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Abstract

This paper shows how interval arithmetic can be applied to the
computation of control invariant sets. The paper reviews some
concepts in invariant set theory and presents recursive algo-
rithms to compute sequences of control invariant sets. These
ideas can be used to design stable controllers subject to state
and control constraints. To prove set inclusion and inversion,
interval arithmetic is also used.

1 Introduction

The concept of invariant set is a direct derivation of the theory
of Lyapunov. A Lyapunov function can be used to show that
an equilibrium point of a dynamical system is asymptotically
stable. The region of the state space where this Lyapunov func-
tion is bounded is an attraction region of the equilibrium point,
and constitutes a positive invariant set. Excellent surveys about
invariant sets are given in [3, 10].

Set invariance theory has been applied to a lot of fields in con-
trol [2, 6, 1, 10]. This theory is very useful for analysing con-
strained systems and for designing controllers, which guarantee
constraint satisfaction.

Interval mathematics is a generalization of real mathematics
in which intervals numbers replace real numbers [14]. Interval
arithmetic has been applied to bound the solution set of interval
linear and nonlinear systems [9] and finding global minimum
points [7]. In the control context, interval arithmetic has been
used in robust control [4], parameter and state estimation [8]
and model predictive control [12].

This paper deals with the application of interval analysis to de-
sign algorithms that determine subsets of the state space of a
discrete nonlinear system that can be steered to any given tar-
get set by a control law, while fulfilling control and state con-
straints. In section 2 basic definitions of set invariance theory
are presented. Section 3 is dedicated to the interval arithmetic.

Section 4 contains the one-step set approximation algorithm
and an extension to polytopes is considered in section 5. Fi-
nally an example is shown in section 6.

2 Definitions and problem statement

Consider a system described by a nonlinear discrete model:
Xer1 = (X Uk) )

where x¢ € IR" is the system state and ux € IR™ is the control
signal at sample time k. The system can be subject to control
and state constraints:

X € X, ug e U 2

where X and U are compact sets, both of them containing the
origin.

In the sequel, some concepts and results related to invariant sets
theory and computation are presented.

Definition 1 (Control invariant set). Theset Q € IR" isa con-
trol invariant set for the system (1) if and only if ¥x, € Q then
Juk € U such that f(x,uk) € Q.

Definition 2 (One-step set Q(+)). Consider atarget set Q, then
the one-step set to Q, denoted as Q(L) is the set of states in
IR" for which an admissible control signal exits, which will
guarantee that the system will be driven to Q in one step, i.e.
Q()={xe R"FuecU: f(x,u) € Q}.

The computation of this set is a geometric problem and it al-
lows us to establish a geometric condition for control invari-
ance [3, 10].

Theorem 1 (Geometric condition for invariance). Aset Qisa
control invariant set if and only if Q C Q(Q).

The determination of the stabilizable set is quite useful in the
design of controllers. For instance in [2, 13] these sets are used



to design robust time-optimal controllers, in [10, 5] a robust
control invariant set is used to guarantee robust feasibility of a
predictive controller and in [11] a sequence of control invariant
sets is used to enlarge the domain of attraction of a predictive
controller. The computation of the stabilizable sets is based
on the calculation of the one-step set. There exists well estab-
lished techniques to compute them when the system is linear,
the constraints are polyhedra and the target set is a polytope. In
this case the stabilizable sets are polyhedra [3, 10].

If the system is nonlinear, then the computation of the one-step
set is very difficult. This fact converted the invariant sets into a
theoretical tool to design controllers for nonlinear systems.

This paper shows that this drawback may be overcome by us-
ing approximate procedures to compute the one-step set. These
procedures are much simpler to compute. Furthermore, an al-
gorithm based on interval arithmetic is given in the paper. The
proposed algorithm is based on the following lemma.

Lemmal Let Q be a (contral) invariant set and let ® be any
set contained in Q(Q2), thentheset T' = ®UQ isa control in-
variant set.

Proof:

I'=®UQ is a control invariant set if and only if I C Q(I).
Since Q C T"then Q(2) C Q(T'). Given that ® C Q(Q) and that
QCQ(Q),thenT =dUQ C Q(Q), whichyields to " C Q(T").

Note that if Q C ®, then I = @, and hence ® is a control in-
variant set.

The main result that can be derived from this lemma is that
it is not necessary to compute the exact one-step set to obtain
a control invariant, and hence, a inner set can be used. This
result is very interesting for nonlinear systems, for which the
computation of the one-step set is very difficult.

Then, in order to make tractable the computation of control
invariant sets for nonlinear system, an approximate procedure
Qap(£2) can be used. This one should provide an inner ap-
proach to the one step set, that is, Qap() C Q(L). By using
this idea a sequence of control invariant sets can be derived.

Theorem 2 Let Q be an invariant set for the nonlinear system
(1). Consider the sequence of sets given by @; = Qap(Pi—1) N X
where @y = Q. Then the set given by Q; = Uijzoq)j isa control
invariant set for all i > 0.

Proof:

It is proved by induction. For j =1, Q; = ®1; UQ. Since ®; C
Q(Q), then from lemma 1 it is inferred that Q; is a control
invariant set. Suppose that Q;_1 is a control invariant set. Note

that @; C Q(®j_1) € Q(Rj_1). Since Q;j = ®;UQj_1, from
lemma (1) it is deduced that Q; is a control invariant set.  ®

A method to compute control invariant sets for a general class
of nonlinear systems is presented in this paper. The method is
based on computing an approximate one-step set using interval
arithmetic. The proposed algorithm can approximate the exact
set with a given bound on the error. It is clear that lower bounds
on the error yield to bigger computational burden, however, the
computation is done off-line. A trade-off between computation
time and error can be reached. In order to obtain an easy-to-use
sequence of control invariant set, a polytopic approximation is
presented. It is based on the approximation of the previous
control invariant sets by an inner polytope.

3 Interval arithmetic

An interval number X = [a,b] istheset { x : a<x<b} of real
numbers between and including the endpoints aand b. Interval
arithmetic is an arithmetic defined on sets of intervals, rather
than sets of real numbers. The interval arithmetic is based on
operations applied to sets of intervals.

Let Il be the set of real compact intervals [a,b] with a,b € IR .
Operations in Il satisfy the expression:

AopB={aopb:acAbeB} forABell 3)
In this way, the four basic interval operations [14] are:
[a,b] +[c,d] = [a+c,b+d] (4)
[a,b] —[c,d] =[a—d,b— ]
[a,b] x [c,d] = [min(ac, ad, bc, bd), max(ac,ad, bc, bd)]
[a,b]/[c,d] =[a,b]x[1/d,1/c], if 0¢ [c,d]

An extension of the interval arithmetic to include 0 in divi-
sion can be found in [7]. The interval extension of standard
functions {sin,cos,tan, arctan,exp,In,abs,sgr,sqrt} is possi-
ble too.

Definition 3 (Box) A box is an interval vector (vector whose
components are intervals). Aninterval hull of aset X C IR",
denoted by [IX , is a box that satisfies X C (OX. Given a box
OX = ([ag,b1],-..,[an,bn]) ", mid(OX) denotes its center and
diam(0OX) = (by —ay,...,bn—an) ".

Definition 4 (Range) The range of a continuous function f :
IR" — IR over aset X C IR" isdefined as f(X) = {f(x)|x €
X}.

Definition 5 (Natural interval extension) If f: IR" — IRisa
function computable as an expression, algorithm or computer
program involving the four elementary arithmetic operations
inter spersed with evaluations of standard functions then, a nat-
ural interval extension of f, denoted (Jf, is obtained replacing



each occurrence of each variable by the corresponding interval
variable, by executing all operations according to formulas (4)
and by computing ranges of the standard functions.[ 9]

Theorem 3 [Inclusion] A natural interval extension (If of a
continuous function f : IR™ — IR over abox X C IR" satisfies
that f(X) C Of(X) . That is the fundamental theorem of the
interval arithmetic [14].

Theorem 4 [Inclusion Monotonic] A natural interval exten-
sion OJf of a continuous function f : IR" — IR over two boxes
Y, X C IR" satisfies that if Y C X then O f (Y) C Of(X) [9].

A consequent of Theorem 4 is that if a sequence of boxes
Xy converges to a real vector x, then the sequence of interval
bounds OIf (X) converges to the real vector f(x) . This is an
important property of natural interval extension is that [14].

4 One-step set approximation algorithm

Interval algorithms have been used successfully in the resolu-
tion of several problems. These algorithms are basically branch
and bound [7] algorithms where the ranges of functions are
bounded by interval arithmetic.

Let A, B be two sets defined by finite sets of inequalities. In-
terval branch and bounds algorithms can prove set inclusion
A C Band solve the set inversion problem A= f~1(B), see [8].

In this paper the application of interval branch and bound al-
gorithm to invariant set theory is considered. Given a target
set Q, the interval algorithm computes a set denoted B(Q) with
B(Q2) C Q(Q). By using the result presented in section 2, this
approach can be used to compute a sequence of control invari-
ant sets making Qap(Q2) = B(Q). B(Q) is compound by a list of
boxes and B°(Q) represents the complement set of B(Q2) in X.
The input parameters of Algorithm 1 are the non linear system
(1), the sets X and U that represent the states and inputs al-
lowed, the target set Q and two tolerances ea1, €a2, that bound
the level of division accomplished by the interval branch and
bound algorithms. The algorithm returns three lists of boxes:

1. The one-step set approximation B(Q).

2. Lpthat represents the states that can not be driven to Q, so
VX € Ln Aug € U | f(x, U) € Q.

3. Ly that includes the undetermined boxes with €a1,€a2 Se-
lected.

The complement of B(Q) is the union of L, and L, B(Q) =

The algorithm gets a box X; and for that box computes a
control action u; = select(U). The operator select() can be
chosen select(U) = mid(U) or the "best’ u; such that X is
driven to set Q. The algorithm checks if the interval extension
Of (X, select(u)) belongs to Q. When the result is positive, X;

is inserted in B(Q). If Of(X,U)NQ =@ then X is inserted
in L. In the other case, X; is split to be processed again if the
width of X; is greater than ea1. If none of the previous con-
ditions is satisfied then Algorithm 2 is invoked. Algorithm 2
produces a similar search, butin U.

Algorithm 1

(B(Q), Ln, Ly)=OneSepSetApproximation(Q, f, X, U, ea1,€a2)
Alg
L=X
whileL #£ 0
X;=first(L)
Xe =0OF(X,U);: Xme =0OF (X, select(U))
Select one of:
Q) iIf Xe NQ =0 insert X; in Ly endif
(2)if Xme C Q insert X; in B(Q2) endif
(3) if diam(X,:) < Epl
Reachable=ProcU (Q, X;,F,U,eap)
if Reachable="NO’ insert X in L,, endif
if Reachable="YES’ insert X; in B(Q2) endif
if Reachable="UNCERTAIN’ insert X; in Ly
endif
endif
(4) bisect X; and insert in L
endwhile
return Ln, B(Q), Ly
End

The Algorithm 2 is similar to Algorithm 1. With a fixed state
box X; given, a search in U is achieved. The algorithm returns
three possibilities: that a control signal exists that drives the
box X; to Q; that such a control signal does not exist or it is not
possible to assure any answer with the division level ea,.

Algorithm 2

Reachable=ProcU (Q, X, f,U,ea2)
Alg
L=U
whilel #£0
Ua=first(L)
Xy = OF (X, Ua);mXy = Of(X,select(Ua))
select one of:
(1)if mXy € Q Return *YES’ endif
Qif MXy NQ#0
if diam(Ua) > ep2
bisect U, and insert in L
else
insert U, in Ly
endif
endif
(3)Reject Uy
endwhile
if Ly =0 return ’NO’
elsereturn "'UNCERTAIN’



endif
End

Theorem 5 . Let Q,X,U compact (closed and bounded) sets,
Q theinterior of Q and a system (1) wheref is continuousin Q.
Consider the proposed algorithmin which max{ea1,ea2} < €:

()X € B(Q) then Jug e U | f (X, U) € Q
(ii)Thereisareal positive number € > 0 such that:
(ii).2if Ixc € X|Vuk € U f (X, Uk) ¢ Qthen
X ¢ B(Q)ULy
(ii).2if ¥x € X, Fu € U | (%, Ug) € Qthen
Xk € B(Q)

Proof:

(i) The first part is easy to prove. A box X; is inserted in B(€2)
only when Jux € U such Of(X;,ux) C Q so, by Theorem 3
Vxk € Xi | Jug € U f(x, Uk) € Q then x¢ € B(Q).

As a consequence of this result, it follows that B(Q) C Q(Q)
so the algorithm returns a correct Qap(£2).

(ii) To prove the second part is considered that z denotes the
vector (X, Ux) and Ball (z,r) denotes the sphere of radius r and
center z.

(i1).1 If Ix¢ € X | Vug € U f(z) ¢ Q then 3Ball(z¢) such
that f(Ball(z,e) NQ = 0. By interval monotonic inclu-
sion 32 C Ball(z,e) with zx = mid(Z) such that Of(Z) C
f(Ball(z,¢)) where Z is a box. So, Of(Z)NQ =0 . Then,
any box Zy C Z, fulfills O (Z) N Q = 0. So with appropriate
€a1 and eap, Algorithm 1 inserts X in Lp.

(ii).2 If ¥ € X | Ju e U f(z) € Q then 3Ball(z,e) such
that f(Ball(z,e) € Q. By interval monotonic inclusion
3Z¢ C Ball(z,e) with z = mid(Z) such that Of(Z) C
f(Ball(z,e)) where Z is a box. So, Of(Z) C Q. Then,
any box Z C Zy fulfills O (Z) C Q. So with appropriate ga
and eao, Algorithm 1 inserts x in B(Q2).

A first consequence of theorem 5 is that if ea1,ea2 — 0 then
B(Q) — Q(Q), so B(Q) can be a reliable approximation of
the exact set Q(L2) and because X,U are the search space of
Algorithms 1-4, state and control constraints are fulfilled.

5 One-step set polytopic approximation

An approximate one-step set can be obtained by means of Al-
gorithms 1-2. This set is represented by a list of boxes. In
order to obtain a simpler representation, polytopes are pro-
posed. Given a target set Q and the B(Q) set obtained by Al-
gorithms 1-2, Algorithms 3-4 returns a polytope denoted P(Q2)
with P(Q) C B(Q) C Q(Q). A new sequence of control invari-
ant sets can be obtained by Qap(€2) = P(B(Q2)).

The input parameters of Algorithm 3 are: B(Q), the number
of facets of the polyhedral n and a tolerance & . The algorithm
returns a polytope P(Q). Each facet of the polyhedral is of the
form bin < ¢'X < bmay Where c fulfills ||c|| = 1 and the scalars
brmax and bpin are calculated by the optimization problems:

brax = mMax c'x
xeB(Q)

min c'x
xeB(Q)

br’r‘in =

The solutions of these optimization problems are obtained go-
ing through the list of boxes B(€2). When by and byin are
known the constraints c'X < byax — & and —c'x < —(bpyix + 8)
are added to the polytope P(Q). This process is repeated n
times.

Algorithm 3

P(Q) = InsidePolytope(B(L2),n,d)

Alg
P(Q)=0
for 1ton
¢ = Select a slope vector
bmax = Maximun value of c'x with x € B(Q)
bmin = Minimum value of c'x with x € B(Q2)
Add to P(Q) the constraints
C'X < brax — 8 and —c'x < — (bpin + )
endfor
P(€2)=Delete unnecessary constraints to P(€2)
return P(Q)
Alg

Algorithm 3 provides a polytopic approximation of B(Q), but
does not guarantee the absence of states that belongs to B%(Q2)
in P(Q). Thus, it is needed to erase the states that belong to the
resulting P(€2) NB¢(Q). The Algorithm 4 is proposed to obtain
an inner polytope. The input parameters of Algorithm 4 are:
B°(Q) and P(Q).

Algorithm 4 discards boxes B; of B¢(Q) that does not belong to
P(Q). If BiNP(Q) # © the nearest face of the polytope P(2)is
moved until the box is out of P(€2) (Compact P(Q2)).

Algorithm 4

P(Q) = EraseSatesNotInside(P(Q), B°(Q))
Alg
while B€(Q) # 0
B; = First element of B°(Q)
if BiNP(Q) # © Compact P(€)
else Reject B;
endif
endwhile
P(€2)=Delete unnecessary constraints to P(€2)
return P(Q)
End
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Figure 1.b: B(Q) with £41=0.01 and epp=0.1

Theorem 6 Let B(Q) a set represented by a list of boxes, and
P(Q) a polytope calculated by Algorithms 3-4 then P(Q) C
B(Q) and P(Q) NB%(Q) = 0.

The proof of this theorem follows from the previous discussion
and it is omitted because of lack of space.

6 Example

As illustrative example of the proposed controller, the tech-
nique is applied to a system used in [5] and described by the
following ODEs:

X1 =Xz +U(H+ (1 — p)xa)
% = X1+ U(U+4(1—H)x)

where the parameter p= 0.5 and the input constraint is |u] < 2.
The system is discretized with a sampling time of 0.1 time-
units using a fourth order RK. A linear locally stabilizing state
feedback gain K = [2.118 2.118] is used to derive the initial
control invariant set Q = {x € IR?|x'Px < 0.7} where:

| 16.5926 11.5926

P=1 115026 16.5926

Fig. 1.a shows the one step approximation B(€2) and Q. B(2)
has been computed using Algorithm 1 and 2 with ea; = 0.03
and eap =0.1.

A better approximation to the one step set can be obtained using
a smaller error bound as shown in Fig. 1.b where €51 = 0.01
and ea> = 0.1 have been choosen.
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Figure 2: B;(Q) with i=0..9

Fig. 2 shows a sequence B;(Q) with i = 1..9 using ea; = 0.01,
ea2 = 0.1 and Algorithms 1-2.
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Figure 3: P(B1(Q2))

The inner polytope P(B;1(Q)) is shown in Fig. 3. The polytope
has been obtained using Algorithms 3-4.

A sequence P(Q) with i = 0..9 obtained by applying Algo-
rithms 1-2-3-4 can be seen in Fig. 4.
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7 Conclusion

A solution to the problem of determining the reachability of a
target set is proposed. The paper shows how given an initial
control invariant set, a sequence of control invariant sets can
be computed recursively. Two possibilities are considered to
define the control invariant sets: boxes and polytopes. A list of
boxes provides a reliable approximation to the exact one-step
set while polytopes provide a simpler definition but a worse
approximation. The sequences of controlled sets can be used
to design controllers and to guarantee stability because state
and control constrains are fulfilled.
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