CONTROL OF A LABORATORY HELICOPTER USING
FEEDBACK LINEARIZATION

M. L bpez-Martinez and F.R. Rubio

Escuela Superior de Ingenieros, Universidad de Sevilla
Camino de los Descubrimientos s/n, 41092-Sevilla (Spain)
fax:+34954487340
e-mail:(mim,rubio)@cartuja.us.es

Keywords: Non-linear control, Multivariable control, Under-2  System Description and Model

actuated system, Robust control, Double Rotor. i ) )
The laboratory helicopter consists of a 2 DOF mechanism

thrusted by two rotors resembling a helicopter. The degrees
Abstract of freedom are the orientation and the elevation angles. This
ipment has the following characteristics: It is multivari-
e, underactuated, nonlinear, strongly coupled and with non-
[gmimum phase behaviour.

In this paper a control structure based on feedback (Input-8t§
linearization has been applied to the elevation subsystem
laboratory double rotor helicopter. This system is multivariab
with 2 inputs and 4 outputs, highly nonlinear and strongly cou-
pled. This article focuses on the elevation subsystem which, in
turn, is underactuated with 1 input and 2 outputs. A switch-
ing control law between exact and approximate input-state lin-
earization is proposed, which presents good result.

1 Introduction

In this paper a study about feedback linearization applied to the
elevation subsystem of a double rotor helicopter is made. The
double rotor system is a highly nonlinear, multivariable, un-
deractuated, strongly coupled and non-minimum phase system. \
The elevation system, in turn, is a nonlinear and underactuated e B
system.

In previous works, see [7] and [8] for details, the control struc-
ture was based in partial feedback linearization. Concretely,
the computed torque technique was used to linearize the slow

dynamics of the system (the body dynamics)[2]. The rotor dyy this analysis, the orientation angle is fixgd= const), and
namics was considered to be fast enough to separate bothf¥-angular velocity of the tail rotor is nulb, = const = 0).

namics. In this way the angular velocity of the rotor was cofrhe glevation movement will be controlled by the main rotor.
sidered as constant from the point of view of the body dynam-
ics.

Figure 1: Double Rotor Laboratory Helicopter

In this paper a complete linearization for the elevation subsys-
tems is searched, taking into account ideas such as approximate
linearization, exposed in [5].

This paper is structured as follows: In Section 1 a brief in-
troduction is given. In section 2 the system is described and
a model is presented. In the third section the control strate-
gies carried out are described, that is, the full state linearization
and an approximate input-state linearization. The next sectipge equations of the elevation subsystem are as follows
shows a switching control based on the two linearization laws,
in order to control the system in the whole working range. In
section 5 simulation results are presented. The last section has
concluding remarks and possible future developments. Igbog = Pm — (Bg + Dglwg|)wg 2

Figure 2: Elevation Subsystem

Ipop 4+ GsS(p) + GeClp) + Kypp = Lglwglwg 1)

where:



»:  Elevation Angle measured from the horizontal plane.
I,: Inertia of the elevation system with respecttoits %
rotation axis.
wgy: Angular Velocity of the main rotor.
I,: Inertia of the propeller with respect to its rotation axis.
Lyw,: Torque due to the aerodynamic force of impulsion

in main rotor. iar S
K,-¢: Friction Torque. " ®
GsS(p):  Gravity Torque 1(S(y) = sin(p)) LQR Controller
G.C(p): Gravity Torque 2(C(p) = cos(y))

P,,: Engine Torque.
B,: Friction constant of the engine.
D,: Drag Constant of the propeller.

Figure 3: Resultant chain of Integrators controlled by a LQR
controller with integral effect

Rewriting the equations 1 and 2 _ , .
g a with fxy, g(x) smooth vector fields ang,, = o, is feed-

back linearizablef and only ifthere exists a regio,
[ 0 } containing the origin, ink3 in which the following con-

[IH‘, 0 }[ @ } {GsstGccw>+K¢-¢—ig\w9|wg ]
+

o I g (Bg + Dglwghwg Fo ditions are satisfied:
It can be seen that there is only an enging)and 2 DOF, the (@) the vector fieldgg, ad;(g), ad3(9)} are linearly inde-
elevation angle4) and the angular velocity of the rotap). pendent
Therefore it is an underactuated system. (b) the set{g,ad;(g)} is involutive in D, that is, all the
Lie brackets of each pair of the vector fields of the
3 Control Strategies: Input-State Linearization set have to be a linear combination of themselves.

. . : o . Finding a new state vectoy, = [T1(4), Ta(x), Ts(2)] s that
In this section the control structure is presented, which is base% satisfies that the scalar products of the gradierifiof,,

on two control Iogps: The inner one will carry out a feedback Ty(r) andg(,) are nulls,< driy,g >=< dTz,g >= 0 with
input-state linearization in such a way that the resultant system ", -~ and such that a transformation as follows
is equivalent to three integrators. The outer loop has to fulfill can be obtained:

the specifications imposed on the system. w= axs + By V = S dls, f > vV
0 TR <dT3,9> @ <dTs,g>

In the development of the linearization loop it will be seen that
such a law is not suitable near the static equilibrium point @fhere

the system. In order to control the system in a region around

this point, the model of the system will be modified (see [5]) e u: is the control signal applied to the actuator.
and a new law will be obtained, which will be suitable only in
this region. Next, a switching control based on the two laws
will be studied and applied depending on the working point.

e V:is the control signal coming from the outer control loop
and the input signal to the linearized system, which will be
equivalent to a number of cascade integrators equal to the

On the other hand, the outer loop will be closed using an LQR  dimension of the state vector.

controller that will be designed to control a chain of three in-

tegrators. In practice, due to uncertainties, the linearization is

not exact. In this way a fourth integrator will be added to en-
sure the system to be, at least, of type one. In this situation the

LQR controller will be designed for an augmented system (See

In order to achieve this, the first staig,), has to be
found, which will be obtained from the solution with the
following equations:

figure 3). <dT1,9>=0 4
< dT1,adfg >=0
To obtain the linearization law, and taking into account that this < dTy,ad%g >+# 0

system IS L_mderat_:tuated, the mput_-state Iln_eanza.ltlon technique The new state vector will be created using the first state.
explained in [1] will be applied, which consists of:
_ _ Tw) = [Ti(2): To(2)s Ts(2)] = [Ti(e) b £ Ti(e) £ 3 T ()]
1. Expressing the system in the form
The problem can be solved following the steps mentioned be-

fore:

2. Verifying that the system is input-state linearizable apply-
ing the following theorem:

X = fix) +9(x)u

1. Definition of the state vector:

Theorem The nonlinear system P l S ] _ [ . ] 5)
X = fix)+9x)u Wy z3



2. Expressing the equation (5) as

X = fx) +9x)u
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3. Verify that the feedback linearization is possible. In order
to do this, the cases in whiah is positive or negative will
be studied separately.

casexs > 0
ad$(g) =g

L
ads(9) = 7,123

I%(Bg +2w3Dy)
g
and

2L, 3
Tyl *

Zﬁgéy 2

2K, Ly
- 3=~ T2
71, 73

2
IgI2

ad}(g) =

2D ~ ~
Igg (Bg + Dgx3)w3 + %(Bg + Dg2a3)?

It can be -easily seen that the vector fields
{9,ady(9),ad3(9)} are linearly independent.

Next, the Lie brackets of each pair of the vector fields of
the set{g,ad;(g)} Will be verified to be a linear combi-
nation of themselves, and therefore the{sgud(g)} is
involutive in D.

o dg
l9;adyg] = (%(adfg)) 9= 5,0ds9 = A9+ A2adsg
and
99 _
or
yields
0
0 0
P _ 2Lg i
2Dg 75 25 (Bg + 223Dy)
Ig g

It can be seen that there exists the pairand A\, when
x3 # 0, and therefore the set of vector fields is involutive
if and only if x5 # 0.

4. Find a functioril{ x:

Substituting in the system equations (4) is obtained:

oT} T} o1y 1 o1y 1
<dly, g >= Lo+ L. e
o0z Oz Ox3 Iq4 Ox3 Ig
oty oty
< dTy,adpg >= —2.0 + —L.ad 0-adrgls =0
1,adsg P + 92 tg]2 +0-adsg]3

T
< dT1,ad?pg >= T;-ad?gh + U~ad?gJ2 + O-ad?pgjg #0

That demonstrate that ) = T .,
Choosing the simplest functian ) = z1, yields

L
< dTs(xy, g >= VTsg =t,Ts =L t5T) = 7 ; 23 #£ 0 <= w3 #0
»vrg

<dTs, f>=VTsf=t;T3 =£5T) = )

— (KV’ (GSS(‘peq +‘T1) + GL'C(LPE(I +I1))) +

g

N (Gasweq + 1) = GuClpeq +21) | (ﬁ)z) oy
I, I,

L, [ K 2(By 4+ Dy
- ==+ 7( s + Dya) T3-T3
I, \ I, I,

Next, the general case will be written including the case
x3 < 0. The equations results:

L
9 _20az| # 0 <= |z3] #0

< dTs(xy, 9 >= VTs.g =t Ts = tt5T1 =

I 1,
<dTs, f>=VTsf=t;T3 =L5T1 = )
_ (Kv; (GsS(eq +21) + GeClpeq + m))) N
= e
%]

+ (GCS(LPeq +x1) - Gsc(@ﬁq +Il) + (ﬁ)Q) To—
I, I,

Ly ( Ko  2(By+ Dyla
| Z9 7(;4» ( g g| 3|) 13\:63\
I, I, 1,

5. Finally, the control signal to apply to the actuator is ob-

tained through the law:

- <dD, f > V. V-t
C <dlzg>  <dlzg> kAT

It can been seen that the diffeomorphism obtained is well-
defined for all values of the state X except for the value
x3 = 0. Therefore, the control law will be well-defined if
and only if< dT3, g > is well-defined for all values of the
state X, which is not satisfied whery = 0. In this way,

the linearization that has been obtained is not global for
all X. So aregion around the; = 0 has to be studied and
find what values oft; = w, make tgL}Tl be too small
and makeu be too high, and therefore cause a saturation
phenomenon in the actuator without having null velocity.

The minimum velocities of the rotors that do not cause
saturation of the law have to be determined.

Since the two conditions are satisfied, it can be said that
the system is input-state linearizable, except next to a reé. The outer controller will have to be designed for a linear
gion in whichxz = 0. system equivalent to three cascade integrators.



Approximate Input-State Linearization 4 Switching between Exact and Approximate

In this section a simplified model of the aerodynamic Input-State Linearization

forces applied to the system has been used. It is walk previous sections, exact feedback linearization has been
known, from the dimensional analysis of these forces, thgémonstrated to be valid far from the point of static equilibrium
they vary proportionally with the square of the angular vgsy the system, in which engine saturation ensues. It has been
locity. The simplification consists in linearizing this forcey|sg shown that in a region next to this point an approximate

in a region that containg; = 0, that is, linearize the |inearization law is valid using a linear model of impulsion.
force when the angular velocity is next to zero. In this

region, the constant,, will have a value proportional to T0 follow up, in this section, a switching law between the ex-
the medium value of the angular velocity, concretely, tHct and th_e approximate laws, will be carried out. The_elect|0n
angular velocity when switching between both laws. ThRf the switching velocity depends only on the saturation phe-

fact will be demonstrated in next section. nomenon, taking into account a non-abrupt switching.
The equations of the elevation subsystem are the follolWext, the conditions to ensure a soft switching will be devel-
ing: oped.
Iop 4+ GsS(p) + GeC(p) + Kp-p = Lgwg (9) Linear Impulsion Model
Iqwg = Py — (Bg + D.q)wg (10)

To sum up, the control law applied to the actuator will follow
where the constants, and D, are different from those of the law

the quadratic forces, andD,,. Vit v _a Vv
Applying the same procedure than before, it is noticed e LT B B —a
that the vector fieldsg, ady(g), ad}(9)} are linearly inde-
pendent and also constant. Therefore, the Lie bracketd/\§tere
each pair of vector fields are nulls, and can be expressed
as a linear combination of themselves. In this way, theset 5 _ Lg (12)
{g,ad;(g)} is involutive in D. Tely
Since the two conditions are satisfied, it can be said that o, = K3+ Ko — (fg (II(” + BQ;D">) xz (13)
the system is input-state linearizable. eoNT® g
Choosing the simplest functian v, = «1, yields and
< dTyx),g >= ILi 40 K - <K(,, (GsS(peq + 1) + GeClpeq + ml))) @
plg 13}
as desired. Ky - (GUS(%(I +21) = GoClgeg + 1) | (&)2) I
On the other hand Ie Le
< dTs, f >— (K«p (GsS(peq + w1[)2+ GeClpeg +21)) | therefore
%]
(th =K e Baus— D (16)
GeS(peq + 1) — GsClpeq + 1) Ko, ’ ' B Lg ’ e e
* I, T\, ) )™ with
LK B 4D K = (K14 K2)l,l, (17)
Y et A ik 9 .z _ LK,
<I¢ (Ig; I, ’ Moo= T (18)
Finally, the control signal to apply to the actuator is the ) .
following one: Quadratic Impulsion Model

V-tiTtn vV_a, V
- <dDy, f > 1% up = ——t = =—-&

Lok 2Ty e B2
<dls, g > <dls,g>
where
It can be noticed that this diffeomorphism is well-defined
for all value of the state vector X. Furthermore, the control 20, ||
law is also well-defined due to the fact that the value of *2 = —7 T (19

< dT3, g > is anon-null constant. Therefore, the obtained i
K1+ K2 — (‘7 (
@

~ 43,9 > 15 Ky 2(By + Dyles))
linearization is global for all X. az = -+ L= | | -w3-|as|(20)

I, I,



and K, y K, are the same that in the fore mentioned case, and

therefore InputState Linearization with an LQR: External Control Signal

« K M ~
52 = /sz = 2£ |1- | — ?:Eg — Bgmg — Dg‘xg‘xg (21)
glL3

with K'y M the same mentioned before.

Non-Abrupt Switching Conditions

In order to ensure a soft switching between both laws, the fol-
lowing condition has to be imposed, that i, = wu, at the
switching instant. Similarly” will be imposed to be the same
at the switching instant. Due to this, it can be obtained that

= — — = - — — 0 ) o Time (sewlfi) 8 0 120
Ul ﬂl &1 = u2 5 &
th Figure 4: Control Signal generated by the external controller
en
B1 — B2
_PLT P2y,
3132 V==& —§&

Input-State Linearization with an LQR: Engine Control Signal
T T T T

Since this equality has to be valid for &, the following two
conditions are taken out.

=02 = &1 =¢&

Analyzing these conditions, the following relations are ob-
tained. From the first condition,

Lg = 2Lg|x3|

From the second condition,

. .
60 80 100 120
Time (seconds)

. M
Dy = Dglzs| - by
Figure 5: Quadratic linearizing signal versus the linear one

5 Simulation Studies
Switching Linearizing Laws with an external LQR

Taking into account the non-abrupt switching conditions, an s
appropriate value ab, has to be chosen in such a way that the — U
exact linearizing law does not generate a control signiddat
makes the engine saturate. The valuepf= 0.08-w,,.., has
been chosen, whetg,, ... is the maximum velocity of the rotor.

Input-State Linearization with an LQR: Switching Control Signal
T T T T

Figures 4, 5 and 6 show respectively the sigiéals: andy of
this controller.

Figure 5 shows the quadratic linearization signalsersus the
linear oneu;. It can be seen that the linear one is smooth near
the zero and sharp for higher values. In the quadratic one the ¢
opposite occurs. Due to this fact the resultant switching signal
U is always smooth, as can be seen in figure 6 and the same ‘ ‘ ‘ ‘ ‘
happens to the angular velocity of the rotar ’ B * rine econde B ” ”

Figure 7 shows the system response in the elevation angle using
a square wave as reference, which serves to demonstrate the
quality of the control performance achieved.

Figure 6: Switching linearizing control signal



Input-State Linearization with an LQR: Elevation Angle
T T T

Angle (Degrees)
q |

. . . . .
) 20 40 60 80 100 120
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Figure 7: Elevation angle of the system

Switching Linearizing Controller with external integral-
LQR
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The difference with respect to the previous case is the inclu-
sion of an additional integral term of the error in the outer loop
to ensure that the steady state error is null. This structure is
necessary when the linearization law is applied to the real sd/]
where, due to uncertainties in the model, there exists a non-null
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6 Conclusions
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In this paper an input-state linearization law has been applied
to the elevation subsystem of a laboratory double rotor heli-
copter. As the exact input-state linearization provides a law
that cannot be applied in the whole operating range, a switch-

ing law has been developed. The second law applied, has been

obtained using an approximation of the model in the working
range, in which the exact law made the engine sature. Both
laws have been simulated using external LQR and integral-
LQR controllers designed for a chain of three integrators. The

best results have been obtained with the switching law.

As a possible future development, a suitable linearizing law
will be searched out for the complete laboratory helicopter, us-
ing new results for non-minimum phase MIMO systems and

taking into account [3] and [4].
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