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Abstract

We introduce non—autonomousvell-posedand (absolutely)
regular linear systemsas quadrupelsconsistingof an evolu-

tion family and output, input and input—outputmapssubject
to naturalhypotheses.In the spirit of G. Weiss’ work these
mapsare representedn termsof admissibleobsenation and
control operatorgthe latterin an approximatve sense)n the
time domain. In this settingthe closed—loopsystemexists for

a canonicalclassof ‘admissible’feedbacksandit inheritsthe
absoluteregularity andotherpropertiesof the givensystem.In

particular onecaniteratefeedbacks.

1 Intr oduction

As a motivation, we first look at the finite dimensionalnon—
autonomoudinearsystem

a'(t) = A(t)z(t) + B(t)u(t),
y(t) = Ct)x(t), t>520,

t>s2>0,

_ 1)
z(8) = xo,
on the statespaceX with control operatorsB(t) : U — X,
obsenation operatorsC(t) : X — Y, the control spaceU,
andthe obsenationspaceY. LetT(t,s),t > s > 0, bethe
evolution family (propagatoron X generatedy A(:). Then
the outputof (1) with 4 = 0, the stateof (1) with zo = 0, and
theinput—outpubperatorof (1) aregivenby

(Ws20)(t) = C(O)T (2, 5)o0,

t
B u = / T(t,7)B(T)u(r)dr, )

(F,u)(t) = C(t) / TN B@u(n)dr,  t>s.

If onefeedsbackthe outputvia u(t) = A(t)y(t), theresult-
ing closed-loogsystemis describedy the perturbedevolution
equation

'(t) = [A() + BOAM)C(D)]=(t), t=s,

(3)

Of coursex(t) = Ta(t, s)zo solves(3), if Ta is generatedby
A(t) + B(t)A(t)C(t). This evolutionfamily alsosatisfieshe

‘variationof constantgormulas’

Ta(t,s)x =T(t,s)x + /t T, 7)B(T)A(T)C(7)

- Ta(T, )z dr, 4)
Ta(t,s)x =T(t,s)x + / Ta(t, 7)B(1)A(T)C (1)
-T(1,s)xdr (5)

fort > sandz € X. Identity (4) is the integratedversionof

(3). To derive (5), we perturbTa by —B(t)A(t)C(t). There
areformulasanalogouso (4) and(5) relatingthemapsfrom (2)

with the correspondingnesof the closed-loopsystem.These
formulasare neededo shaw further propertiesof the closed—
loop system. For instance the closed—loopsystemis observ-
able (controllable)if andonly if the open—loopsystemis ob-

senable(controllable). We establishinfinite dimensionaler-

sionsof theseresultsin Section3.

If we passto aninfinite dimensionalstatespaceX, it is not
clear anymore that (3) possessedifferentiablesolutionsfor
‘many’ initial valuesevenif the Cauchyproblemfor A(:) is
well-posedcf. [4], [5, §VI.9], [6]. Neverthelessthe formu-
las (2) still work andthereis anevolution family T fulfilling
(4) and (5). Thusz(t) = Ta(t,s)zo is the ‘mild’ solution
of (3), [4]. However, point or boundarycontrol and obsena-
tion leadto input and outputoperatorsB(t) : U — X, and
C(t) : X, — Y for spacesX; G X G X, whereC(t)
usuallyis not closable seee.g.[2], [9]. In orderto solve (4)
in this more generalsetting,we may restrictoursehesto ‘ad-
missible’obsenationandcontroloperators- roughlyspeaking
thosefor which the expressiong2) make sense.Thenwe are
alsofacedwith the questionwhetherthe operatorsB(¢) and
C(t) areagainadmissiblefor the perturbedevolution family
Ta, whichis necessaryo verify (5) or to iteratefeedbacks.

The resulting perturbationproblem (3) generalizesthe set-
tings of both the Desch—Schappach#reorem(whereA(t) =
C(t) = I) andthe Miyaderatheorem(whereA(t) = B(t) =
I) from semigrougheory [5, §111.3], [12]. In thecontrollitera-
turethereis arich perturbatiortheoryfor theautonomougase
(i.e., A(t) = A, B(t) = B, C(t) = C, A(t) = A). Linear
systemselongingto the Pritchard—Salamortlass [11], were
exhaustvely treatedin [3]. D. Salamonand G. Weissintro-
ducedthelargerclassof well-posedinear systemsn [14] and
[17]-[20]. Herethe semigroudl is givenandthe operatorsp,
¥, andF aredefinedin an abstractway by certainalgebraic
relations.Onecanthenconstrucadmissiblecontrolandobser



vationoperatorsB andC andobtainformulassuchas(2) if the
systensatisfiesa quite naturalregularity hypothesisWeisses-
tablisheda powerful feedbackheoryfor regularsystemsn the
Hilbert spacesituation,[21]. We referto [2, §3.3], [10], [13],

andin particularto O. Stafans’monograph15] for furtherin-

formation.

For non—autonomousystemsn variationalform, thereis the
well-knownvn approachdueto J.L. Lions, see[1], [2, Chap.2],
[9]. In a generalsetting, D. Hinrichsen, B. Jacob, and
A.J. Pritchard, [6], [7], [8], constructedan evolution family
solving (4) for initial valuesz containedin a densesubspace
X of X underratherweakassumptiongovering autonomous
regularsystemsBut (5) andthe admissibilityof the perturbed
systemwasinvestigateanly in [7] requiringstrongetypothe-
sesof Pritchard—Salamotype.

In the presentwork we combinethe direct approachof Hin-
richsen,Jacob,and Pritchardwith someof Weiss' ideas: In
Definition 2.3we introduce'Lebesguextensionsof givenob-
senationoperator(t), cf. [17], which allow the studyof (4)
and(5)for all z € X andto simplify severaltechnicaldetailsof
the proofsconsiderably For similar reasonsyve mostly work
with non—autonomougbsolutely)regular systemswhich are
definedin the spirit of Weiss’ work (seeDefinitions 2.8 and
2.9), asopposedo admissiblesystemswhich have beenused
in [6], [7], [8] and are given directly by operatorsB(t) and
C(t). In Theorem2.4, Proposition2.7,and Theorem2.10 we
thenrepresena givenregularsystemsimilar asin (2).

It is known that (3) canonly be solvedif the feedbackis not
‘too large’, [16, Exa.6]. We thusintroducea classof admis-
sible feedbacksn Definition 3.1, cf. [15, §7.1], [21, §3]. In

our main Theorem3.2 we then establishthe existenceof an
absolutelyregular closed—loopsystemfor a given absolutely
regularnon—autonomousystemwith admissibletime varying
feedback. We further derive analogueof (4) and(5) for the
operatorgivenin (2) andverify thatthe closed—loogsystems

controllable(or obsenable)if andonly if the given systemis

controllable(or obsenable). Also, iteratedfeedbackdehae
asonewould expect.

However, the extension of Weiss’ theory to the non—auto-
nomouscaseis limited by two seriousobstacles:One cannot
apply transformmethodsand, in contrastto semigroupgsee
e.g.[5, §l1.5]), we do not have a generalextrapolationtheory
for evolutionfamilies. Thefirst point excludesthe useof trans-
fer functions(beingcrucialin [21]), but leadsusto arguments
whichwork in aBanachspacesetting(asin [15, Chap.7]).The

secondpoint forcesus to employ approximationformulasfor

therepresentatioof controlsystemsn Propositior2.7. A sim-

ilar problemoccursin the computatiorof the feedbacksystem
andin the context of (5), seeTheorem3.2.

Note. An extendedversionof this paper(with completeproofs)
appearedn SIAM J.ControlOptim.41(2002),1141-1165.

2 Representationof regular systems

ThroughouthispaperX, Y, Z denoteBanachspacesf(X,Y)
is the spaceof boundedinear operators £(X, X) =: £(X),
Ls(X,Y) is endaved with the strongoperatortopology and
p € [1,00).

Definition 2.1 AsetT =
tion family if

(T(t,8))e>s>0 C L(X) is anevolu-

(E1) T(t,s) =T(t,r)T(r,s), T(s,s) =1,

(E2) (t,s) — T(t,s) is strongly continuousand

(E3) |IT(¢,s)|| < Mew(t=2)

fort >r > s> OandconstantsM >landw € R We
alsodefine(K; f)(t f T(t,7)f(r)dr fort > s > 0 and
f € Lloc([ ) X)

Evolution families arise as solution operatorsof non-auto-
nomousevolution equationsalthoughnotevery evolutionfam-
ily solvessuchaproblem seee.g.[5, §VI.9] andthereferences
therein.In thefollowing we extendseveraldefinitionsgivenby
G. Weissto the non—autonomouease.

Definition 2.2 Let T' be an evolution family on X and ¥,
X - LP ([s,00),Y), s > 0, belinear operators satisfying

loc

U,z =¥, T(t,s)z on [t,o0)

s+to
/ (@)D dt < A2 |[z]1%

and

fort > s> 0,2 € X,andsomety > 0,7 = v(to) > 0. Then
(T,0) = (T,{¥,: s > 0}) isanon—autonomougbsenation
system

Definition 2.3 We definefor a non—autonomousbservation
system(T', ¥)

(6)

forz € X, := {z € X thelimit in (6) exists}. We
further setD(C() s) == {f € L} ([s,00),X) : f(t) €
X, foraet>s, C(-)f(-) € L}, .([s,0),Y)}.

Our first representatiotheoremextends[17, Thm.4.5]to the
non—autonomousase.

Theorem2.4 Let (T, ¥) be a non—-autonomougbservation
systemand let C(s) : X, — Y be given as in Defini-
tion 2.3. Letz € X andt > s > 0. ThenT(t,s)z € X,
if andonlyif 1/7 [ (¥,z)(t + o) do corvergesas T \ 0.
If this is the case thenthe limit equalsC(¢)T'(¢t, s)z. Thus,
(T,2)(t) = C(t)T(t,s)x fora.et € [s,00).



Thetheorentollows from theidentity

1

T

/t 2] (o) do = i

t+7
/t [U,T(t, 9)2)(0) do.

Definition 2.5 LetT bean evolutionfamilyon X and ®, ; =
®(t,s) : LT ([s,00),U) = X,t > s >0, belinear opertors
satisfying

Dy su = By p(ul|[r,00)) + T(t,r)@rsu, t >r>5>0, (7)
[|®s,5ullx < Bllullres,g,vy, 0<t—s<to,

foru € LP(Ry,U) andconstantsty > 0, 8 = B(te) > 0.
Then(T,®) = (T,{®:s : t > s > 0}) is called a non-
autonomousgontrolsystem

One way to obtain a control systemis indicatedin the next
definition, cf. [6], [7], [8].

Definition 2.6 LetT bean evolutionfamily on X andlet X,

t > 0, be Banadh spacesin which X is denselyand con-

tinuously embedded.Assumethat T'(¢, s) has a locally uni-

formly boundedextensionT (t,s) : X, — X, (which then
satisfies(E1) and is strongly continuousw.r.t. s). We call

B(t) € L(U,X,), t > 0, (T-)admissiblecontrol operators
if thefunctionT (¢, -) B(-)u(-) is integrablein X,

(KyB(-)u) (t) == / T(t,7)B(T)u(r)dr € X,

andthere are constantgy, 8 > 0 sud that

IKsBO)u)®)llx < B llullre(s,g,0)

forall 0 < s <t <s+tgandu € LP([s,t],U).

It is clearthat®; ,u := (K,B(-)u) (t) definesa control sys-
tem. Corversely in the autonomousaseone can represent
every control systemby an admissibleobsenation operator
B :U — X_1, [18, Thm.3.9], where X_; is the extrap-
olation spaceof the semigroupT’, seee.g.[5]. Sincethere
is no extrapolationtheory for generalevolution families, we
have to proceecherein a differentway. Letu € L] (R,U),
t > 0,andn € N. We define(Bru)(t) = n®(t,t — 1)y,
where ®(¢, s)u ®(¢,0)u if s < 0. It canbe seenthat
B,u € L§e (Ry, X). To approximate®, we introduce

loc

(¢, s)yu = B u = / T(t,7)(Buu)(r)dr  (8)

fort >s>0,n €N andu € L

(R, U). Theseoperators
canbeexpressedy

" (t,s)u=mn /t(é(t,r — Du— ®(t,7)u)dr 9)

8

®(t, T)udr

1
n

= ®(t,s)u+nT(t,s) /; ®(s, T)udr —n /ti

S|=

dueto (7). If we take afunctionu € L?

1oe([s,00),U) andex-
tendit by 0 to R, then

¢
D (t,8)u — P"(t,8)u = n/ ®(t, 7)udr. (10)
t—1

We further defineoperatorsB,, (t) € L(U, X) by
B, (t)z := (Bpu,)(t) = n®(t,t — %)uz ,

whereu, = z for z € U. The next resultcanbe established
using (9) and (10). In an approximatve sensejt givesa re-
placemenbf theautonomousesultmentionedabove.

Proposition2.7 Let (T, ®) bea non—autonomousontml sys-
tem,n € N,0 < s <t < s+tyto >0 2 € U, and
u € L] (R,U). Thenwehave:

@) 7 su— B(t,s)u, |97t s)ullx < 28(to)llullLe(s,0,0)-
(b) (t,s) — ®(¢t,s)u andt — B, (t)z are continuoudn X.

(©) [KsBn()u](t) — @(t,s)u and ||[Ks Bp(-)u]()[|x <
B(to + 1) |lullLr((s,q,0)-

Here the limits asn — oo are takenin X and are locally
uniformin (¢, s).

Definition 2.8 Let(T, ®) and(T', ¥) benon—-autonomouson-
trol and observationsystems. If there are linear operators
Fs : LY ([s,00),U) = L? ([s,0),Y), s > 0, satisfying

loc loc

Fyu = ¥, 9y su + I (ul[t, 00)) and

IFs wl| Lo ([s,540),¥) < 6 Ul Le((s,s+t0],0)

on|t,o0)

foru e L} ([s,00),U),t > s > 0,andconstantsy > 0, k =
K/(tO) > 01 thenY = (Ta(ialI’aF) = (T7 q>t,s:‘Ps;Fs)t2320 is
called a well-posednon—autonomousystem andF,, s > 0,

are calledinput-outputoperators

Definition 2.9 A well-posednon—automonousystemX
(T, ®,¥,F) is calledregular(with feedthroughD = 0) if

t+7
11{% =) (Fruz)(o)do =0

(inY) andabsolutelyregularif

t+7
lim — F, ? =
im =/ |(Fyuz)(o)lly do =0

forallt > 0andz € U, whereu,(s) := z fors > 0.
Again we generalizea representatiotheoremby Weiss, [19,

Thm.4.5], to the non—autonomousase. The proof usesthe
approximatiorC'- (s) from (6).



Theorem?2.10 LetX = (T, ®, ¥,F) bea regular non—auto-
nomoussystemlet C(s) andC; (s) begivenby Definition2.3.
Then®(-, s)u € D(C(-),s) andFsu = C(-)®(-,s)ufors >0
andu € LY ([s,o0),U). Moreover, C;(-)®(-,s)u — Fsuin
Lfoc([‘% 00)7 Y) ast 0 and”C‘r()(I)(a 3)u||LP([s,s+to],Y) <
cllullLe((s,s+t0,0) for T € (0,1] and a constante = ¢(to)
independentf» ands.

Thenext resultgivesa differentapproximatiorof ;. Herewe
needabsoluteregularityandp > 1.

Proposition2.11 Let ¥ be an absolutelyregular non—auto-
nomoussystem,p € (1,00), and C(s) and &7, be given
asin Definition 2.3 and (8). Then®"(-,s)u € D(C(-),s),
C(-)®"(-,s)u = Fyuin LY ([s,00),Y) asn — oo, and

IC()®™ (-, s)ullLr(s,s+t0],v) < 26(t0) l|ull Lr([s,5-+t0],0)

foru € L?

loc

([s,00),U), s >0,n € N, andtg > 0.

3 Feedbacks

Let ¥ bearegularnon—autonomousystem,C(s) begivenby
Definition 2.3, and A(-) € L>® (R4, Ls(Y,U)). Forz € X
ands > 0, we arelooking for functionsz(-) € C([s,00), X)N
D(C(.), s) satisfying

z(t) =T(t,s)r + @, A()C()z(),  t2s,  (11)

or, if ®(-,s)u = K,B(-)u(-) for admissiblecontrol operators
B(s),

z(t) =T(t,8)x + /t T(t,7)B(T)A(T)C(T)z(T) dT, t > 5.

As shawvn by [16, Exa.6],onecannotallow for every bounded
feedbackin (11), in general.(We notethatthis examplegives
rise to an absolutelyregular autonomoussystemwith p = 1

andA = B = 1.) Thisfactmotivatesthe next concept.

Definition 3.1 Let ¥ = (T, ®,¥,F) be a well-posednon—
autonomoussystem. We call A(:) € L*(R;,L(Y,U))
an admissiblefeedbackfor X if there is t; > 0 sud that
I —TF(s + to, s)A(-), s > 0, haveuniformlyboundednverses
onLP([s,s + t],Y).

Of course A(+) is admissibldf

IAC) oo < [infty>0 8UPs5q [IF(s + to, 8)I|] 7! =2 4.

The right handside of this inequality equalsco if B(t) and
C(t) areof ‘lower order’, seee.g.[3]. We point out thatthe
invertibility of I — F(s + to,s)A(-) is in fact necessaryor
somepropertief thefeedbacksystem.

Theorem3.2 Let ¥ = (T,®,¥,F) be a regular non—auto-
nomoussystemandA(-) € L*®(Ry, £,(Y,U)) beanadmissi-
ble feedbak. Thenthefollowing hold.

(a) Theris anevolutionfamily Ta on X sudthatTa (-, s)z €
D(C(), ),
ICO)TA(, 8)ll Lo (s 54401, v) < V' Ml
z(-) = Ta(-, s)z is theuniquesolutionof (11), and
TA(t,s)x =T(t,8)x + B A()C()TA(- 8)x

fort > s >0,z € X, and a constanty’. If, in addition,
®(-,s)u = K;B()u(-) for T-admissiblecontrol opetators
B(t), then

t

Ta(t,s)z =T(t, s)m-i—/T(t, T)B(T)A(T)C(T)TA (T, $)xdT.

S

(b) If the systenis absolutelyregular andp € (1, ), then
t
Ta(t,s)z = T(t,s)x+ 1i_>m Ta(t,7)[Bn(A()Tsz)](T)dT

fort > s > 0andz € X, wheethelimit is takenin X and
is locally uniformin ¢t. Moreover, £2 = (Ta, &2, T2, F?) is
an absolutelyregular systemwhere we set

\I’SA.’L' =C()Ta(8)z, @ﬁsu = ILm []KgA Bhul(t),

Fu = lim C()KSBou, K2 f(t)= /t Ta(t,7)f(r)dr

n— 00

fort >s >0,z € X,u € L} ([s,00),U), and f €
LY ([s,00), X), whee thelimits are takenin X and L] , re-
spectively

Part (a) is aversionof theresultsin [6], [7], [8]. Its proofrelies
essentiallyon the definition

Ta(t,s)z =T (t,8)z+B¢, s A()(I=F(s+t1,5)A() " s,

for z € X. The proof of part(b) is muchmoreinvolvedand
usesin particularthe approximatiorandrepresentationesults
of theprevioussection.In theautonomougase see[15], [21],

onecanputthelimits in (b) insidetheintegralsusingextrapo-
lation theory;andit is possibleto computethe generatoof the
resultingsemigroudla .

We now study the relationship betweenthe open and the
closed—loopsystemin more detail, see[15, Chap.7]and[21,
§6] for similar resultsin the autonomougase.To put the for-
mulasin a conciseform, we define¥ (t, s)z = 1, 4y ¥,z and

9= (6
mappingX x L?([s,t],U) to X x LP([s,t],Y),t > s > 0.

Proposition3.3 Let ¥ be an absolutelyregular non—auto-
nomoussystemp € (1,00), A(-) be an admissiblefeedba&



for X, and X2 bethefeedbak systermof Theoem3.2. Then

FSA = (I - ]FSA('))_I]FS =F, (I - A(')FS)_I
= C(')(I)A('7S)a

YA, s) — (L, s) = (¢, 8) (8 A?-)) YA(t, s)

—2A(1,5) (8 A(z-)) (1, 5).

A partof this propositionwasalreadyestablishedn the proof
of Theorem3.2,therestcanbeverifiedby algebraiomanipula-
tions.

Definition 3.4 (a) A non—autonomousontmol systen{7, ®) is
called exactly (approximately)controllableon [s, t] if ®(t,s)
is surjective(hasdenserange) andit is called exactly (approx-
imately) null controllableon [s, t] if T'(¢,s)X is containedin
the(closue of) ®(t, s)LP([s, t], U).

(b) A non—autonomousbservationsystem(T, ¥) is called
(continuously)initially obsenableon [s,t] if ¥(t,s) is injec-
tive (boundedfrom below) and (continuously)finally observ-
ableon [s,t] if ker®(t,s) C kerT'(t,s) (if ||T(t,s)z| <
c||¥(¢, s)z||, for aconstani > 0 andz € X).

Proposition3.3 implies that thesecontrol theoreticproperties
remainunchangedinderfeedback.It alsoguaranteeshatre-
peatedeedbackdehae nicely.

Proposition3.5 Let ¥ be an absolutelyregular non—auto-
nomoussystemp € (1,00), A(-) be an admissiblefeedba&
for £, and 2 bethe correspondingeedbak system ThenX
possessesneof the propertiesin Definition 3.4 if and only if
YA hasthe sameproperty

Proposition3.6 Let 3 be an absolutelyregular non—auto-
nomoussystemwith p € (1,00), A(:) be an admissiblefeed-
bac for ¥, £ be the correspondingfeedbak system,and
A(-) € L®(Ry, L,(Y,U)). ThenA(-) is admissiblefor £4 if

andonlyif A(-) + A(:) is admissiblefor X. If thisis thecase
thenTA+4 = (B4)4,
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