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Abstract

An adaptive control framework for stabilization of
1-dimensional linear uncertain discrete-time dynamical
systems with symbolic feedback is developed. The
plant output is assumed to be quantized and only its
symbolic quantity is fed back to the controller. In the
case of multi-dimensional systems, ideal system matrix
is constructed so that the approach for the scalar
systems can be applied in separate subspaces in the
state space.

1. Introduction

With the increasing demand of implementing control
systems over the communication network, it is impor-
tant to develop a feedback protocol that requires low
data rate to give the control information to the actua-
tors. To this end, it is common to quantize the input
variables and encode them so that they are sent through
the communication channels and decoded at the actua-
tor side.

In a recent series of papers [1–4], a direct adaptive con-
trol framework for adaptive stabilization of multivari-
able linear and nonlinear uncertain systems with input
quantization requirement was developed. In this paper
we develop analogous results for discrete-time linear un-
certain systems with quantized output available from the
plant. Specifically, a Lyapunov-based direct adaptive
control framework is developed that guarantees asymp-
totic stability with respect to part of the closed-loop
system states associated with the plant.

The idea is predicated on the framework of symbolic
dynamics [5–7] where the behavior of the dynamics is
described by the sequence of symbols. The symbolic
dynamics are typically employed to characterize the dis-
tance between two different fluctuating chaotic trajecto-
ries with the shift operators and not frequently used in
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the context of stable system trajectories.

In the conventional adaptive control framework [8–11]
the feedback gain update algorithm is always adjusting
the gain matrix. Even though the use of symbolic feed-
back is inspired by the possible requirement when a con-
troller is placed in the network and available information
of the plant state is limited in communication between
the plant and the controller, the resulting adaptive con-
troller is simpler in that if the system trajectory is likely
to be converging in a desired rate, the feedback gain up-
date does not take place.

In this paper we use the following standard notation.
Let R denote the set of real numbers, let Rn denote the
set of n × 1 real column vectors, let ( )T denote trans-
pose, let ( )† denote the Moore-Penrose generalized in-
verse, and let N denote the set of nonnegative integers.
Furthermore, we write tr(·) for the trace operator, and
ln(·) for the natural log operator.

2. Symbolic Dynamics

In this section we consider the problem of character-
izing symbolic adaptive feedback control laws for linear
uncertain discrete-time systems. Specifically, consider
the 1-dimensional controlled linear uncertain discrete-
time system G1 given by

x(k + 1) = ax(k) + bu(k), x(0) = x0, k ∈ N0, (1)

where x(k) ∈ R, k ∈ N0, is the state vector, u(k) ∈ R,
k ∈ N0, is the control input, and a ∈ R and b ∈ R are
unknown constants. First assume that u(k) ≡ 0 and
a = as, where as ∈ R is such that 0 < as < 1, and
consider the state-space partition

Di , (ai+1
s , ais], i ∈ Z, (2)

so that the boundary of the domains D0 and D−1 is 1.
In this case, if x0 ∈ Di, then the sequence of domain
that the state x(k) belongs to is given by

.DiDi+1Di+2Di+3 · · · . (3)

On the other hand, if a 6= as, then the sequence with
x0 ∈ Di must not be given by (3); i.e., there must exist
k ∈ N0 such that x(k) 6∈ Di+k. Specifically, consider the
sequence

.DiDi1Di2Di3 · · · . (4)
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Figure 2.1: Block diagram of the closed-loop system.
The output of the plant x(t) is symbolized (quantized)
to x̂(k)

where ij ∈ Z. Note that if the second domain is such
that i+1 6= i1, then the relationship between a and as is
characterized by ai1−i+2

s ≤ a < ai1−i
s . For example, for

x0 ∈ Di, if i1 = i+ 2 instead of i+ 1, then a3s ≤ a < as.
Alternatively, suppose i1 = i + 1, · · · , ij = i + j, but
ij+1 6= i + j + 1. Note that in this case ij+1 is either
i+j or i+j+2. When ij+1 = i+j+2 (resp., ij+1 = i+j),

the unknown parameter a must satisfy a
j+3

j+1

s ≤ a < as

(resp., as < a ≤ a
j

j+1

s ).

For the control purpose, we assume that the label
(subscript) of the observed state is available for feed-
back (Figure 2.1). This corresponds to the case where
the observed state is quantized and sent through a com-
munication channel. At the controller side, we recon-
struct the state signal so that the quantized state x̂(·)
is such that x̂(·) = ais if x(·) ∈ Di. In this case, if the
parameter a is known, then with any 0 < as < 1 we can
employ the controller

u(k) = Kgx̂(k), (5)

where

−
a

b
< Kg <

(1 − a)as
b

, (6)

in order to stabilize the system (1), which follows from
the fact that x ≤ x̂ < 1

as
x so that

0 < ax(k) + bu(k) = ax(k) + bKgx̂(k)

< ax(k) + (1 − a)as
1

as
x(k)

= x(k), x(k) 6= 0. (7)

3. Adaptive Symbolic Feedback for 1-

Dimensional Linear Systems

For the 1-dimensional system (1) where the parame-
ter a is unknown, we cannot employ the controller (5)
because the knowledge of a is required to determine the
feedback gain Kg. In the following theorem we provide
an adaptive control algorithm for the feedback gain to
be adjusted.

Theorem 3.1. Consider the 1-dimensional linear un-
certain system G1 given by (1). Let Q ∈ R be 0 < bQ <

1
a
−1
s +1

. Then the adaptive feedback control law

u(k) = K(k)x̂(k), (8)

where K(k) ∈ R, k ∈ N0, with update law

K(k+1) =







0, if x̂(k + 1) ≤ asx̂(k),

K(k)− Q

1+x̂2(k) [x̂(k + 1)− asx̂(k)]x̂(k),

otherwise,
(9)

guarantees that the solution (x(k),K(k)) ≡ (0,Kg) of
the closed-loop system given by (1), (8), and (9) is Lya-
punov stable and x(k) → 0 as k → ∞ for all x0 ∈ R

n.

Proof. First, define K̃(k) , K(k) − Kg. Note that
with u(k), k ∈ N0, given by (8) it follows from (1) that

x(k + 1) = ax(k) + bK(k)x̂(k)

= ax(k) + bK̃(k)x̂(k) + bKgx̂(k)

= a(x(k)− x̂(k)) + bK̃(k)x̂(k) + asx̂(k),

x(0) = x0, k ∈ N0, (10)

or, equivalently,

bK̃(k)x̂(k) = [x̂(k + 1)− asx̂(k)] + a(x̂(k)− x(k))

− (x̂(k + 1)− x(k + 1)),

x(0) = x0, k ∈ N0. (11)

To show Lyapunov stability of the closed-loop system
(9) and (10), consider the Lyapunov function candidate

V (x,K) = ln(1 + x2) + αQ−1K̃2, (12)

where

α >
b(a−2

s + 1)

(a−1
s − 1)2(2 − (a−1

s + 1)bQ)
. (13)

Note that V (0,Kg) = 0 and V (x,K) > 0 for all (x,K) 6=
(0,Kg). Furthermore, V (x,K) is radially unbounded.
Now, letting x(k), k ∈ N0, denote the solution to (10),
it follows that the Lyapunov difference along the closed-
loop system trajectories is given by:
if x̂(k + 1) ≤ asx̂(k), which implies x(k + 1) < x(k) and
K(k + 1) = K(k), then

∆V (x(k),K(k))

, V (x(k + 1),K(k + 1))− V (x(k),K(k))

= ln
(

1 + x2(k + 1)
)

− ln
(

1 + x2(k)
)

= ln
1 + x2(k + 1)

1 + x2(k)

≤
x2(k + 1)− x2(k)

1 + x2(k)

≤ 0; (14)
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Alternatively, if x̂(k + 1) > asx̂(k), then assume that
x(k) ∈ Di and x(k+1) ∈ Di−j+1 for some j ∈ N so that
x̂(k) = ais and x̂(k+1) = ai−j+1

s . In this case, it follows
from (10) that

∆V (x(k),K(k))

= ln
1 + x2(k + 1)

1 + x2(k)
+ αQ−1(K̃2(k + 1)− K̃2(k))

≤
x2(k + 1)− x2(k)

1 + x2(k)
+ aQ−1K̃2(k)

− 2α
1+x̂2(k) [x̂(k + 1)− asx̂(k)]K̃(k)x̂(k)

+ αQ
(1+x̂2(k))2 [x̂(k + 1)− asx̂(k)]

2x̂2(k)

−aQ−1K̃2(k)

≤
x2(k + 1)− x2(k)

1 + x2(k)

− α
1+x̂2(k)

[x̂(k+1)−asx̂(k)]
b

(2[x̂(k + 1)− asx̂(k)]

+ 2a(x̂(k)− x(k)) − 2(x̂(k + 1)− x(k + 1))

−bQ[x̂(k + 1)− asx̂(k)]). (15)

Furthermore,

∆V (x(k),K(k))

≤
(ai−j+1

s )2 − (ai−1
s )2

1 + x2(k)

− α
1+x2(k)

ai+1
s (a−j

s −1)
b

((2− bQ)ai+1
s (a−j

s − 1)

+ 2a(x̂(k)− x(k))− 2ai−j+2
s (a−1

s − 1))

≤
(ai+1

s )2(a−2j
s − 1)

1 + x2(k)

− α
1+x2(k)

(ai+1
s )2(a−j

s −1)
b

((2− bQ)(a−j
s − 1)

− 2a−j+1
s (a−1

s − 1))

=
(ai+1

s )2(a−2j
s − 1)

1 + x2(k)

− α
1+x2(k)

(ai+1
s )2(a−j

s −1)
b

(2(a−j+1
s − 1)

−bQ(a−j
s − 1))

=
(ai+1

s )2(a−2j
s − 1)

1 + x2(k)

− α
1+x2(k)

(ai+1
s )2(a−j

s −1)2

b
(
2(a−j+1

s − 1)

a
−j
s − 1

− bQ)

=
(ai+1

s )2(a−2j
s − 1)

1 + x2(k)

− α
1+x2(k)

(ai+1
s )2(a−j

s −1)2

b
(
2(a−j+1

s − 1)

a
−j
s − 1

− bQ),

(16)

where in (16) we used x̂(k+1)−asx̂(k) = (ai+1
s )(a−2j

s −
1) > 0 and 0 ≤ x̂(k + 1) − x(k + 1) ≤ ai−j+2

s (a−1
s − 1)

for x(k + 1) ∈ Di−j+1. When j ≥ 2, it follows that

∆V (x(k),K(k))

≤
(ai+1

s )2(a−2j
s − 1)

1 + x2(k)

− α
1+x2(k)

(ai+1
s )2(a−j

s −1)2

b
(
2(a−j+1

s − 1)

a
−j
s − 1

− bQ)

≤
(ai+1

s )2(a−2j
s − 1)

1 + x2(k)

− α
1+x2(k)

(ai+1
s )2(a−j

s −1)2

b
(
2(a−1

s − 1)

a−2
s − 1

− bQ)

≤ −
(ai+1

s )2

1 + x2(k)
[−(a−2j

s − 1)

−α
(a−j

s −1)2

b
(

2

a−1
s + 1

− bQ)]

≤ 0. (17)

On the other hand, when j = 1 it follows from (15) that
if x̂(k + 1)− x(k + 1) ≤ 1

2 (
1
as

− 1)ai−j+1
s , then

∆V (x(k),K(k))

≤ −
(ai+1

s )2

1 + x2(k)
[−(a−2

s − 1)− α
a−1
s +1
b

(2− bQ)]

≤ 0, (18)

and if x̂(k + 1)− x(k + 1) > 1
2 (

1
as

− 1)ai−j+1
s , then

∆V (x(k),K(k))

≤
(12 )

2(ais − ai+1
s )2 − x2(k)

1 + x2(k)

− α
1+x̂2(k)

ai+1
s (a−1

s −1)
b

[2(ais − x(k))

−bQai+1
s (a−1

s − 1)]

≤ 0. (19)

In any case, ∆V (x(k),K(k)) ≤ 0, which proves that
the the solution (x(k),K(k)) ≡ (0, K̂g) to (10) and (9)
is Lyapunov stable. Furthermore, it follows from that
∆V (x(k),K(k)) is negative when ever x(k) 6= 0 so that
x(k) → 0 as k → ∞ for all x0 ∈ R

n. �

4. Conclusion

A discrete-time symbolic adaptive linear control
framework for adaptive stabilization of linear uncertain
dynamical systems was developed. The plant output
was assumed to be quantized and only its symbolic
quantity is fed back to the controller. Future research
will involve incorporation of input quantization require-
ment assuming the controller is communicated with the
plant with band limited communication channels.
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