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Abstract In order to illustrate this approach, an application is described.

. . .__It deals with the stabilization of a magnetic suspension system
The stability robustness analysis for a class of nonllne\%{t bounded structured uncertainties

systems with bounded structured uncertainties is characterize

by Nonlinear Matrix Inequalities (NLMI). By introducing scal- This paper is organized as follows: 8ection 2some results

ing to reduce conservatism arising from the uncertainty stru@? L£2-gain analysis for nonlinear system are reviewedsét-
ture, the problem turns out to be still convex. However, it #0on 3, NLMI characterization of stability robustness analysis
shown that it is as hard as Lyapunov stability analysis. In tHigr nonlinear uncertain systems is emphasized and a new ap-
paper, it is proposed a new way for the stability robustness araiioach is proposed to deal with stability robustness analysis in
ysis. It consists of splitting the problem into two steps ar@h easier way. I&ection 4the model of a magnetic suspension
treating it on the basis of Lyapunov designs. is presented with nonlinear backstepping design controller and

o . . .the simulation results are provided out for the nominal system
As application, we have applied the nonlinear backstepplggd for the one with uncertainties as wé&kction Ss devoted

based approach to deal wqhhttr)\e prgb(ljem of Sta?j'“z'”g a MaBthe experimental results. Section 6the proposed approach
hetic suspension system with bounded structure unCertamtf‘(?)?stability robustness analysis are applied to the magnetic sus-

Numerical simulations as well as experlm_ental results h Ension system with structured uncertainty. Finally, some con-
been performed, they are shown to be satisfactory and ar I'lﬁ‘ding remarks are given Bection 7

concordance.

2 The L,-gain of nonlinear systems and small-

1 Introduction gain theorem

In this paper, robustness analysis for a class of uncertain non!‘(at us consider the following control affine system:

linear systems with bounded structured uncertainty is consid- & = f(z) + g(z)u
ered. On the basis @,-gain analysis and small-gain theorem { y = h(a:) Q)
for nonlinear systems [5,6,7], the problem can be characterized

by nonlinear matrix inequalities which are convex. The NLMwherez € R™ is the state vectoy; € R™ is the input vector
conditions involve neither a finite number of unknowns nor fandy € RP is the output vector. It is assumed thaf,g, h €
nite number of constraints. In [3,6], NLMI computations havé”® are vectors or matrices valued functions af@) = 0,
been proposed, by using finite differences and finite elemeh{) = 0. The system evolves on a convex open subSet
approximations, in order to solve robustness analysis probleiif containing the origin. Thug) € R™ is the equilibrium of
Theses schemes are anyhow useful tools only in the case of tb& system withu = 0.

dimensional problems. It is proved that the NLMI characteri-

zation for robustness analysis is as hard as Lyapunov stabiR§finition 2.1

analysis. System (1) with the initial conditiom(0) = 0 is said to have

) . Lo-gain less than or equal to 1 if
Therefore, we herein propose an easier way to overcome this

difficulty. It consists of a reformulation of the stability robust- T ) T 5
| la< [ o) a @
0

ness analysis problem by splitting it into two steps, one for



forall 7 > 0 andu(t) € L§(RT). Where L$(R™T) is u y
the extended space of;(R*) which is defined as the D A Dt e
set of all vector-valued functions(t) on R™ such that 4

la(®)llo == (f5° lu(®)]? dt)? < oc. . , !
—» Dt G D
The following theorem characterize%;-gains for a class of
nonlinear systems which are asymptotically stable in terms of Figure 2: The uncertain system with scaling
NLMIs [5,10].
Theorem 2.1
Consider systerty given by (1), it is asymptotically stable S P (&) ga (€
and has’,-gain< 1 if there exists &' positive definite func- { s, _ J;LAA”_(& ,)) 9 (&0)-y: 4)
tionV : X — R such that ’ o
ov 19V which evolves oriX; with fa,(0) = 0 andha,(0) = 0. In
5 () f (@) + W' (x)h(z) 35, (@)9(@) addition, there is &' storage functioit/; such that
L2 Y (@) ro |00
2l (2 T _ .
29 " on Ui(&) < llyall® = sl
for all € X\{0}. The upperscriptl’ denotes the transposi-
tion sign. In order to reduce possible conservatism arising from the un-

certainty structure, scaling manipulation can be used as in fig-
Note that the condition in theorem (2.1) is affineliitz) and Ure 2, whereD is some real invertible matrix such thatc D
all solutions form convex sets. This inequality is the so-calléth the bloc diagonal matrix set
Nonlinear Matrix Inequalities (NLMIs) [5,6].
D .= {diag{dll,dgl, ...,dNI} :d; e R,d; > 0}
3 Robustness analysis for nonlinear uncertain S o _ _
where each of identity matrix is compatible with the corre-
systems _ . .
sponding uncertainty\;. It is noted that for eactD € D,
Consider the uncertain nonlinear system described in Fighle BA if and only if DAD~! € BA, since theC,-gains of
as a feedback system, whetes the nominal system and hasA andDAD~! are the same.
realization similar to system (1)A is the uncertainty matrix.

Therefore, DAD~! is a legal uncertainty structure and sat-
It belongs to a bounded-norm structured set:

isfies assumption (3.1).

BA = {A = diag{A1, Ay, ..., Ay} : Alis causal stable Thus, we consider the scaled systért' D! instead ofG.
and hasC,-gain< 1 } The obtained uncertain system is the same as the original one
represented in figure 1.

A We have the following theorem on robustness analysis for
structured nonlinear uncertain systems [5,6,7,8].
u y
Theorem 3.1
G

Consider the uncertain nonlinear system represented in fig-
ure 2 wheré= is the nominal system as in (1) ands the struc-
tured uncertainty in the admissible uncertaintyBeXx under
assumption (3.1).

Figure 1: The uncertain system

Definition 3.1 The uncertain nonlinear system is robustly stable if there exists
a positive definite functio : X — R' and a positive

The uncertain system fsbustly stableif for eachA € BA, definite matrix@ € D such that the followingNLMI ” holds

the feedback system is well-posed and is asymptotically stable
around the origin.

10V

So, it is assumed that the nominal systéns well-posed and —(z)f(x) + hT (z)Qh(x) ———(z)g()

a stronger assumption is made for each uncertainty Oz 1 9TV 2 0x <0
Assumption 3.1 27 (@) 0z (@) @ 5)
For eactA = diag{A1,As,...,Ax} € BA, A,

1 =1,2,..., N has the following realization: for all x € X\{0}.



For more details, one may find the proof of the theorem in [5].

Electromagnet

By Schur complements argument, inequality (5) can be rewrit-
ten as follows:

ov

H(V,Q,2) = 5—(2) f(2) + h" (2)Qh(x)
Rotor Position
+167V( ) ( )Q_l T( )aTv( )<O Sensor
1 0z I g )5\ % AR IO R VN
Q>0
(6)
The inequalityH(V, @, ) is called Hamilton-Jacobi inequal-

ity. Its solutions also form a convex set but it is not easy to
employ it in numerical computation. In [2,6], Huang, Lu and
Doyle propose computational issues using finite differences
and finite elements approximations. Theses schemes are
useful tools in the case of low dimensional problems only.
Moreover, the solutions depend on the initial conditions, which®*
is nevertheless not obvious. With the NLMI characterization, ’
it is shown that the NLMI computation for robustness analysis

is as hard as Lyapunov stability analysis.

Figure 3: Magnetic suspension device
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Figure 4: Block diagram of the magnetic suspension system
Therefore, we propose herein an easier way. Why not splitting

the problem into two steps: in the first step, one may Cheﬁ}ﬁerem is the mass of the pendulum, k,, are the time con-

a Lyapunov function’(x) for the nominal system by usiNggant and the amplification factor of the actuator respectively,

techniques proposed in [4] by Krstic, Kanellakopoulos and, hsitive constant anddenotes the nominal air gap.

Kokotovic, and in the second step, we look for a positive

definite matrix) by solving the LMIH(Q, z). For a given desired constant position of the pendulum the
equilibrium we want to stabilize is

Let us apply this suggestion to a magnetic suspension system.

oo Ix . ! mg/k(c — xa4), Tox, 0]
A Lyapunov function is determined for the nominal system by

Ty = |

backstepping approach.

4 Application to a magnetic suspension device

4.1 System modelling

Magnetic suspension system is an open loop unstable, so
then in order to guarantee stable feedback, suitable control is
needed. Let us first determine the controller by using a non-
linear backstepping control design that has been developed in

[4].

Consider the magnetic suspension shown in figure 3. It con- ) )
sists of an iron pendulum in a vertical magnetic field creatéd? Backstepping controller design

by a single electromagnet. The closed loop block diagram is
depicted in figure 4, where is the measured position of th
rotor about the sensor position center in an absolute refere

frame and is the output current signal of the actuator.

The dynamics between the input voltagef the actuator and
its output current are a first order differential equation. B

letting the state vector as= [i, z, mz] , the modelling of the
system is

1 = (—x1 + kyu)/7T

1‘2 = $3/m
22 )

(¢ —x9)?

iy =

—-mg+k

e

In nonlinear systems, the backstepping procedure is consist-
ing of finding strictly assignable Control Lyapunov Function

F), positive definite and radially unbounded guarantees the
global asymptotic stability of the system (see [4,9]).

Step 1 Consider the subsystem:
Yo

(8)

In order to find the virtual control law, (z2), we introduce the
CLF

.fg = ’Ul(l‘g)/m

1
Vi(z2) = §a162

9)

wheree being the error signal = x5 — z2, anda; is a positive
constant. So, we have



Vi(ze) = azewvr/m (10) The control law for the nominal system does not guarantee the
global asymptotic stability in the presence of parametric un-
By takingv; = —e , we strictly assign the CLF (z2). certainties,i.e. there is a steady state error compared to the
equilibrium we want to stabilize. In order to “robustify " the
backstepping control design, we propose to redesign the con-
troller by adding a PI regulator in parallel with the nonlinear

Step 2 Now we consider the subsystem:

.’,‘CQ = 5173/m
o g 02 (z2,3) (11) controller.
(¢ — x9)? The parameters of the PI controller have been determined based
on the local linearization of magnetic suspension system (7)
with va (2, z3) as the second virtual control law. around the operating point= 0, such that the integral action
Taking the CLF operates far from the desired band-width of the system in order

1 to do not jeopardize the performance of stabilization brought
Va(za,x3) = Vi(22) + 5&2(:53 —v1(x2))%, az >0 (12) by the nonlinear backstepping controller.

. _ . . In doing so, the simulation results are shown to be satisfying
As in step 1 we strictly assign CLR/ (2, z3) by setting the required performance in the case of parametric uncertain-
tiesd,, = 10% andd;, = 10% in (Fig.6). The control input

va (9, T3) = T(C — 22)%(—mg + 2 ) (13) still remains within the required voltage bounds.

Step 3 Finally, we consider the whole magnetic suspension

system (1). :. R
Introducing the CLF z{
1 2 2 é 2
V(xl,xz,xg)z%(xg,x3)+§a3(x1—vg(xg,a:g)) ,ag >0 o s L
(14) B B S T R
and similarly as made in the preceding steps, we can get e
the control inputu that renders CLFV/ (z1,zo,x3) Strictly 10 ‘ ‘ L
assignable, thus achieving the global asymptotic stability of s ]
the magnetic suspension system. The control law is found to : . —— ]
be having the following expression : H
U = h0$3 + (C - 1'2)2h’1(72mg + h’2x1) % 05 1 15 2 25 3 25 4
xlxs Time (in s)
+hs (c—z2) (15)
+ha(c — 2)?(hs — hews — hr (22 — Trey)) Figure 5: Simulation results with nominal parameters.
where theh;’s are constant. s ‘ ‘
g, (@ N
Two parametric uncertainties are considered, one on the pendu- £ 2{
lum massn and the other one on the actuator constarithus, g0
structured matrix uncertainty is obtained as shown below: E-2f
i v 7
5 0 0 05 1 15 T|m92(m 9 25 3 35 4
A=| T 1
|: 0 5]@ :| ( 6) 10 : T T T T
(b)
N ]
4.3 Simulation results E ——— ]
The required performance are commonly expressed in terms §
of the overshoof{< 20%), the settling time(< 1s) and the

-10 L L L L L
0 05 1 15 2 25 3 35 4

tracking error accuracy. First, numerical simulations have been Time (09

performed for both nominal system and under uncertainties.
) . ) . _ Figure 6: Simulation results with parametric uncertainties
Figure 5 exhibits the set point positien(a), the input volt- 5, = 10% ands, = 10%

ageu (b). It may be observed that concerning the position thé"
overshoot , the settling time and the accuracy are within the
required performance. The control input lies within the exper-
imental device constraints, namehl10V).



5 Experimental results

c@)

5.1 Platform description

The experimental bench available in our laboratgfyy.7)
is composed of a magnetic suspension unit and a personal com- ‘ ‘ ‘ ‘
. . 05 1 15 2

puter with an interface. tme (n5)
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Figure 8: Experimental results with nominal parameters.
Figure 7: Experimental bench.

The magnetic suspension device is made of an actuator, a rotor
and a sensor positioff'ig.3). The actuator consists of a coil
and a corresponding voltage controlled current source. Thus,
the electromagnet and the controller current are considered as
a unit. The later is assumed to be a first order lag where the
parameters- andk, of system(1) result from an experimen-

tal identification. The rotor axis is in line with the acceleration ‘ ‘ ‘ ‘
due to the gravity, it is subject to the force exerted by the actu- o Vimeny ?
ator, thus causing a displacement of the pendulum. The sensor ‘ ‘
position is based on the differential transformer principle. Sen- ®
sors of this type offer a good linearity as well as an infinite
resolution. Moreover, they are robust with respect to electrical
disturbances. The main characteristics of the actuator and the
rotor are:

Position and reference step (in V)
& A b o N & oo

o

=
S

o
T

Control input (in V)
o

|
&
T

|
s
)

)

| I I I
05 1 15 2
time (in's)

m = 0.0844kg k =0.005 g =9.81m/s> . . ] ] o
= lms k,=1 ¢=001lm Figure 9: Experimental results with parametric uncertainties
Om = 10% andé;, = 10%.

Concerning the interface, it contains three A/D converters i

puts(12 bits) and two D/A converters outpufd2 bits). 6 Robustness analysis for the uncertain system

The parametric uncertainties form a structured matrix uncer-
5.2 Experimental results tainty as follows:

In order to implement the nonlinear backstepping controller
we have estimated the velocity and the current of the actua- A = { Orm 0 } (17)
tor by using a linear observer. The dynamics of the observer 0 O

are chosen faster than the magnetic suspension dynamics. The . . )
initial state condition is:(0) = [z1.,0,0]”. By standard manipulation, the structured uncertain system

may be represented as shown in figure 10, whgrés the

The experimental results are shown to be satisfactory with fgyminal system interconnected with the controliéry is the
spect to the nominal mass and to the considered uncertaintifiasured output, the control input,z and v are the input
Hereafter, are some results corresponding to system perfghid output of the system uncertainty respectively. Finally,
mance with nominal parametef$'ig.8) and with parametric is a perturbation depending on the pendulum mass parametric
uncertaintiesAm = 10% and Ak = 10% (F'ig.9). One may uncertainty. The conservatism may be reduced by introducing
observe that the desired performances are met. For moreggling as is described Bection 3

sults, the reader may see [11].

Bear in mind thqt our aim iS. to solve the _robustnes; anal_yg'i:;- app]ymg the nonlinear backstepping design, the Lyapunov
problem (6). This problem is more significant for industrigfunction of the nominal system is derived from the procedure
applications when tests are particularly quite expensive.  of Section 4.2
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