudas,1998a), the processingime of
a task participatesin the so-calledduration constraint,as
shawn below.

T7(i, j,n) — T°(i, j,n) = - wo(i,n) (5)
where wv(i,n) is a binary variable, T/(i,j,n) and
T*(i, j,n) arecontinuous/ariableswhile « is thefixedpro-
cessingime.

For simplicity, the indicesof the variablesare dropped
belon. We now consider'boundeduncertainty”in a.

o <a<a’ (6)

The equality constraint(5) hasbeendevelopedfor de-
terministic problems. If « is uncertain,it makes senseto
rewrite it asaninequalityconstraintasfollows.

T T > a-wv @)

The IRCJe, ] approach(4) is appliedto this problem.

Becausauncertaintiesonly exist for the coeficientsof the

binaryvariablesthe auxiliary variableg(u ;) arenotneeded
andonly thefollowing additionalconstraintis addedto the
original problem.

TP —T* >V -wv -6 (8)

Let usassumehatthe (relative) uncertaintylevel (¢) is
15%,thatis,

0.85a < & < 1.15a 9
andtheinfeasibility tolerancdevel (§) is 0.10. By solving
the IRC[e, 6] problem,a “robust” schedules obtained,as
shavn in Figure4. The processindime of eachtaskis ex-
tendedo ensurehatthe schedulas feasiblewith the spec-
ified uncertaintylevel andinfeasibility tolerance However,
theprofitis reducedo 2887.

Figure5 summarizesheresultsof thelRC problemwith
threedifferentlevels of uncertainty Consistentwith intu-
ition andotherapproachegheresultsshav thatthe higher
theuncertaintylevel is, theworseobjective we canachieve;
thelargerthefeasibility toleranceis, the closerthe solution
is to the optimal solutionwithout uncertainty It shouldbe
notedthat at a given uncertaintylevel, the objective value
of profit aswell asthecorrespondingchedulehangesira-
matically at discretepointsasthe infeasibility tolerancan-
creases.This resultsfrom the following characteristicef
the exampleproblem: the time horizonandthe processing
timesof tasksarebothfixed.
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r S T S
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Figure 2. Optimalsolutionwith nominalprocessingimes
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Figure 3. Optimalsolutionwith processingimesincreasedy 0.1%
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Figure 4. Rolustsolutionof the example(e = 15%, d = 0.10)
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Figure 5. Effectsof uncertaintyon profit
Conclusions References

In this work, we proposea new approacho addresghe
problemof schedulingunderboundeduncertaintyin pro-
cessingtimes basedon a Rolust Optimization methodol-
ogy. Whenappliedto Mixed-Integer Linear Programming
(MILP) problems,this approachproduces‘robust” solu-
tionswhich arein a sensdmmuneagainstuncertaintiesn
both the coeficientsandright-hand-sidgparametersf the
inequalityconstraintsTheapproacltanbe extendedo ad-
dressuncertaintyin marketdemandsndpricesof products
and/orraw materials(Lin et al., 2002). Our preliminary
computationaresultsshav that this approachprovidesan
effective way to study schedulingproblemsunderuncer
tainty, generatinghelpful insightson the tradeofs between
conflictingobjecties.
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