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Abstract

Basedonrecentrobustcontrolresultsmixing polynomialtech-
niguesandLMI optimization,abunchof new functionsimple-
mentedin version3.0 of the Polynomial Toolbox for Matlab
aredescribedvith thehelpof illustrativenumericalexamples.

1 Intr oduction

Severalpowerful Matlab-basedomputeraidedcontrolsystem
designpackagesre now available on the market. Supported
by Europearprojectsand networksof excellence[21, 8], the

Fortran SLICOT library [21] incorporateanostly state-space

methodswhereaghe PolynomialToolbox[24] canbeviewed
asan alternatve, or complementaryproductincluding various
routinesto dealwith algebraientitiessuchaspolynomialsand
polynomial matrices,basedon the theory pioneeredn [18].

Both packagesely on efficient and reliable numericallinear
algebraalgorithms.

In the field of polynomialmethodsfor control systemsthere
hasbeernrecentlyasumgeof interestin algorithmshasedncon-
vex optimization,and mostpreciselyoptimizationover linear
matrix inequalities(LMIs), also called semidefiniteprogram-
ming [7, 29]. New theoreticalresultsemeged from mixing
polynomialtechniquesand LMI optimization,providing nev
insightsespeciallyin the areaof robustcontrol.

The objective of this paperis to presenta setof new functions
incorporatednto the new release3.0 of the PolynomialTool-

box for Matlab[24], basedntheserecenttheoreticabchiere-

ments. In this paper the focusin not on the theory but on

the practicaluseand capabilitiesof the functions. The reader
interestedn the theorybehindthe functionsis referredto the

technicalliterature.

The new functions use optimization over polynomials and

LMiIs to solwe variousrobustcontrolproblemsnamely:

¢ robustnesanalysis:

— ptopana - robuststability analysisof a polytopeof
polynomialmatrices

— elliana - robust stability radiusof an ellipsoid of
continuous-timescalarpolynomials

— ellista - ellipsoidalapproximatiorof the stability
domainin the coeficient spaceof apolynomial

¢ robustdesign:

— ptopdes - robuststabilizationof a polytopeof scalar
polynomials

— ellides - rohust stabilization of an ellipsoid of
scalarpolynomials

— ptopdes2 - robustproportional-denative stabiliza-
tion of a polytopeof second-ordesystems

— ellides2 - robustproportional-denative stabiliza-
tion of anellipsoid of second-ordesystems

— sofss - simultaneousstabilizationby scalarstatic
outputfeedback

LMI problemsare solved with the semidefiniteprogramming
featureof solver SeDuMi[26]. LMI problemsaretransformed
into semidefinitgorogramswith auserfriendly interfaceto Se-
DuMi [23].

See[16] for thefull versionof this documentjncludingcom-
prehensie function syntaxdescriptionsand moreillustrative
numericalexamples.

2 Robustnessanalysis

We considellinearsystemsepresentetly fractionsof polyno-
mials or polynomial matrices,and affectedby parametric(or
structureduncertainty{1]. Theobjectieis to determinegf the
uncertainsystem,or equialently the parametricpolynomial
matrix,remainsstablefor all possiblevaluesof theuncertainty



2.1 Function ptopana

Functionptopana checkgobuststability of apolytopeof poly-
nomial matrices. Given a setof polynomial matrix vertices
Ai(s) for i = 1,2,... the function attemptsto prove stability
of theuncertainpolynomialmatrix

A(S) = Z)\iAi (S), Z)\i =1 A>0.
I I
Theunderlyingtheorycanbefoundin [10] and[11].

Mechanical system

Considethemechanicasystenrepresenteih Figurel, whose
differentialequationsfterapplicationof theLaplacetransform
aregivenby
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Figurel: Mechanicakystem.

We assumehatsystenparametersy, di, ¢1, mp, dz, ¢z belong
to the uncertaintyhyperrectangle[l, 3] x [0.5, 2] x [1, 2] x

[2, 5] x [0.5, 2] x [2, 4] andwe setcip = 1. This mechani-
cal systemis passie so it must be open-loopstable (when
u(s) = 0) independentlyof the valuesof the massessprings,
anddampersHowever, it is anon-trivial taskto know whether
theopen-loopsystemis robustly stablein somestability region

*
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ensuringa certaindamping,where2 x 2 matrix Smustbespe-
ficied. Herewe choosehedisk of radius12 centeredat -12:

Q):{SECZ[ ]<O}

D={seC:(s+12)?< 12%},

0 12
S—[lz 1]

i.e.weset

asthe stability matrix. The robust stability analysisproblem
amountghento assessingvhetherthe seconddegreepolyno-
mial matrix is robustly stablein 9 for all admissibleuncer
tainty. Thisis aninterval polynomialmatrixwith m= 2% = 64
vertices.Functionptopana provesrobuststability asshovnin
thefollowing script:

>> ¢12 = 1,

>> A = cell(1,2°6); i =1

>> for ml=1[1 3], for dl =[05 2]
for ¢l =1[1 2], for m2=1[2 5],
for d2 =105 2], for c2 =[2 4]
A0 = [cl+cl2 -cl12; -cl2 c2+cl2);
Al = [d1 0,0 d2]; A2 = [ml 0,0 m2];
Afi} = pol[A0 Al A2],2), i = i+l
end; end; end;
end; end; end;

>> S =100 12; 12 1;

>> ptopana(A,S)

ans =

1

2.2 Function elliana

Functionelliana  computeghe largestradiusr suchthatthe
continuous-timeellipsoidof polynomials

{p(s.a) = po(9) +§l(3li pi(s). dg<ri},

remainsrobustly stable. In the abose description,po(s) is a
givenstablenominalpolynomial, pi(s) aregiven polynomials
of degreelessthan or equalto the degreeof po(s), andq is

arealvectorwith entriesg; modellingthe uncertainty see[1,

87.2]. Note that even thoughLMIs canbe invokedto solve
numericallythe problem,it is the analyticformulation of the
solutionfoundin [1, §7.2]thathasbeenimplementedn func-
tion elliana

Example

Considerasin [1, Example7.2] the ellipsoid of polynomials
describedy

Po(s) = 129+ 1665+ 237>+ 10853+ 80s*
p1(s) —16+4 24s— 125° + 48°
p2(s) = —21+425-215°

We obtaina stability radiusof r = 1.1125with the following
script:

>> r = elliana(129+166*s+237*s"2+108*s"3+80*s4,...
[-16+24*s-12*3"2+4*3"3, -21+42%s-21*s72])

r =
1.1125

2.3 Function ellista

Functionellista  builds aninnerellipsoidalapproximatiorof
the(generallynon-comwex) stability domainin the spaceof co-



efficients of a monic polynomial, basedon the theoreticalre-
sultsof [12]. This ellipsoidal approximationcan be usedfor
robustdesignaswell.

Third-degreediscrete-time stability domain

In the three-dimensionadpaceof coeficients of third degree
discrete-timenonic polynomials the exact stability domainis
anon-cowex setdelimitedby two trianglesviVoVs, Vo3V, of
vertices

1 -1 1 -1
p\/1: 3 p\/2: -1 p\/3: -1 p\/4: 3
3 1 -1 -3

supportinga hyperbolicparaboloidwith saddlepoint

0
ps= | 1
0

Functionellista ~ computesan ellipsoidalinner approxima-
tion of the stabilitydomaincontaininga stablepolynomialwith
all rootsat the origin, asshawn in Figure 2, wherethe actual
non-corvex stability domainis alsorepresented.

Py

Po

Figure 2: Hyperbolic and ellipsoidal stability domainsfor a
third-degreediscrete-timeolynomial.

3 Robustdesign

Except function sofss , all the robust designfunctions de-

scribedbelon are basedon an LMI inner approximationof

the stability domainin the spaceof polynomial matrix coef-

ficients. The LMI approximationis obtainedfrom resultson

strictly positive realrationalfunctionsandpositive polynomial
matrices.TheLMI stability domainis built aroundareference,
or centralpolynomialmatrix. In orderto performdesign,the

functionsthereforerequirea centralpolynomialmatrix asan

inputargument.

3.1 Function ptopdes

This function attemptgto stabilizea polytopeof scalarplants
with a fixed-ordercompensatorWe considera properscalar

plant

b(s, a)

a(s, q)
whosedenominatoandnumeratoipolynomialsareaffectedby

polytopicuncertainty The component®f uncertaintyparame-
ter vectorq belongto a polytopewith givenverticesd', i.e.

q= Z)\iqi, Z)\i =1 A>0.
T T

We areseekinga controller

of fixed orderwith monic denominatopolynomial. The con-
troller is settledin a standarchegative feedbackconfiguration.
Equivalently, polynomialsx(s) andy(s) are soughtsuchthat
therootsof polytopiccharacteristipolynomial

d(s,q) = a(s, q)x(s) + b(s, a)y(s)

remainin the stabilityregion for all admissiblevaluesof uncer
tain parameteq in thepolytope.

Robot

We considerthe problemof designinga robust controllerfor

theapproximateARMAX modelof aPUMA 762roboticdisk
grinding procesq28]. From the resultsof identificationand
becaus®f the nonlinearityof the robot, the coeficientsof the
numeratorof the plant transferfunction changefor different
positionsof therobotarm. We considewvariationsof upto 20%
aroundthe nominalvalueof the parametersThe fourth-order
discrete-timemodelis givenby

(0.02574+q1) 4 (—0.07644+ )z 1 )
b(ztq ( +(—0.1619+ 03)z 2+ (—0.1688+ q4) 23
a(zlq) 1-1.9147 11177972
( —-1.0265340.2508* )

where
|ou| < 0.00514 [go| < 0.01528

|gs| < 0.03238 |q4| < 0.03376

The characteristicpolynomial of the closed-loopsystemis
givenby

d(z.g) =¥ (1-zhaz . axz )+ bz, q)y(z Y]

wheretheterm1— z 1 is introducedin the controllerdenom-
inatorto maintainthe steadystateerror to zerowhen param-
etersarechanged.In orderto usefunctionptopdes we must
provide areferenceclosed-loogpolynomial,or centralpolyno-
mial aroundwhich robustdesignwill be carriedout, see[15]
for moredetails.With theinput centralpolynomial

c(2) =2*°
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Figure3: Robot. Rolustrootlocus.

functionptopdes findstheseventh-orderobustcontroller

yizh (

x(z 1)~ (

Therobustroot locus,obtainedby taking 1000randomplants
within theuncertaintypolytope,is representeth Figure3.

—0.155& 3+ 0.080% *+ 0.1420z >
—-0.12547°540.02817”7

1+ 1.1590z 14+ 0.9428 2 ) '

—0.2863+ 0.292& 1+ 0.02217 2 )

+0.49967 3+ 0.3044z 4+ 0.48817 >
+0.40037 6+ 0.3660 7

3.2 Function ellides

This functionattemptgo stabilizea scalamplantaffectedby el-
lipsoidaluncertaintywith a fixed-ordercompensatoiWe con-

sideraproperscalarplant
bO(s) + g'bl(s)

b(sq
a(s,q) a(s)+dal(s)

whosedenominatorand numeratorpolynomialsare affected
by norm-boundedincertainty: real parametewector q satis-
fiesq'q < 1 andal(s), b'(s) arepolynomialrow vectorsof the
samedimensiorasg.

We areseekinga controller

of fixed orderwith monic denominatoipolynomial. The con-

troller is settledin a standarchegative feedbackconfiguration.

Equivalently, polynomialsx(s) andy(s) are soughtsuchthat
therootsof polytopiccharacteristipolynomial

d(s,q) = a(s, q)x(s) +b(s,q)y(s)

remainin the stability region for all q suchthatg'q < 1.

Mixing tanks

We considerthe two mixing tanksarrangedn cascadewith
reg/cle streamshown in Figure 4 and describedn [6]. The

Fa Fb
'y
P } Tal Fa+Fb
Tb Fa

Figure4: Two-tanksystem.

controllermustbe designedo maintainthe temperaturdy, of
thesecondankatadesiredsetpointby manipulatinghepower
P deliveredby the heaterlocatedin the first tank. The only
availablemeasuremeris temperaturdy,. Theidentificationof
the nominalplant modelis carriedout usinga standardeast-
squaresnethod[6]. Thediscrete-timenominalplantis given
by

bz  bY+hbiz

a%(z)  ad+alz+ 22
with nominalplantvector

b§ 0.0038

_| B | _| 0.0028
Pe=1 0 | = | 02087
aj -1.1871

An ellipsoidaluncertaintymodelis readily available asa by-
productof the least-squareglentificationtechnique[6]. Un-
certaintypolynomialvectorsaregivenby

[ —0.05575+0.0398%
0.0002497-0.02517%
19.73- 1377z
—13774+ 1962z

al(s)=1072

and
2.036—0.02397%

—0.02397+2.037z
—0.5575+0.00249%
0.3987—-0.2517z

Now supposéhatwe areseekingafirst-ordercontroller
Yo+VY1Z
Xo+2

robustly stabilizingthe plantfor all admissiblemodelswithin
theuncertaintyellipsoid.

bl(s)=10"3

Similarly to function ptopdes , function ellides  requires
a referenceclosed-looppolynomial, or central polynomial



aroundwhich robust designcould be carriedout. With the
choice

¢z = (01423
asaninputcentralpolynomial,functionellides  returns

y(2 _ 6.068+6.981z
X(z)  0.3524+z

asafirst-orderrobustly stabilizingcontroller

Enforcingnow polelocationin the stability region

D={zeC:|7<0.7},

denotea setof scalarplants,wherea;(s) andbj(s) arescalar
polynomialsof degreen. Functionsofss solvesthe problem
of finding a scalarstaticfeedbaclgaink thatsimultaneousta-
bilizestheplants,i.e. suchthattherootsof all thecharacteristic
polynomials

Ci(s) =ai(s)+khi(s), i=12...
belongto theleft half plane. Eventhoughthe problemcanbe
solved using LMIs, function sofss solvesthe problemwith
standarchumericalalgebrapasedn theresultsof [14].

Reactor

Considerthe continuousstirredtank reactormodel studiedin
[17]. Thenon-lineamodelis

X1
X2

(x2+0.5)exp(Ex1/(x1+2)) — (2+ u)(x1 + 0.25)
0.5—x2— (x2+ 0.5)exp(Ex1/(x1+ 2))

i.e. setting
[ —-(072 o
o= 0" ]
asthestability matrix in functionellides , we obtain
@ —35.69+ 137.3z
X(zy  05913+z

Therohbustroot-locusof closed-loogcharacteristigpolynomial
obtainedby describingrandomlythe uncertaintyellipsoid is
representedh Figureb.
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Figure5: Root-locuswithin |z] < 0.7.

3.3 Functionsptopdes?2 and ellides?

For space reasons, we cannot illustrate here functions
ptopdes2 andellides2  which designproportional-denative
feedbackdor second-ordesystemsffectedby polytopicand
ellipsoidal uncertainty respectiely. The interestedreaderis
referredto [16] for moredetails.

3.4 Function sofss

Let

whereE is aparameterelatedto theactivationenegy. During

thelife of thereactor somerepresentate valuesof E are 20,

25and30. Assumingthatonly y = x is availablefor feedback,
the N = 3 linearizedsystemsof ordern = 2 to be simultane-
ouslystabilizedaregivenby

bi(s)/ai(s) = (0.5—0.25s)/(11—5s+5?)
ba(s)/az(s) = (—0.5—0.25s)/(—2.25—2.255+ %)
bs(s)/as(s) = (—0.5—0.25s)/(—3.5—35s+5?).

Callingfunctionsofss with thefollowing script

>> h1=0.5-0.25*s;a1=11-5*s+s"2;

>> h2=-0.5-0.25%s;a2=-2.25-2.25*s+5"2;
>> h3=-0.5-0.25%s;a3=-3.5-3.5*s+5"2;
>> sofss({al a2 a3}{bl b2 b3}
ans =

-22.0000  -20.0000

we obtainthatthe threeplantsare simultaneouslystabilizable
by a staticoutputfeedbacku = ky for ary valueof k suchthat
—22< k< —20.

4 Conclusion

In this paperwe have presented setof nev Matlabfunctions
from release.0 of the PolynomialToolbox[24]. We areplan-
ning to extendthe functionin variousdirections— seeour list
in [16, 812] — dependingmainly on feedbackandrequestdy
users.

Thereis still alargeamountof new resultsonLMI optimization
over polynomialsand polynomialmatriceslacking from prac-
tical implementationsRecently theoreticaresultson positive
polynomialsand sum-of-squaresdecomposition$20, 19, 22

openedip new avenuedor the developmenbf computeraided
control systemdesignpackageslin the areaof control, poten-
tial applicationsinclude stability analysisand designfor un-
certainand/ornon-linearsystemausingpolynomialLyapune



functions[4, 5] or LMI relaxationdor difficult non-cowvex op-
timization problemsarisingin robustnessanalysisand design
[22]. Preliminarywork in this direction alreadyresultedin
two complementarpackagesalledGloptiPoly[13] andSOS-
TOOLS|[25], for which several extensionsare currentlybeing
developped. Tailored, computationallyefficient and numeri-
cally reliable algorithmsfor corvex optimizationover poly-
nomialsand polynomial matricesare also being investigated
[20, 9, 2].
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