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Abstract

The paperdealswith staticoutput-feedbackdesign. It adopts
a new framework basedon thesynthesisof ellipsoidalsetsof
controllers.Thecontribution is to formulateconditionsfor ro-
bustmulti-performancedesign.Theperformancelevelsarede-
fined asH∞ and/orH2 normson possiblydistinct linear time
invariantsystems.Numericalcomputationis donewith a cone
complementarityalgorithmandvalidatesthetheoreticalresults
onanillustrativeexample.

1 Intr oduction

TheStaticOutputFeedback(SOF)designis a centralproblem
in control engineeringandis still open[1, 18]. It hasa most
simple formulation. Consideran LTI systemwith the state-
spacerepresentation:

Σ :

�
ẋ � t ��� Ax� t ��� Bu� t �
y � t ��� Cx � t ��� Du � t � (1)

wherex �	� n is the statevector, u �
� m is the input control
vectorandy ��� p is theoutputmeasurevector. A SOFcontrol
law is definedby a constantgainmatrixK, suchthat:

u � t ��� Ky � t � (2)

The closed-loopsystemis composedof two interconnected

operatorsΣ and K. The interconnectionis denotedΣ
u
 y� K.

The LTI systemΣ is saidto be stabilisablevia staticoutput-
feedbackif andonly if thereexists a gain matrix K suchthat

theclosed-loopΣ
u
 y� K is stable.

The adoptedframework relies on Lyapunov theory and ma-
trix inequalityformulas. A matrix inequality, suchasA � B,
readsA � B is symmetricpositive definite. Matrix inequality
formulationsaremosteffective to derive valuableresults. In
particular, linearmatrix inequalities(LMIs) for whichdecision
variablesenteraffinely in theformulasareconvex optimisation
problemsthataresolvedwith efficient semi-definiteprogram-
ming tools,[2, 3].

Theorem 1 TheLTI systemΣ is stabilisablevia staticoutput-
feedback if andonly if there exist two matricesP �	����� n and
K ��� m � p satisfying:� A � BK ����� DK ��� 1C ��� P � P � A � BK ����� DK ��� 1C �� !�

Theorem1 impliesto solve non-linearmatrix inequalitieswith
respectto thevariableswrittenin bold-face.At ourknowledge,
theredoesnotexist any exactsolutionto thisproblem.Perhaps
oneof thefirst papersdealingwith this problemis [10] where
anon-linearprogrammingapproachwasproposed.

Anotherwell-known necessaryandsufficientconditionis,[6]:

Theorem 2 TheLTI systemΣ (with D �"� ) is stabilisablevia
static output-feedback if and only if there exist two matrices
P �#� n andQ �#� n satisfying:�

P �$� C%'&�� A� P � PA� C &( !�
Q �)� B &�� QA� � AQ � B% &* $� PQ �+�

where therowsof B� & andC & form a basisfor thenull space
of B� andC respectively.

Thedifficulty holdsin thenon-linearequality, PQ �,� . In [7,
5] differentnumericalapproachesareproposedto addressthis
difficulty.

Yet another SOF synthesis condition was published in
[13].Takethetwo matrices:

L1 �.- � �
A B / L2 �0- C D� �,/

Theorem 3 TheLTI systemΣ is stabilisablevia staticoutput-
feedback if andonlyif thereexist four matricesP �1� n, X �1� p,
Y �(� p � m andZ �2� m thatsimultaneouslysatisfythefollowing
matrix inequalities:3445 446 X 7 YZ � 1Y � Z �	� P �$�

L �1 - � P
P � / L1  L �2 - X Y

Y � Z / L2

(3)

Although theorems1, 2 and3 seemsimilar in the sensethat
they all write as matrix inequalitiesinvolving one particular
non-linearelement,it appearsthatthelastformulationhasma-
jor theoreticalandpracticalfeatures.

First, it is closelyrelatedto topologicalseparation[14]. The
SOF design is shown to be equivalent to the design of a
quadraticseparatorthatdefinesa wholeellipsoidalsetof con-
trollers,[12].



Second,thestabilisabilityresultcanbeeasilyextendedfor im-
portantrelatedapplicativeproblems.In [13] fragility, bounded
controllerandpole locationissuesareexposed.Here,we fo-
cusonne8 w contributionsof theellipsoidaloutput-feedbacksets
with two orientations:9 Robustnesswith respectto parametricuncertainties.

Dissipativenon-structureduncertainties∆ areconsidered.
The system’s model is a rational function of the uncer-
tain parameters.This dependency is modelledby a Lin-
earFractionalTransform(LFT) interconnection.Thecon-
tributionholdsin methodsthatguaranteetheclosed-loop
performanceswhatever theuncertaintyrealisation.9 H∞ andH2 performances.
Both H∞ and H2 LTI systeminduced norms are con-
sidered. Thesecriteria prove to be important tools to
characteriseinput/outputperformancessuchasperturba-
tion rejectionand for loop shaping. Thesetwo criteria
areoftenappliedto independentinput/outputsignalsthat
mayenterthemodelvia weightingfunctions.Themulti-
performancesynthesiscanthereforebe recastasthe de-
sign of a commoncontroller that guaranteesH∞ and/or
H2 closed-loopperformancesfor various distinct sys-
tems. Suchdesignspecification,goesbeyond the multi-
objectiveproblemtackeledin [15].

2 Preliminaries

2.1 Notations� m � n is thesetof m-by-n realmatricesand � n is thesubsetof
symmetricmatricesin � n � n. A� is the transposeof thematrix
A. � and � arerespectively the identity andthezeromatrices
of appropriatedimensions.

Throughoutthispaper, aparticularsetof matricesis used.Due
to thenotationsandby extensionof thenotionof � n ellipsoids,
thesesetsarereferredto asmatrixellipsoidsof � m � p:

GiventhreematricesX ��� p, Y ��� p � m andZ �#� m,
the : X ; Y ; Z <=� ellipsoid of � m � p is thesetof matricesK

satisfyingthefollowingmatrix inequalities:

Z �$� >�� K �@? - X Y
Y � Z / - �K / 7!� (4)

By definition,Ko
∆�,� Z � 1Y � is the centreof the ellipsoidand

R
∆� K �oZKo � X is theradius.A matrix ellipsoid is a compact

convex set.An ellipsoidis non-emptyif andonly if theradius
(R A$� ) is positivesemi-definite.Detailscanbefoundin [13].

2.2 Robustnesswith respectto dissipativeuncertainty

Considera continuous-timeLTI systemsuchas:BC
z
g
y

DE � Σ � s� BC w
v
u

DE
(5)

Themeasureoutputandcontrol input arerespectively y �F� p

andu ��� m. Requiredinput/outputperformancesarespecified
for signalsg �#� mg andv �(� pv . Theinputw �(� mw andoutput
z ��� pz defineanexogenousfeedbackof anuncertaintymatrix
∆ satisfying:

w � t ��� ∆z� t � (6)

For any admissibleuncertainty∆, the LFT interconnection

Σ � ∆ �G� Σ
w
 z� ∆ definestheuncertainLTI model. Theresulting

state-spacematricesarerationalin theuncertainparameters.

Theuncertainparametersareall gatheredin auniquematrix∆.
They areassumedto beconstantparametricuncertaintiesand
theuncertaintysetis a matrixellipsoidof � mw � pz definedby:H

lft �+: Xlft , Ylft , Zlft < -ellipsoid

Such uncertaintysets are also known as : Xlft , Ylft , Zlft < -
dissipative uncertainties.As reportedin [11, 16], this mod-
elling of uncertaintiescontainsthewell-known norm-bounded
uncertainties( :I�@� , � , �J< -dissipative) andpositive realuncer-
tainties( :K� , �@� , ��< -dissipative)which respectively leadto the
smallgainandpassivity frameworks.

Thematrix Xlft is negative semi-definite(Xlft 7"� ) so that the
nominalsystemΣ �L�J� is includedin thesetof all realisations.

Let Σ � ∆ � be a genericuncertainLTI modeland
H

any uncer-
taintyset.Thegeneralstabilisabilityproblemis definedas:

Find a gainK such that thesystemΣ � ∆ � u
 y� K
is stablefor all uncertainties∆ � H .

In the assumedcaseof parametricconstantuncertainty, the
problemmayberecastasa conjointsearchof thematrix gain
K and a parameter-dependentLyapunov function Vr � x ; ∆ �M�
x� Pr � ∆ � x thatprovesthestabilityof theclosed-loopΣ � ∆ � u
 y� K
for eachuncertainty∆ � H .

Thequadraticstabilisabilityproblemis definedasfollows:

Find a gainK anda quadratic Lyapunovfunction
Vq � x�G� x� Pqx such thatVq provesthestabilityof thesystem

Σ � ∆ � u
 y� K for all uncertainties∆ � H .

Quadraticstabilisability is a particularinstanceof robust sta-
bilisability wherethe Lyapunov matrix is uniqueover all the
setof uncertainparametersPr � ∆ ��� Pq. To be moreprecise,
quadraticstabilisabilityis a conservative (sufficient) condition
for robuststabilisability. It hasnevertheless,majoradvantages
asattestedby the considerableandvaluablework devotedto
thisnotion.

3 Performancelevels

3.1 H∞ performance

A commonway of measuringrobust performanceanddistur-
bancerejectionis to usethe N 2-inducedoperatornorm. The



H∞ normcharacterisesinput/outputpropertiesin termsof en-
ergy to energy, power to power andspectrumto spectrumre-
lationships,[19]. It canalsobeusedfor loop-shapingpurpose
by introducingO weightingtransferfunctions.Let thefollowing
state-spacerepresentationof a systemsuchas(5):

Σ :

3445 446 ẋ � t �P� Ax� t ��� Bww � t ��� Bvv � t ��� Bu� t �
z� t �G� Czx � t ��� Dzww � t ��� Dzvv � t ��� Dzuu � t �
g � t �P� Cgx � t ��� Dgww � t ��� Dgvv � t ��� Dguu � t �
y � t �G� Cx � t �G� Dyww � t ��� Dyvv � t ��� Du � t � (7)

Thematrixdimensionsaresuchthatx �*� n, u �#� m andy �#� p.
The input w and the output z define the uncertaintyexoge-
nous feedbackas in (6). The uncertainsystemis given by

Σ � ∆ �P� Σ
w
 z� ∆. TheguaranteedrobustH∞ synthesisproblemis

formulatedasfollows:

Find a stabilisinggainK such that for all uncertainties
theclosed-looptransferfromv to g has

anH∞ normlessthansomespecifiedlevel γ∞:Q
∆ � H ;SRTR Σ � ∆ � u
 y� K RUR ∞  γ∞.

Let thefour matricesM1 to M4 be:

M1 VXW(Y Z Z ZA Bw Bv B [ M2 VXW Cz Dzw Dzv DzuZ Y Z Z [
M3 VXW Cg Dgw Dgv DguZ Z Y Z [ M4 V\W C Dyw Dyv DZ Z Z Y [
Theorem 4 If there exist four matrices P∞∞∞ �]� n, X �]� p,
Y �(� p � m, Z �#� m andtwoscalarsτ∞τ∞τ∞, τττlft thatsimultaneously
satisfytheconstraints:34444444445 4444444446

X 7 YZ � 1Y �
τττlft � 0 τ∞τ∞τ∞ � 0 Z �!� P∞∞∞ �	�
M �1 - � P∞∞∞

P∞∞∞ � / M1  τττlft M �2 - Xlft Ylft
Y �lft Zlft / M2� τ∞τ∞τ∞ M �3 - �^� �� γ2

∞ � / M3 � M �4 - X Y
Y � Z / M4

(8)
thenthe : X, Y, Z < -ellipsoidis a setof quadratically stabilising

gainssuch that RUR Σ � ∆ � u
 y� K RTR∞  γ∞ for all ∆ � H lft .

Proof : Takeany matrix K in the : X, Y, Z < -ellipsoidandany
uncertainty∆ � H lft . Multiply the left handsideof inequality
(8) by vector _ x� w� v� u�a` from andtheright handside
by it’ s transpose.Due to systemequations(2), (6) and(7), it
writes:

xP∞ẋ � ẋP∞x  τlft z� > � ∆ ? - Xlft Ylft
Y �lft Zlft / - �∆ / z� τ∞g� g � τ∞γ2

∞v� v � y� > � K ? - X Y
Y � Z / - �K / y

By definitionof theuncertaintiesandthecontrollermatrixgain,
the∆ andK dependenttermsarenegative, therefore:

xP∞ẋ � ẋP∞x  b� τ∞g� g � τ∞γ2
∞v� v

Takingtheperturbation-freesystemv � 0 onegetsthattheLya-
punov function V � x��� x� P∞x proves the stability for all the
uncertainties(quadraticstability). Moreover, taking the time
averagewith theusualassumptionsasin [2] it yieldsthebound
ontheH∞ norm:

τ∞ RTR g RTR 2  τ∞γ2
∞ RUR v RTR 2 c

Corollary 1 Theorem4 canbeparticularisedasfollows.9 Takev �d� 0 andg �
� 0, then(8) correspondto the syn-
thesisconditionsfor robust stabilisingSOFwithout per-
formancespecifications.9 Takew �
� 0 andz �S� 0, then(8) correspondto the syn-
thesisconditionsfor SOFwith H∞ performancewithout
robustnesscharacteristics.9 Takeboth,then(8) resumeto thatof theorem3.9 Takeu �(� 0 andy ��� 0, then(8) are conditionsfor robust
H∞ performanceanalysis.It is purelyLMI.

3.2 H2 performance

Let anotherLTI systemgivenby its state-spacerepresentation:

Σ̃ :

3445 446 ˙̃x � t �G� Ãx̃ � t ��� B̃ww̃ � t �G� B̃vṽ � t �G� B̃u� t �
z̃� t �G� C̃zx̃ � t ��� D̃zww̃ � t �G�e� ṽ � t �G� D̃zuu � t �
g̃ � t �G� C̃gx̃ � t ��� D̃gww̃ � t �G�e� ṽ � t �G� D̃guu � t �
y � t ��� C̃x̃ � t ��� D̃yww̃ � t �G�e� ṽ � t �G� D̃u � t � (9)

Dimensionsare suchthat x̃ �b� ñ, u �	� m and y �	� p. The

uncertainsystemis givenby Σ̃ � ∆̃ �P� Σ̃
w̃
 z̃� ∆̃ where∆̃ belongsto

the : X̃lft , Ỹlft , Z̃lft < -ellipsoid( ˜H
lft ). TheguaranteedrobustH2

synthesisproblemis formulatedasfollows:

Find a stabilisinggainK such that for all uncertainties
theclosed-looptransferfromṽ to g̃ has

anH2 normlessthansomespecifiedlevel γ2:Q
∆̃ � ˜H ;SRUR Σ̃ � ∆̃ � u
 y� K RUR 2  γ2.

Let thefour matricesN1 to N4 be:

N1 � - � � �
Ã B̃w B̃ / N2 � - C̃z D̃zw D̃zu� � � /

N3 �f> C̃g D̃gw D̃gu ? N4 � - C̃ D̃yw D̃� � � /



Theorem 5 If there exist four matricesP2 ��� ñ, X ��� p, Y �� p � m, Z �#� m andtwo scalarsτ2τ2τ2, τ̃̃τ̃τlft that simultaneouslysat-
isfy theconstraints:34444444444445 4444444444446

X 7 YZ � 1Y �
τ̃̃τ̃τlft � 0 τ2τ2τ2 � 0 Z �$� P2 �	�
trace� B̃�vP2B̃v ��7 τ2τ2τ2 γ2

2

N �1 - � P2
P2 � / N1  τ̃̃τ̃τlft N �2 - X̃lft Ỹlft

Ỹ �lft Z̃lft / N2� τ2τ2τ2N �3N3 � N �4 - X Y
Y � Z / N4

(10)
thenthe : X, Y, Z < -ellipsoidis a setof quadratically stabilising

gainssuch that RUR Σ̃ � ∆̃ � u
 y� K RTR 2  γ2 for all ∆̃ � ˜H
lft .

Theproof followsthelinesof theorem’s 4 proof. It is omitted
for conciseness.

Corollary 2 Theorem5 canbeparticularisedasfollows.9 Takew̃ �
� 0 and z̃ �S� 0, then(10) are conditionsfor H2
performanceSOFsynthesiswithoutrobustnesscharacter-
istics.9 Takeu ��� 0 andy ��� 0, then(10)correspondto theanal-
ysisof robustH2 performance. It is purelyLMI.

3.3 Robust multi-perf ormancesynthesis

Themulti-performancesynthesisproblemamountsto acollec-
tion of H∞ andH2 specifications,eachof whicharedefinedfor
possiblydistinctuncertainLTI systems.All theuncertainmod-
elsshouldhave commoncontrolinput / measureoutputdimen-
sions.Thedesignobjectiveis thento find acommoncontroller
thatsatisfiesall thespecifications.

In orderto alleviatethenotations,consideronly two suchspec-
ifications.Oneis a robustH∞ boundspecificationon a system
Σ � ∆ � andthe secondis a robust H2 boundon a systemΣ̃ � ∆̃ � .
Therobustmulti-performancesynthesisproblemwritesas:

For twogivenlevelson theH∞ andH2 norms,γ∞ andγ2

respectively, find a stabilisinggainK such that:Q
∆ � H ;SRTR Σ � ∆ � u
 y� K RUR ∞  γ∞Q
∆̃ � ˜H ;gRUR Σ̃ � ∆̃ � u
 y� K RTR 2  γ2.

Theresultis straightforward.It amountsto thecollectionof all
relatedmatrix inequalityconstraints.

Theorem 6
If thereexistfivematricesP∞∞∞ �1� n, P2 �1� ñ, X �1� p, Y �*� p � m,
Z �
� m and four scalarsτ∞τ∞τ∞, τττlft , τ2τ2τ2, τ̃̃τ̃τlft that simultaneously
satisfytheconstraints(8) and(10),thenthe : X,Y, Z < -ellipsoid
is a setof quadraticallystabilisinggainsfor bothsystemsΣ and
Σ̃ such that theperformancelevelsare robustlysatisfied.

Thetheoremillustratesthattheellipsoidaloutput-feedbacksets
enableto formulateawidevarietyof designproblemsthatmay
includerobustor not specificationssuchasquadraticstability,
H∞ andH2 performances.With thehelpof resultsin [13], these
specificationscanbe enrichedwith closed-looppole location
aswell asconstraintson thestructureof thecontrollaw K and
resiliency characteristics.All suchSOFdesignproblemswrite
asfindinganadmissiblesolution(Q ; X ; Y ; Z) to theconstraints
summarisedas:N2� Q ; X ; Y ; Z �h $� and X 7 YZ � 1Y � (11)

whereQ representsall the stackedvariablessuchasthe Lya-
punov matricesPi andother scalarsτττ i , andwhere Nj��k � is a
linearmatrix operator. The first constraintNj� Q ; X ; Y ; Z �l ]�
is convex andthereexist efficientnumericaltoolsto solvesuch
LMI constraints. The main difficulty comesfrom the non-
linearconstraint.

4 Numerical issuesand examples

4.1 Conecomplementarity algorithm

Thenumericalexamplesaresolvedusinga first orderiterative
algorithm. It is basedon a conecomplementaritytechnique,
[4], thatallowsto concentratethenonconvex constraintin the
criterionof someoptimisationproblem.

Lemma 1
Theproblem(11) is feasibleif and only if zero is the global
optimumof theoptimisationproblem:

min trace� TS�
s.t. N2� Q ; X ; Y ; Z �m !�

X 7 X̂ S � - X̂ Y
Y � Z / A$�

T1 Ab� T � - T1 T2
T2 � T3 / A$�

(12)

Proof: TheconstraintsT AS� andS A
� makethattrace� TS�n�
0 impliesTS �b� andtherefore:

T1X̂ � T2Y � �b� T1Y � T2Z �b�
SincebothmatricesT1 andZ arenonsingularunderthe LMI
constraints,it implies:

X̂ �"� T � 1
1 T2Y �o�+� T � 1

1 ��� T1YZ � 1 � Y �K� YZ � 1Y �
Thusthenonlinearconstraintis satisfied:X 7 X̂ � YZ � 1Y � .
Theconverseimplicationis provedtakingX̂ � YZ � 1Y � andT
suchthatTS �"� . c
As in [4, 9], theoptimisationproblem(12) canthenbesolved
with a first order conditionalgradientalgorithm also known



asthe FrankandWolfe feasibledirectionmethod. Its proper-
tiesarenot remindedherefor conciseness.Noteonly that the
nonlinearobjective trace(TS) is relaxedasthelinearobjective
trace(T

p
kS � TSk). The obtainedLMI optimisationis repeated

iteratively with matricesTk andSk computedfrom eachprevi-
ousoptimisationstep. The obtainedsequence,trace(TkSk), is
strictly decreasing.

Remark 1 Thestoppingcriteria of theusualgradientalgo-
rithm is eitherrelatedto slowprogressof theoptimisationob-
jectiveor to theachievementof trace� TS�P� 0. In thefirst case,
thealgorithmfails dueto flat behaviouror becauseit founda
nonsatisfactorylocal optimum.Thesecondcasecorresponds
to the expectedsuccessof the algorithm. Unfortunately, due
to the constraints T A]� andS A"� the algorithm is more of-
tenstoppedwhile trace� TS��� ε where ε is a chosenaccuracy
level. Theexactnonlinear constraint maythennot beexactly
satisfied.

As a matterof fact, sincethe equalityconstraintinvolving X̂
is not thegoalof theoriginalproblem(11),we adoptedin the
numericalexamplesthefollowingstoppingcriteriafor thecon-
ditionalgradientalgorithm:9 If the progressof the optimisationobjective is below a

chosenlevel, thenSTOP, thealgorithmfailed.9 As soonasX 7 YZ � 1Y � , STOP, a stabilisingellipsoid is
found.

Thisallowsin all testedexamplesto avoid severaloptimisation
stepswhichcanbehighly valuablefor largeproblems.

4.2 VTOL Example

The modelcharacterisesthe longitudinal motion of a VTOL
helicopter. It is composedof four states,two controlinputsand
one measuredoutput. The lineariseduncertainmodel is the
sameasin [8] andadditionalperformanceinput/output vectors
aregivenfollowing thosein [9].

TherobustH2 performanceis definedfor a modelΣ̃ suchthat:

Ã q$rssthu 0 v 0366 0 v 0271 0 v 0188 u 0 v 4555
0 v 0482 u 1 v 0100 0 v 0024 u 4 v 0208
0 v 1002 0 v 3681 u 0 v 7070 1 v 4200

0 0 1 0

w xxy B̃w q$rsst 0 0 0
0 0 1
1 1 0
0 0 0

w xxy
B̃v q$rsst 0 v 0468 0

0 v 0457 0v 0099
0 v 0437 0v 0011u 0 v 0218 0

w xxy B̃ q$rsst 0 v 4422 0 v 1761
3 v 5446 u 7 v 5922u 5 v 5200 4 v 4900

0 0

w xxy
C̃z q rt 0 1 0 0

0 0 0 1
0 0 0 0

wy D̃zw q@z D̃zu q rt 0 0
0 0
1 0

wy
C̃g q	{ 2|

2
0 0 0

0 1|
2

0 0 } D̃gw q~z D̃gu q 1|
2 �

C̃ qS� 0 1 0 0 � D̃yw q�z D̃ q@z

andthethreeuncertaintiesaregatheredin a diagonalmatrix:

∆ � diag� ∆p1 ; ∆p2 ; ∆p3 �R∆p1 R�7 α0 � 05 R∆p2 R�7 α0 � 01 R∆p3 R�7 α0 � 04

In [8] theuncertaintiescorrespondto α � 1. Herewill becon-
sideredmoreimportantvariationsof theuncertainparameters,
α A 1. Thechosenmodellingof uncertaintiesdoesnotallow to
takeinto accountthestructurednatureof ∆. It will thereforebe
embodiedinto a largeruncertaintydomain

H
lft definedasthe:���
��� α0 � 05� 2 0 0

0 ��� α0 � 01� 2 0
0 0 ��� α0 � 04� 2 �� , � , �J< -ellipsoid.

The robust H∞ performanceis definedfor a slightly different
model. It is obtainedby consideringweighting,first orderop-
erators 1

s� 1, appliedon the ṽ. The resultingmodelΣ is such
that:

A q)� Ã B̃vz u �F� Bw q!� B̃wz � Bv q	� z�F� B q!� B̃z �
Cz q � C̃z z � Dzw q D̃zw Dzv q�z Dzu q D̃zu

Cg q � C̃g z � Dgw q D̃gw Dgv q@z Dgu q D̃gu

C q � C̃ z � Dyw q D̃yw Dyv q � 0 v 00039 0 v 00174 � Dyu q D̃yu

For the modelsdescribedin this way, several numericalex-
perimentsareperformedusingtheconecomplementarityalgo-
rithm. Thesetestsarerealisedfor variousspecificationson the
H∞ performance(γ∞), ontheH2 performance(γ2) aswell asfor
variousuncertaintylevels(α). Herearepresentedonly few sig-
nificative casesdescribedin table1 whereiter is thenumber
of the algorithmsiterations,CPU is the total CPU time (LMIs
solvedwith SeDuMi [17] on a SUN SunBlade100computer),
Tr(TS) is thevalueof the optimisationcriteria trace� TkSk � at
the stepwhenthe algorithmstopped,andKo is the controller
obtainedasthecentreof thestabilisingellipsoid.

test γ∞ γ2 α iter CPU Tr(TS) K �o
(a) 0.5 0.3 3 4 8s 500 [0.014 1.55]
(b) 0.5 0.3 5 4 9s 700 [0.059 2.45]
(c) 0.5 0.3 7 4 9s 400 [0.043 1.93]
(d) 3 3 10 65 167s 0.006 [-0.68 0.94]
(e) 10 10 13 51 122s 0.02 [-0.52 1.21]
(f) 10 10 14 65 166s 0.01 [-0.57 1.27]
(g) 3 3 14 36 85s 4 fails

Table1: Numericalexperiments

Comments:9 Theproposedmethodis conservative,whichmeansthatif
thealgorithmfails it doesnot meanthat thereis no such
controller. This canbeobserved whenmakingthe com-
parisonbetweentests(f) and(g). The last onefails but
neverthelessif ananalysisstepis performedon thesolu-
tion of test(f) onefindsout that:RUR Σ � ∆ � u
 y� Ko� f � RUR∞  0 � 61 ;SRUR Σ̃ � ∆ � u
 y� Ko� f � RUR 2  0 � 17



which meansthat thesolutionto (f) couldalsobea solu-
tion to (g), ignoredby thealgorithm.9 The synthesismethodnot only concludeswith a stabil-
ising gain but moreover givesa whole setof controllers
describedby anellipsoid. All theelementsinsidetheel-
lipsoid guaranteethe sameproperties.To illustrate this,
takefigure 1 on which the ellipsoidsare thoseobtained
for thesix successfulcases.Theseellipsoidalsetscanbe
usedto evaluatetheresilienceof theclosed-loopsystems
asin [13].
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Figure1: SOFellipsoids

5 Conclusion

Thedesignof ellipsoidalsetsof controllersis anew framework
for output-feedbacksynthesis. Somefeaturesare discussed,
in particularwith contributionsto the designof robustly sta-
bilising SOFcontrollersthatguaranteeboundson H∞ andH2

performances.Treatedproblemsgo from the designof SOF
stabilisinggainsfor a uniqueLTI model,to thedesignof SOF
gainssatisfyingrobustperformancespecificationsfor multiple
distinctmodels.Onewouldexpectthateachof theseindividual
problemshave differentnumericalcomplexities. But in fact, it
appearsthatthey all have a similar formulationcomposedof a
uniquenon-linearinequalityandLMI constraints.Thesolenu-
mericaldifferenceof all theseproblemsis thesizeof theLMIs
andthenumberof variables.
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