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Abstract

The paperdealswith staticoutput-feedbacklesign. It adopts
anew framevork basedon the synthesiof ellipsoidal setsof

controllers.The contributionis to formulateconditionsfor ro-

bustmulti-performancelesign.Theperformancéevelsarede-
fined asH. and/orHz normson possiblydistinct linear time

invariantsystemsNumericalcomputatioris donewith acone
complementaritylgorithmandvalidateshetheoreticaresults
on anillustrative example.

1 Intr oduction

The StaticOutputFeedbacKSOF)designis a centralproblem
in control engineeringandis still open[1, 18]. It hasa most
simple formulation. Consideran LTI systemwith the state-

spaceaepresentation:
X(t) = AX(t) + Bu(t)

> {y<t)=<:x<t>+Du<t> @

wherex € R" is the statevector u € R™ is the input control
vectorandy € RP is theoutputmeasurevector A SOFcontrol
law is definedby a constangainmatrix K, suchthat:

u(t) = Ky(t) )
The closed-loopsystemis composedof two interconnected

operators> andK. The interconnectioris denoted> VK.
The LTI systems is saidto be stabilisablevia static output-
feedbackif andonly if thereexists a gain matrix K suchthat

theclosed-loop> ¥ K is stable.

The adoptedframevork relies on Lyapunw theory and ma-
trix inequalityformulas. A matrix inequality suchasA > B,
readsA — B is symmetricpositive definite. Matrix inequality
formulationsare mosteffective to derive valuableresults. In
particular linearmatrixinequalitieg(LMIs) for whichdecision
variablesnteraffinely in theformulasareconvex optimisation
problemsthat aresolved with efficient semi-definiteprogram-
mingtools,[2, 3].

Theorem1 ThelTI systent is stabilisablevia static output-
feedbak if andonlyif there existtwo matricesP > 0 € S" and
K € R™P satisfying:

(A+BK(1-DK)™'C)P+P(A+BK(1-DK)™C) <0

Theoreml impliesto solve non-lineamatrix inequalitieswith
respecto thevariableswrittenin bold-face.At ourknowledge,
theredoesnot exist arny exactsolutionto thisproblem.Perhaps
oneof the first papergdealingwith this problemis [10] where
anon-lineamprogrammingapproactwasproposed.

Anotherwell-known necessargandsuficient conditionis,[6]:

Theorem2 TheLTI systen® (with D = 0) is stabilisablevia
static output-feedbdcif and only if there exist two matrices
P e 8"andQ € 5" satisfying:

{

whee therowsof B’ andC* form a basisfor the null space
of B' andC respectively

P>0
Q>0

CL(AP+PACL <0

, =1
BL(QA' +AQ)BL < 0

PQ

The difficulty holdsin the non-linearequality PQ = 1. In [7,
5] differentnumericalapproacheareproposedo addresshis
difficulty.

Yet another SOF synthesis condition was published in
[13].Takethetwo matrices:
L= [

1 0
2= 8]

Theorem 3 ThelLTI systent is stabilisablevia staticoutput-
feedbak if andonlyif ther existfour matricesP € S", X € SP,
Y € RP*MandZ € S™Mthatsimultaneouslgatisfythefollowing
matrixinequalities:

c D
0 1

X <YZ-ly!
L [

Althoughtheoremsl, 2 and 3 seemsimilar in the sensethat
they all write as matrix inequalitiesinvolving one particular
non-linearelementjt appearshatthelastformulationhasma-
jor theoreticalndpracticalfeatures.

Z>0

XY
:|L1<L12|:YI Z:|L2

P>0
0P ®)
P 0

First, it is closelyrelatedto topologicalseparatio14]. The
SOF designis shavn to be equvalent to the designof a
guadraticseparatothat definesa whole ellipsoidalsetof con-
trollers,[12].



Secondthestabilisabilityresultcanbe easilyextendedfor im-
portantrelatedapplicative problems.n [13] fragility, bounded
controllerandpole locationissuesare exposed. Here, we fo-
cusonnew contributionsof theellipsoidaloutput-feedbacsets
with two orientations:

¢ Rolustnessvith respecto parametriauncertainties.
Dissipatve non-structuredincertaintieg\ areconsidered.
The system$ modelis a rational function of the uncer
tain parametersThis dependencis modelledby a Lin-
earFractionalTransform(LFT) interconnectionThecon-
tribution holdsin methodgshatguaranteehe closed-loop
performancesvhatever the uncertaintyrealisation.

¢ H. andH; performances.

Both H, and Hy LTI systeminduced norms are con-
sidered. Thesecriteria prove to be importanttools to
characterisénput/outputperformancesuchas perturba-
tion rejectionand for loop shaping. Thesetwo criteria
areoftenappliedto independeninput/outputsignalsthat
may enterthe modelvia weightingfunctions. The multi-
performancesynthesiscanthereforebe recastasthe de-
sign of a commoncontrollerthat guarantee$l,, and/or
H, closed-loopperformancedor various distinct sys-
tems. Suchdesignspecification,goesbeyond the multi-
objective problemtackeledn [15].

2 Preliminaries
2.1 Notations

R™" is the setof m-by-n realmatricesandS" is the subsebf
symmetricmatricesin R™". A’ is the transpos®f the matrix
A. 1 and0 arerespectirely the identity andthe zeromatrices
of appropriatalimensions.

Throughouthis papera particularsetof matricess used.Due
to thenotationsandby extensionof the notionof R" ellipsoids,
thesesetsarereferredto asmatrix ellipsoidsof R™<P;

GiventhreematricesX € SP,Y € RP*MandZ € 8™,
the{X,Y, Z}—ellipsoid of R™P is the setof matricesK
satisfyingthefollowing matrix inequalities:

SIERIE

Y Z
By definition, Kq 2 771y is the centreof the ellipsoidand
R2 K{ZKo — X is theradius. A matrix ellipsoidis a compact

convex set. An ellipsoidis non-emptyif andonly if theradius
(R> 0) is positive semi-definite Detailscanbefoundin [13].
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2.2 Robustnesswith respectto dissipativeuncertainty

Considera continuous-timé& Tl systemsuchas:

()

The measureoutputandcontrolinput arerespectrely y € RP
andu € R™. Requirednput/outputperformancesrespecified
for signalsg € R™ andv € RPv. Theinputw € R™ andoutput
z ¢ R defineanexogenoudeedbackof anuncertaintymatrix
A satisfying:

w(t) = Az(t) (6)

For ary admissibleuncertaintyA, the LFT interconnection

A =% % A definesthe uncertainL Tl model. The resulting
state-spacmatricesarerationalin theuncertainparameters.

Theuncertainparameterareall gatheredn auniquematrix A.
They areassumedo be constantparametriauncertaintiesand
theuncertaintysetis a matrix ellipsoid of R™* Pz definedby:

Nt = { Xt Vit » e H-ellipsoid

Such uncertaintysets are also known as {Xi, g, 4 -
dissipatie uncertainties. As reportedin [11, 16], this mod-
elling of uncertaintiexzontainsthe well-known norm-bounded
uncertaintieg{—1, 0, 1}-dissipatve) and positive real uncer
tainties({0, —1, 0}-dissipatve) whichrespectrely leadto the
smallgainandpassiity framewvorks.

Thematrix Xz is negative semi-definite(Xs; < 0) sothatthe
nominalsystem2(0) is includedin thesetof all realisations.

Let 2(A) be a genericuncertainLTI modeland A ary uncer
tainty set. The generaktabilisabilityproblemis definedas:

Find againK sud thatthesysten®(A) YK
is stablefor all uncertainties) € A.

In the assumedcaseof parametricconstantuncertainty the
problemmay berecastasa conjointsearchof the matrix gain
K and a parametedependentLyapunw function V; (x,A) =

X P; (A)x thatprovesthe stability of the closed-loopz(A) YK
for eachuncertaintyA € A.

Thequadraticstabilisabilityproblemis definedasfollows:

Find a gainK anda quadmtic Lyapunovunction
Vg(X) = X Pgx sud thatV provesthe stability of the system

(D) ¥ K for all uncertaintiesh € A.

Quadraticstabilisabilityis a particularinstanceof robust sta-

bilisability wherethe Lyapuna matrix is uniqueover all the

setof uncertainparameter$; (A) = Pq. To be moreprecise,
guadraticstabilisabilityis a conserative (sufficient) condition

for robuststabilisability It hasneverthelessmajoradwantages
asattestedby the considerableand valuablework devotedto

this notion.

3 Performancelevels

3.1 H. performance

A commonway of measuringobust performanceanddistur
bancerejectionis to usethe Lp-inducedoperatornorm. The



H. norm characterisesput/ouput propertiesn termsof en-
ey to enegy, power to power and spectrunto spectrunre-
lationships[19]. It canalsobeusedfor loop-shapingpurpose
by introducingweightingtransferfunctions.Let the following
state-spaceepresentationf a systemsuchas(5):

X(t) = AXt) + Buww(t) + Buw(t) + Bu(t)

s Z(t) = CX(t) + Dzww(t) + Dzw(t) + Dzu(t) )
g(t) = Cox(t) + Dguw(t) + Dgw(t) + Dguu(t)
y(t) = Cx(t) + Dyww(t) + Dyw(t) + Du(t)

Thematrixdimensionaresuchthatx € R", uc R™andy € RP.
The input w and the output z define the uncertaintyexoge-
nousfeedbackasin (6). The uncertainsystemis given by
(D) = s %A, TheguaranteedobustH., synthesigproblemis
formulatedasfollows:

Find a stabilisinggain K sud thatfor all uncertainties
theclosed-loogransferfromv to g has
anH, normlessthansomespecifiedevel y.:

YAEA | [|Z(8) % K[y < Vor

Let thefour matricedVl; to M4 be:

M1 0 0 0 Mo — [ G2 Dzw Dz Da
1=l A B, B, B =l o 1 0o 0

— Cg DQW DQV DQU — c DyW DyV D
Ms = [ ©o 0 1 © Mi=lo o o 1

Theorem4 If ther exist four matricesP, € 5", X € SP,

By definitionof theuncertaintiegndthecontrollermatrixgain,
theA andK dependentermsarenegative, therefore:

XPoX+ XPooX < —Too g g+ T2 V'V

Takingtheperturbation-fresystemv = 0 onegetsthattheLya-
punor function V(x) = X PwX proves the stability for all the
uncertaintiegquadraticstability). Moreover, taking the time
averagewith theusualassumptionasin [2] it yieldsthebound
ontheH. norm:

2 2
Too 9117 < TVB V]

Corollary 1 Theoem4 canbeparticularisedasfollows.

¢ Takev € R° andg € R?, then(8) correspondto the syn-
thesisconditionsfor robust stabilising SOFwithout per
formancespecifications.

o Takew € R° andz € RY, then(8) correspondto the syn-
thesisconditionsfor SOF with H,, performancewithout
robustnesgharacteristics.

¢ Takeboth,then(8) resumdo that of theoema3.

o Takeu € R% andy € R?, then(8) are conditionsfor robust
H. performanceanalysis.It is purely LMI.

3.2 Hy performance

pxm m i . . .
Y € RPN, Z ¢ ST andtwo scalarste, Ty thatsimultaneously | ot anotherLTI systengivenby its state-spaceepresentation:

satisfythe constaints:

X <YZ-ly!
T|ft>o Ioo>0 Z>® Poo>®
| 0 Pa | N Vit
Ml [ Po O M1 < Ty |V|2 YI,ft Zlft Mo
-1 0 X Y
(8)

thenthe {X, Y, Z}-ellipsoidis a setof quadmatically stabilising
gainssud that||Z(4A) ¥ K||e < Yoo fOr all A € Ay

Proof: Takeary matrixK in the {X, Y, Z}-ellipsoidandary
uncertaintyA € Ay . Multiply theleft handsideof inequality
(8)byvector( X w V U ) fromandtheright handside
by it’ s transpose Due to systemequationg?2), (6) and(7), it

writes:
L Y, 1
XPoX+XPoX < T Z | 1 A Xt Vit ] [ ]z
Ift [ ] Yllft Zlft A
X Y 1
~Twg g+ To2VV+Y [ 1 K ] [ v 7 ] [ K ]y

Xt)= AX(t)+ BwW(t) + BY(t) + Bu(t)
g A(t) = CX(t) + Dawii(t) + 0F(t) + Dau(t) ©)
g(t) = CgX(t) + Dgu¥(t) + 0OV(t) + Dguu(t)
y(t) = CX(t) + DywW(t) + O0V(t) + Du(t)
Dimensionsare suchthat X € R, ue R™ andy € RP. The

uncertairsystemis givenby 5 (A) = 5 % A whereA belonggo
the {Xt, Vst , 4ift }-ellipsoid (A ). TheguaranteedobustH;
synthesigproblemis formulatedasfollows:

Find a stabilisinggain K sud thatfor all uncertainties
the closed-loogransferfromv to § has
anH, normlessthansomespecifiedevel y,:
vRek , [I5B) ¥K||, < ya.

Let thefour matricesN; to N4 be:

1
w4

Na=[Cy Dgw Dgu ]

0 0
By B



Theorem5 If there exist four matricesP, € 87, X € SP, Y €
RP*M Z ¢ SM andtwo scalarst, Tj that simultaneouslgat-
isfy theconstaints:

X<yz-ty!
T >0 2>0 Z>0 P, >0
tracdB,P,B,) < T2Yy3
L ) ~ ! >:(|ft ?lft
Nl [ P, 0 N1 < Tt NZ YI,ft Zlft N>
X Y
—r2N§N3+N;1[ v 7 ]N4

(10)
thenthe {X, Y, Z}-ellipsoidis a setof quadmatically stabilising
gainssudh that||3(A) ¥ K||, < vz for all A € &

The proof followsthelines of theorems 4 proof. It is omitted
for conciseness.

Corollary 2 Theoemb5 canbeparticularisedasfollows.

o Takew € R° andZ € RY, then(10) are conditionsfor Hy
performancesOFsynthesisvithoutrobustnesgsharacter
istics.

o Takeu e R? andy € R, then(10) correspondo theanal-
ysisof robustH, performancelt is purely LMI.

3.3 Robust multi-perf ormancesynthesis

Themulti-performanceynthesigproblemamountgo acollec-
tion of H., andH; specificationsgachof which aredefinedfor
possiblydistinctuncertairL Tl systemsAll theuncertairmod-
elsshouldhave commoncontrolinput/ measureutputdimen-
sions.Thedesignobjectiveis thento find acommoncontroller
thatsatisfiesll thespecifications.

In orderto alleviatethenotationsconsideionly two suchspec-
ifications. Oneis arobustH. boundspecificatioron a system
3 (A) andthe seconds a robust H, boundon a systemS(A).
Therobustmulti-performanceynthesigproblemwritesas:

For two givenlevelsontheH,, andHz norms,y. andyz
respectivelyfind a stabilisinggain K sud that:
u,
VAEL  [|Z(2) ¥ K]l < Yo
vAelk . [I5B) ¥ K|l <vo.

Theresultis straightforwardlt amountgo thecollectionof all
relatedmatrix inequalityconstraints.

Theorem 6

If there existfivematricesP, € 3", P, € 87, X € 5P, Y € RP*™,
Z € S™ and four scalarste, T, T2, T that simultaneously
satisfytheconstaints(8) and(10),thenthe {X, Y, Z}-ellipsoid
is a setof quadmatically stabilisinggainsfor bothsystem& and
s sut thatthe performancdevelsare robustlysatisfied.

Thetheoremillustrateshattheellipsoidaloutput-feedbacsets
enableto formulatea wide variety of designproblemghatmay
includerobustor not specificationsuchasquadraticstability,
H. andH, performanceswith thehelpof resultsn [13], these
specificationgan be enrichedwith closed-looppole location
aswell asconstraint®n the structureof the controllaw K and
resilieny characteristicsAll suchSOFdesignproblemswrite
asfindinganadmissiblesolution(Q, X, Y, Z) to theconstraints
summarise@s:

and X<vYz~ty

L(Q,X,Y,Z)< 0 (11)

whereQ representsll the stackedvariablessuchasthe Lya-
puno/ matricesP, and other scalarst,, andwhere L(-) is a
linear matrix operator The first constraint£(Q, X,Y,Z) < 0
is corvex andthereexist efficientnumericaltoolsto solve such
LMI constraints. The main difficulty comesfrom the non-
linearconstraint.

4 Numerical issuesand examples
4.1 Conecomplementarity algorithm

Thenumericalexamplesaresolved usingafirst orderiterative
algorithm. It is basedon a conecomplementaritytechnique,
[4], thatallowsto concentratéhe noncornvex constraintin the
criterionof someoptimisationproblem.

Lemmal
The problem(11) is feasibleif and only if zeio is the global
optimumof the optimisationproblem:

min tracgTS)
st L(Q,X,Y,Z)<0
- X 12
X <X S= [ X, M ] >0 (12)
— Z -
_| T T2
TlZ]]- T_[TZI T3:|Z®

Proof: Theconstraint§ > 0 andS> 0 makethattracdTS) =
0 impliesTS= 0 andtherefore:

TIX+TY' =0 TY+ToZ=0

SincebothmatricesT; andZ arenon singularunderthe LMI
constraintsit implies:

X=-T Y = -1 Y-Tayz Yy = vzl

Thusthenonlinearconstraints satisfied:X < X=YZ"1Y'
The corverseimplicationis provedtakingX = YZ~1Y’ andT
suchthatTS= 0. ]

Asin [4, 9], the optimisationproblem(12) canthenbe solved
with a first order conditionalgradientalgorithm also known



asthe Frankand Wolfe feasibledirectionmethod. Its proper
tiesarenotremindednherefor concisenessNote only thatthe
nonlinearobjectivetrace({S) is relaxed asthelinearobjective
tracelkS+ TS(). The obtainedLMI optimisationis repeated
iteratively with matricesT, andS, computedrom eachprevi-
ousoptimisationstep. The obtainedsequencetrace{lxs), is
strictly decreasing.

Remark 1 Thestoppingcriteria of the usualgradientalgo-
rithm is eitherrelatedto slow progressof the optimisationob-
jectiveor to theachievemenbftracdTS) = 0. In thefirst case,
the algorithmfails dueto flat behaviouror becauset founda
nonsatisfactorylocal optimum.Thesecondcasecorresponds
to the expectedsucces®f the algorithm. Unfortunately due
to the constaints T > 0 and S > 0 the algorithmis more of-
tenstoppedwhiletracéTS) = € whee € is a chosenaccuacy
level. Theexactnonlinear constaint maythennot be exactly
satisfied.

As a matterof fact, sincethe equality constraintinvolving X
is not the goal of the original problem(11), we adoptedn the
numericalexampleghefollowing stoppingcriteriafor thecon-
ditional gradientalgorithm:

¢ If the progressof the optimisationobjectie is belowv a
choserevel, thenSTOR, thealgorithmfailed.

e As soonasX < YZ~1Y!, STOR a stabilisingellipsoid is
found.

Thisallowsin all testedexamplesto avoid several optimisation
stepswhich canbe highly valuablefor large problems.

4.2 VTOL Example

The model characteriseshe longitudinal motion of a VTOL

helicopter It is composeaf four statestwo controlinputsand
one measuredutput. The lineariseduncertainmodelis the
sameasin [8] andadditionalperformanceénput/outpu vectors
aregivenfollowing thosein [9].

TherobustH, performancaes definedfor amodel suchthat:

—-0.0366 0.0271 0.0188 —0.4555 0 0 O
A— | 00482-10100 00024-40208) s |0 0 1
~| 01002 03681 -0.7070 1.4200 |1 10
0 0 1 0 0 0 O
0.0468 0 0.4422 01761
5, - 0.0457 0.0099 5 3.5446 —7.5922
- 0.0437 0.0011 ~ | -55200  4.4900
-0.0218 0 0 0
) [ 01 00 w ) [ 0 o0 w
&={00 0 1 D=0 Dyxy=] 0 0
L 0 0 0O J L 10 J
Gy % 0 00 } Dgw=0 D Ly
= 1 gw = Q=5
0 % 00 V2
C=[0 1 0 0] DBw=0 D=0

andthethreeuncertaintie@regatheredn a diagonalmatrix:

Ap,| < 00.05  |Ap,| < 00.01  |Ap| < a0.04

In [8] theuncertaintiezorrespondo a = 1. Herewill becon-
sideredmoreimportantvariationsof the uncertainparameters,
a > 1. Thechosermmodellingof uncertaintiesloesnotallow to
takeinto accounthestructuredhatureof A. It will thereforebe
embodiednto a larger uncertaintydomainAy; definedasthe

—(00.05)? 0 0
{ 0 —(00.01)2 0 , 0, 1}-ellipsoid.
0 0 —(00.04)?

TherohustH. performances definedfor a slightly different
model. It is obtainedby consideringweighting,first orderop-

eratorsﬁ, appliedon the V. The resultingmodelZ is such
that:

e [® 8] ae[ ¥ we[2] o[ ]
C=[C 0] Dw=Dmw Dx=0 Dzu=Dy
Cg=[C ©] Dgw=Dgnu Dg=0 Dgu=Dgy

C=[€ 0] Dyw=Dy Dy=[ 000039 0.00174] Dy =Dy,

For the modelsdescribedn this way, several numericalex-

perimentareperformedisingtheconecomplementaritylgo-
rithm. Thesetestsarerealisedfor variousspecification®n the
H. performancéy.,), ontheH, performancégy») aswell asfor

variousuncertaintylevels(a). Herearepresenteanly few sig-

nificative casegdescribedn table1 wherei t er is thenumber
of the algorithmsiterations,CPU is the total CPU time (LMIs

solvedwith SeDuMi[17] on a SUN SunBlade10@omputer),
Tr(TS) is the value of the optimisationcriteriatracd T,S) at

the stepwhenthe algorithmstopped andK, is the controller
obtainedasthe centreof the stabilisingellipsoid.

test| Vo VYo O |iter CPU Tr(TS) KJ
(@05 03 3 4 8s 500 | [0.014 1.55]
(b) | 05 03 5 4 9s 700 | [0.059 2.45]
(0|05 03 7 4 9s 400 | [0.043 1.93]
(d| 3 3 10| 65 167s 0.006 | [-0.68 0.94]
() | 10 10 13| 51 122s 0.02 | [-0.52 1.21]
| 10 10 14| 65 166s 0.01 | [0.57 1.27]
(@ | 3 3 14| 36 85s 4 fails
Tablel1: Numericalexperiments
Comments:

e Theproposednethodis conserative, whichmeanghatif
the algorithmfails it doesnot meanthatthereis no such
controller This canbe obsered whenmakingthe com-
parisonbetweentests(f) and(g). The last onefails but
neverthelessf ananalysisstepis performedon the solu-
tion of test(f) onefindsoutthat:

uy < uy
||Z(A) * Ko(f)”oo <061, ||Z(A) * Ko(f)”z <0.17



which meanghatthe solutionto (f) couldalsobe a solu-
tion to (g), ignoredby thealgorithm.

¢ The synthesismethodnot only concludeswith a stabil-
ising gain but morewer givesa whole setof controllers
describedy anellipsoid. All the elementdnsidethe el-
lipsoid guaranteghe sameproperties. To illustrate this,
take figure 1 on which the ellipsoidsare thoseobtained
for the six successfutases.Theseellipsoidalsetscanbe
usedto evaluatethe resilienceof the closed-loopsystems
asin [13].

Y

ik %

L L L L
-08 -06 -0.4 -0.2 0 0.2

Figurel: SOFellipsoids

5 Conclusion

Thedesignof ellipsoidalsetsof controllerds anew frameavork
for output-feedbaclsynthesis. Somefeaturesare discussed,
in particularwith contributionsto the designof robustly sta-
bilising SOF controllersthat guarantedoundson H., andHx
performances.Treatedproblemsgo from the designof SOF
stabilisinggainsfor a uniqueL Tl model,to the designof SOF
gainssatisfyingrobust performancespecificationgor multiple
distinctmodels.Onewould expectthateachof thesendividual
problemshave differentnumericalcompleities. But in fact, it
appearghatthey all have a similar formulationcomposedf a
uniguenon-linearinequalityandLMI constraintsThesolenu-
mericaldifferenceof all theseproblemss the sizeof the LMIs
andthenumberof variables.
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