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Abstract

Basedonrecentrobustcontrolresultsmixing polynomialtech-
niquesandLMI optimization,abunchof new functionsimple-
mentedin version3.0 of the PolynomialToolbox for Matlab
aredescribedwith thehelpof illustrativenumericalexamples.

1 Intr oduction

Severalpowerful Matlab-basedcomputer-aidedcontrolsystem
designpackagesarenow availableon the market. Supported
by Europeanprojectsandnetworksof excellence[21, 8], the
Fortran SLICOT library [21] incorporatesmostly state-space
methods,whereasthePolynomialToolbox[24] canbeviewed
asanalternative,or complementaryproductincludingvarious
routinesto dealwith algebraicentitiessuchaspolynomialsand
polynomial matrices,basedon the theory pioneeredin [18].
Both packagesrely on efficient and reliablenumericallinear
algebraalgorithms.

In the field of polynomialmethodsfor control systems,there
hasbeenrecentlyasurgeof interestin algorithmsbasedoncon-
vex optimization,andmostpreciselyoptimizationover linear
matrix inequalities(LMIs), alsocalledsemidefiniteprogram-
ming [7, 29]. New theoreticalresultsemerged from mixing
polynomialtechniquesandLMI optimization,providing new
insightsespeciallyin theareaof robustcontrol.

Theobjective of this paperis to presenta setof new functions
incorporatedinto the new release3.0 of thePolynomialTool-
box for Matlab[24], basedon theserecenttheoreticalachieve-
ments. In this paper, the focus in not on the theory, but on
thepracticaluseandcapabilitiesof the functions. The reader
interestedin the theorybehindthe functionsis referredto the
technicalliterature.

The new functions use optimization over polynomials and

LMIs to solvevariousrobustcontrolproblems,namely:� robustnessanalysis:

– ptopana - robuststability analysisof a polytopeof
polynomialmatrices

– elliana - robust stability radiusof an ellipsoid of
continuous-timescalarpolynomials

– ellista - ellipsoidalapproximationof thestability
domainin thecoefficientspaceof apolynomial� robustdesign:

– ptopdes - robuststabilizationof apolytopeof scalar
polynomials

– ellides - robust stabilization of an ellipsoid of
scalarpolynomials

– ptopdes2 - robustproportional-derivativestabiliza-
tion of a polytopeof second-ordersystems

– ellides2 - robustproportional-derivativestabiliza-
tion of anellipsoidof second-ordersystems

– sofss - simultaneousstabilizationby scalarstatic
outputfeedback

LMI problemsaresolved with the semidefiniteprogramming
featureof solver SeDuMi[26]. LMI problemsaretransformed
into semidefiniteprogramswith auser-friendly interfaceto Se-
DuMi [23].

See[16] for the full versionof this document,includingcom-
prehensive function syntaxdescriptions,andmoreillustrative
numericalexamples.

2 Robustnessanalysis

Weconsiderlinearsystemsrepresentedby fractionsof polyno-
mials or polynomialmatrices,andaffectedby parametric(or
structured)uncertainty[1]. Theobjective is to determineif the
uncertainsystem,or equivalently the parametricpolynomial
matrix,remainsstablefor all possiblevaluesof theuncertainty.



2.1 Function ptopana

Functionptopana checksrobuststabilityof apolytopeof poly-
nomial matrices. Given a set of polynomial matrix vertices
Ai
�
s � for i � 1 � 2 ������� the function attemptsto prove stability

of theuncertainpolynomialmatrix

A
�
s �	� ∑

i
λiAi

�
s �
� ∑

i
λi � 1 � λi � 0 �

Theunderlyingtheorycanbefoundin [10] and[11].

Mechanicalsystem

Considerthemechanicalsystemrepresentedin Figure1,whose
differentialequationsafterapplicationof theLaplacetransform
aregivenby�

� � m1s2 � d1s� c1

� c12 � � c12� c12

�
m2s2 � d2s� c2

� c12 �
������� x1

�
s �

x2
�
s ��� � � 0

u
�
s ��� �

� �� �� �� �� �� �� �� �� �� �� �� �
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� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �
x

x

u

m

m

d

d

2

1 2

1

2

1
c1

c12

c2

Figure1: Mechanicalsystem.

Weassumethatsystemparametersm1, d1, c1, m2, d2, c2 belong
to the uncertaintyhyper-rectangle � 1 � 3 	!"� 0 � 5 � 2 	!#� 1 � 2 	!� 2 � 5 $!"� 0 � 5 � 2 $!"� 2 � 4 and we set c12 � 1. This mechani-
cal systemis passive so it must be open-loopstable(when
u
�
s �%� 0) independentlyof the valuesof the masses,springs,

anddampers.However, it is anon-trivial taskto know whether
theopen-loopsystemis robustlystablein somestability region& �(' s )+* : � 1

s �-, S � 1
s �/. 0 0

ensuringa certaindamping,where2 ! 2 matrix S mustbespe-
ficied. Herewechoosethedisk of radius12centeredat -12:& �1' s )+* :

�
s � 12� 2 . 122 02�

i.e. weset

S � � 0 12
12 1 �

asthe stability matrix. The robust stability analysisproblem
amountsthento assessingwhethertheseconddegreepolyno-
mial matrix is robustly stablein

&
for all admissibleuncer-

tainty. This is aninterval polynomialmatrixwith m � 26 � 64
vertices.Functionptopana provesrobuststabilityasshown in
thefollowingscript:

>> c12 = 1;
>> A = cell(1,2ˆ6); i = 1;
>> for m1 = [1 3], for d1 = [0.5 2],

for c1 = [1 2], for m2 = [2 5],
for d2 = [0.5 2], for c2 = [2 4],

A0 = [c1+c12 -c12; -c12 c2+c12];
A1 = [d1 0;0 d2]; A2 = [m1 0;0 m2];
A{i} = pol([A0 A1 A2],2); i = i+1;

end; end; end;
end; end; end;

>> S = [0 12; 12 1];
>> ptopana(A,S)
ans =

1

2.2 Function elliana

Functionelliana computesthe largestradiusr suchthat the
continuous-timeellipsoidof polynomials' p

�
s � q �3� p0

�
s � � n

∑
i 4 1

qipi
�
s �
� q 5 q 6 r2 07�

remainsrobustly stable. In the above description,p0
�
s � is a

givenstablenominalpolynomial,pi
�
s � aregivenpolynomials

of degreelessthan or equalto the degreeof p0
�
s � , andq is

a real vectorwith entriesqi modellingtheuncertainty, see[1,
§7.2]. Note that even thoughLMIs can be invokedto solve
numericallythe problem,it is the analyticformulationof the
solutionfoundin [1, §7.2] thathasbeenimplementedin func-
tion elliana .

Example

Consideras in [1, Example7.2] the ellipsoid of polynomials
describedby

p0
�
s �8� 129 � 166s � 237s2 � 108s3 � 80s4

p1
�
s �8� � 16 � 24s � 12s2 � 4s3

p2
�
s �8� � 21 � 42s � 21s2

We obtaina stability radiusof r � 1 � 1125with the following
script:

>> r = elliana(129+166*s+237*sˆ2+108*sˆ3+80*sˆ4,...
[-16+24*s-12*sˆ2+4*sˆ3, -21+42*s-21*sˆ2])

r =
1.1125

2.3 Function ellista

Functionellista buildsaninnerellipsoidalapproximationof
the(generallynon-convex) stabilitydomainin thespaceof co-



efficientsof a monic polynomial,basedon the theoreticalre-
sultsof [12]. This ellipsoidalapproximationcanbe usedfor
robustdesignaswell.

Third-degreediscrete-timestability domain

In the three-dimensionalspaceof coefficientsof third degree
discrete-timemonicpolynomials,theexactstability domainis
a non-convex setdelimitedby two trianglesV1V2V3, V2V3V4 of
vertices

pV1 � �� 1
3
3

�� pV2 � �� � 1� 1
1

�� pV3 � �� 1� 1� 1

�� pV4 � �� � 1
3� 3

��
supportinga hyperbolicparaboloidwith saddlepoint

pS � �� 0
1
0

�� �
Functionellista computesan ellipsoidal inner approxima-
tion of thestabilitydomaincontainingastablepolynomialwith
all rootsat the origin, asshown in Figure2, wherethe actual
non-convex stability domainis alsorepresented.
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Figure 2: Hyperbolic and ellipsoidal stability domainsfor a
third-degreediscrete-timepolynomial.

3 Robust design

Except function sofss , all the robust design functions de-
scribedbelow are basedon an LMI inner approximationof
the stability domainin the spaceof polynomialmatrix coef-
ficients. The LMI approximationis obtainedfrom resultson
strictly positiverealrationalfunctionsandpositivepolynomial
matrices.TheLMI stabilitydomainis built aroundareference,
or centralpolynomialmatrix. In orderto performdesign,the
functionsthereforerequirea centralpolynomialmatrix asan
inputargument.

3.1 Function ptopdes

This function attemptsto stabilizea polytopeof scalarplants
with a fixed-ordercompensator. We considera properscalar
plant

b
�
s � q �

a
�
s � q �

whosedenominatorandnumeratorpolynomialsareaffectedby
polytopicuncertainty. Thecomponentsof uncertaintyparame-
tervectorq belongto a polytopewith givenverticesqi, i.e.

q � ∑
i

λiq
i � ∑

i
λi � 1 � λi � 0 �

Weareseekinga controller

y
�
s �

x
�
s �

of fixedorderwith monic denominatorpolynomial. Thecon-
troller is settledin a standardnegative feedbackconfiguration.
Equivalently, polynomialsx

�
s � andy

�
s � aresoughtsuchthat

therootsof polytopiccharacteristicpolynomial

d
�
s � q �3� a

�
s � q � x � s � � b

�
s � q � y � s �

remainin thestabilityregion for all admissiblevaluesof uncer-
tainparameterq in thepolytope.

Robot

We considerthe problemof designinga robust controllerfor
theapproximateARMAX modelof a PUMA 762roboticdisk
grinding process[28]. From the resultsof identificationand
becauseof thenonlinearityof therobot,thecoefficientsof the
numeratorof the plant transferfunction changefor different
positionsof therobotarm.Weconsidervariationsof upto 20%
aroundthenominalvalueof theparameters.The fourth-order
discrete-timemodelis givenby

b 9 z : 1 � q ;
a 9 z : 1 � q ;=< > 9 0 ? 0257@ q1 ;A@B9DC 0 ? 0764@ q2 ; z : 1@E9DC 0 ? 1619@ q3 ; z : 2 @B9DC 0 ? 1688@ q4 ; z : 3 F>

1 C 1 ? 914z : 1 @ 1 ? 779z : 2C 1 ? 0265z : 3 @ 0 ? 2508z : 4 F
where G

q1

G 6 0 � 00514� G q2

G 6 0 � 01528�G
q3

G 6 0 � 03238� G q4

G 6 0 � 03376�
The characteristicpolynomial of the closed-loopsystemis
givenby

d
�
z � q �H� z12 � � 1 � z I 1 � a � z I 1 � q � x � z I 1 � � z I 5b

�
z I 1 � q � y � z I 1 �� 

wherethe term1 � z I 1 is introducedin thecontrollerdenom-
inator to maintainthe steadystateerror to zerowhenparam-
etersarechanged.In orderto usefunctionptopdes we must
provideareferenceclosed-looppolynomial,or centralpolyno-
mial aroundwhich robustdesignwill be carriedout, see[15]
for moredetails.With theinputcentralpolynomial

c
�
z �	� z19
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Figure3: Robot.Robustroot locus.

functionptopdes findstheseventh-orderrobustcontroller

y J z K 1 L
x J z K 1 LNM

OP Q
0R 2863 S 0R 2928z K 1 S 0 R 0221z K 2Q

0 R 1558z K 3 S 0 R 0809z K 4 S 0R 1420z K 5Q
0 R 1254z K 6 S 0 R 0281z K 7 TUOP

1 S 1 R 1590z K 1 S 0 R 9428z K 2S 0 R 4996z K 3 S 0 R 3044z K 4 S 0R 4881z K 5S 0 R 4003z K 6 S 0 R 3660z K 7 TU R
Therobustroot locus,obtainedby taking1000randomplants
within theuncertaintypolytope,is representedin Figure3.

3.2 Function ellides

This functionattemptsto stabilizea scalarplantaffectedby el-
lipsoidaluncertaintywith a fixed-ordercompensator. We con-
sidera properscalarplant

b
�
s � q �

a
�
s � q � � b0 � s � � q 5 b1 � s �

a0
�
s � � q 5 a1

�
s �

whosedenominatorand numeratorpolynomialsare affected
by norm-boundeduncertainty: real parametervectorq satis-
fiesq 5 q 6 1 anda1 � s � , b1 � s � arepolynomialrow vectorsof the
samedimensionasq.

We areseekinga controller

y
�
s �

x
�
s �

of fixedorderwith monic denominatorpolynomial. Thecon-
troller is settledin a standardnegative feedbackconfiguration.
Equivalently, polynomialsx

�
s � andy

�
s � aresoughtsuchthat

therootsof polytopiccharacteristicpolynomial

d
�
s � q �$� a

�
s � q � x � s � � b

�
s � q � y � s �

remainin thestability region for all q suchthatq 5 q 6 1.

Mixing tanks

We considerthe two mixing tanksarrangedin cascadewith
recycle streamshown in Figure 4 and describedin [6]. The
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Figure4: Two-tanksystem.

controllermustbedesignedto maintainthe temperatureTb of
thesecondtankatadesiredsetpointbymanipulatingthepower
P deliveredby the heaterlocatedin the first tank. The only
availablemeasurementis temperatureTb. Theidentificationof
thenominalplant modelis carriedout usinga standardleast-
squaresmethod[6]. Thediscrete-timenominalplant is given
by

b0 � z �
a0
�
z � � b0

0
� b0

1z

a0
0
� a0

1z � z2

with nominalplantvector

pc � �

� b0
0

b0
1

a0
0

a0
1

� ��� � �

� 0 � 0038
0 � 0028
0 � 2087� 1 � 1871

� ��� �
An ellipsoidaluncertaintymodel is readily availableasa by-
productof the least-squaresidentificationtechnique[6]. Un-
certaintypolynomialvectorsaregivenby

a1 9 s ; < 10: 2 VWWX C 0 ? 05575@ 0 ? 03987z
0 ? 0002497C 0 ? 02517z

19? 73 C 13? 77zC 13? 77 @ 19? 62z

Y ZZ[
and

b1 9 s ; < 10: 3 VWWX 2 ? 036 C 0 ? 02397zC 0 ? 02397@ 2 ? 037zC 0 ? 5575@ 0 ? 002497z
0 ? 3987 C 0 ? 2517z

Y ZZ[ ?
Now supposethatweareseekinga first-ordercontroller

y0
� y1z

x0
� z

robustly stabilizingtheplant for all admissiblemodelswithin
theuncertaintyellipsoid.

Similarly to function ptopdes , function ellides requires
a referenceclosed-looppolynomial, or central polynomial



aroundwhich robust designcould be carriedout. With the
choice

c
�
z �	� �

0 � 1 � z � 3
asaninputcentralpolynomial,functionellides returns

y
�
z �

x
�
z � � 6 � 068 � 6 � 981z

0 � 3524� z

asa first-orderrobustlystabilizingcontroller.

Enforcingnow polelocationin thestability region& �\' z )+* :
G
z
G 6 0 � 7 02�

i.e. setting

S � � � � 0 � 7� 2 0
0 1 �

asthestabilitymatrix in functionellides , weobtain

y
�
z �

x
�
z � � � 35� 69 � 137� 3z

0 � 5913� z
�

Therobustroot-locusof closed-loopcharacteristicpolynomial
obtainedby describingrandomlythe uncertaintyellipsoid is
representedin Figure5.
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3.3 Functions ptopdes2 and ellides2

For space reasons, we cannot illustrate here functions
ptopdes2 andellides2 whichdesignproportional-derivative
feedbacksfor second-ordersystemsaffectedby polytopicand
ellipsoidaluncertainty, respectively. The interestedreaderis
referredto [16] for moredetails.

3.4 Function sofss

Let
bi
�
s �

ai
�
s � � i � 1 � 2 ���]�

denotea setof scalarplants,whereai
�
s � andbi

�
s � arescalar

polynomialsof degreen. Functionsofss solvesthe problem
of findinga scalarstaticfeedbackgaink thatsimultaneoussta-
bilizestheplants,i.e. suchthattherootsof all thecharacteristic
polynomials

ci
�
s �N� ai

�
s � � kbi

�
s �^� i � 1 � 2 �]���

belongto theleft half plane.Even thoughtheproblemcanbe
solved using LMIs, function sofss solves the problemwith
standardnumericalalgebra,basedon theresultsof [14].

Reactor

Considerthe continuousstirredtank reactormodelstudiedin
[17]. Thenon-linearmodelis

x1 < 9 x2 @ 0 ? 5; exp 9 Ex1 _ 9 x1 @ 2;D;`C/9 2 @ u ;a9 x1 @ 0 ? 25;
x2 < 0 ? 5 C x2 C/9 x2 @ 0 ? 5; exp 9 Ex1 _ 9 x1 @ 2;D;

whereE is aparameterrelatedto theactivationenergy. During
thelife of thereactor, somerepresentative valuesof E are20,
25and30. Assumingthatonly y � x1 is availablefor feedback,
the N � 3 linearizedsystemsof ordern � 2 to be simultane-
ouslystabilizedaregivenby

b1
�
s ��b a1

�
s �c� �

0 � 5 � 0 � 25s ��b � 11 � 5s � s2�
b2
�
s ��b a2

�
s �c� � � 0 � 5 � 0 � 25s ��b � � 2 � 25 � 2 � 25s � s2�

b3
�
s ��b a3

�
s �c� � � 0 � 5 � 0 � 25s ��b � � 3 � 5 � 3 � 5s � s2�
�

Callingfunctionsofss with thefollowing script

>> b1=0.5-0.25*s;a1=11-5*s+sˆ2;
>> b2=-0.5-0.25*s;a2=-2.25-2.25*s+sˆ2;
>> b3=-0.5-0.25*s;a3=-3.5-3.5*s+sˆ2;
>> sofss({a1 a2 a3},{b1 b2 b3})
ans =

-22.0000 -20.0000

we obtainthat the threeplantsaresimultaneouslystabilizable
by a staticoutputfeedbacku � ky for any valueof k suchthat� 22 . k . � 20.

4 Conclusion

In this paperwe have presenteda setof new Matlabfunctions
from release3.0of thePolynomialToolbox[24]. Weareplan-
ning to extendthe function in variousdirections– seeour list
in [16, §12] – dependingmainly on feedbackandrequestsby
users.

Thereis still alargeamountof new resultsonLMI optimization
over polynomialsandpolynomialmatriceslackingfrom prac-
tical implementations.Recently, theoreticalresultson positive
polynomialsandsum-of-squaresdecompositions[20, 19, 22]
openedupnew avenuesfor thedevelopmentof computer-aided
controlsystemdesignpackages.In theareaof control,poten-
tial applicationsinclude stability analysisand designfor un-
certainand/ornon-linearsystemsusingpolynomialLyapunov



functions[4, 5] or LMI relaxationsfor difficult non-convex op-
timization problemsarisingin robustnessanalysisanddesign
[22]. Preliminarywork in this direction alreadyresultedin
two complementarypackagescalledGloptiPoly[13] andSOS-
TOOLS[25], for which severalextensionsarecurrentlybeing
developped. Tailored, computationallyefficient and numeri-
cally reliable algorithmsfor convex optimizationover poly-
nomialsand polynomial matricesare alsobeing investigated
[20, 9, 2].
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