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Abstract— Varying terrain conditions influencing the ground
friction challenge model-based control methods for precise au-
tonomous driving of agricultural vehicles on off-road terrains.
We apply moving horizon estimation (MHE) to cope with these
uncertainties in a predictive control framework for autonomous
driving of a sensor-equipped tractor using a (nonlinear) rigid-
body dynamic model featuring a simple tire slip model. Using
the ACADO Code Generation tool feedback times in the range
of few miliseconds are achieved. Estimation results on real-
world experimental data are presented.

I. INTRODUCTION

Economic and other reasons lead to a desire for automated
machine operation in the agricultural industry. While many
work stages in agriculture are already automated, vehicle
navigation in difficult conditions still relies on a human
operator (think for example of a combine harvester). Modern
GPS units providing precise position measurements pave the
ground for automation of navigation [28]. Various control
techniques have been applied to this problem; [27] gives a
good overview of the most common approaches for path
following in this context and compares their performance.
These methods include geometric approaches, explicit con-
trol laws derived from kinematic models, and model-based
linear quadratic regulators. According to [27] following non-
straight paths still presents a challenge for the considered
methods. Very recently the application of nonlinear model
predictive control (MPC) schemes for autonomous naviga-
tion has been investigated in [1]. Using a combination of sen-
sor systems including laser scanners, inertial measurement
units, and a high-precision GPS, a navigation performance
in the accuracy range of a human operator is reported. The
nonlinear MPC scheme in that paper is based on a simple
kinematic vehicle model, while state estimation is based on
an Extended Kalman Filter (EKF).

Based on a similar kinematic model a combined nonlinear
MHE/MPC scheme was presented in [9]. The authors use
highly structure-exploiting autogenerated algorithms based
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on the Real-Time Iteration (RTI) scheme [5] for Bock’s mul-
tiple shooting method [3]. An implementation is provided in
the open source ACADO Code Generation tool [9], [13]. The
computational aspects of this approach seem promising due
to the efficiency of the exported code, which allows for short
computation times and even significantly shorter feedback
delays. As the exported C code is self contained and uses
only static memory allocation, it is well suited for application
on embedded hardware. [9] however uses a simplistic vehicle
dynamics model and presents only simulation results.

We extend [9] by (a) augmenting the estimation/control
vehicle model to a rigid body dynamics model and (b) pre-
senting online moving horizon state and parameter estimation
results on real-world data from an autonomously driving
tractor in this paper.

The extended vehicle model merges dynamic effects typi-
cally considered in autonomous road vehicle guidance [15],
[11] with the observed offroad driving behavior. Since the
EKF (which is chosen for state observation, e.g., in [1])
can be considered a special case of the more general MHE
algorithm for horizon length 1, estimation results from an
MHE approach can in general be expected to be at least as
good as the ones from an EKF approach. Recent computa-
tional advances like [18], [9] lead to real-time feasibility of
MHE approaches even for medium-scale problems with fast-
evolving dynamics, as they are present in many mechanical
systems. Particularly due to potential synergies with an
MPC controller based on the RTI scheme, MHE seems a
well suited approach for the autonomous vehicle operation
problem. Whether or not it is superior to other estimation
techniques, like, e.g., particle filtering methods however is
beyond the scope of this paper.

The structure of the paper reads as follows: Section II
describes the tractor used for demonstration purposes and
proposes a bicycle model for its control. Section III presents
the algorithmic framework to solve this problem in real-
time on vehicle embedded hardware. Section IV elaborates
on the appropriate choice of weighting matrices for this
estimation problem. Section V shows real-world estimation
results from an autonomously offroad driving tractor, and
section VI concludes the paper.

II. TRACTOR MODEL FORMULATION

A. The tractor

This paper presents an algorithm for state and parameter
monitoring in autonomously driving agricultural vehicles.
The control task is performed by an MPC algorithm based
on the identical model as presented in Section II-B. MPC
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Fig. 1. The modified New Holland TZ25DA.

Parameter Value Description

m 730 kg vehicle mass

Iz 350 kgm2 moment of inertia

a 0.8 distance front axle to CoG

b 0.6 distance rear axle to CoG

c 0.95 distance GPS to CoG

TABLE I
IMPORTANT TRACTOR PARAMETERS.

controllers based on such models have been observed to
perform well in semi-autonomous vehicle guidance settings,
cf. [11]. To recover the full system state and environment-
dependent parameters, we make use of an MHE scheme.
To evaluate the performance of the proposed approach we
use a modified demonstrator tractor on basis of a New
Holland TZ25DA available at the Department for Mecha-
tronics, Biostatistics and Sensors of KU Leuven, see Figure
1. A National Instruments NI PXI-8110 real-time computing
unit featuring a 2.26 GHz Intel Core 2 processor has been
added for embedded estimation and control. Further, the
tractor has been equipped with a Septentrio AsteRx2eH PRO
GPS for position and orientation measurements. Encoders
measuring the rotational wheel speed at the rear tires are
mounted on the tractor. A steering rate controller and a rear
wheel speed controller following constant input references
are available for control of the tractor. The front wheels
are not driven in the considered configuration. Note that
the steering rate controller was observed to react almost
instantaneously, while the rear wheel speed reference is
assumed to be constant for our purposes.

A list of parameters relevant for the proposed model in
Section II-B that could be identified offline can be found in
Table I.

B. Proposed Dynamic Model

We represent the vehicle’s motion by its position and
orientation in a global X − Y coordinate frame, by its
velocities in a local x − y coordinate frame, and by its
yaw rate, cf. Figure 2. A summary of all vehicle states,

Fig. 2. Coordinate frame, forces, and slip angles of the bicycle vehicle
model.

parameters, and control inputs is given in Table II. Roll,
heave, and pitch motion of the chassis are neglected. This
representation is commonly used in autonomous vehicle
guidance, see, e.g., [11], [7], [16], [15]. Accordingly, the
chassis equations of motion used in this paper read

Ẋ = vx cosψ − vy sinψ, (1a)

Ẏ = vx sinψ + vy cosψ, (1b)

ψ̇ = ωz, (1c)

vx = vy · ωz +
1

m
(2 · F xf + 2 · F xr ), (1d)

vy = −vx · ωz +
1

m
(2 · F yf + 2 · F yr ), (1e)

ω̇z =
1

Iz
(a · 2 · F yf − b · 2 · F

y
r ). (1f)

The used parameters are explained in Table I. The factor 2
in front of the forces in Equations (1d)-(1f) stems from the
simplification of a four-wheel to a bicycle model for com-
putational efficiency. Note that the difference between the
models is negligible under the targeted operating conditions
of the tractor, cf. [14].

For the rear wheel forces it holds

F xr = F l
r , F yr = F c

r ,

while the front wheel forces are composed as

F xf = F l
f cos δ − F c

f sin δ,

F yf = F l
f sin δ − F c

f cos δ.

Here, F l
· and F c

· denote longitudinal and cornering forces,
respectively; Section II-C gives more insight on the chosen
tire model.

The steering angle δ is obtained by integration of the
steering rate ωδ , which is a control input to the system:

δ̇ = ωδ.

Since the GPS unit for position and orientation measure-
ment is located behind the vehicle’s center of gravity (CoG),
we need to account for this in the measurements. It holds

XGPS = X − c · cosψ (2)
YGPS = Y − c · sinψ (3)

The full list of measured states and inputs thus reads
[XGPS, YGPS, ψ, δ, ωδ, vw]. The MHE observer is used to
recover the current velocities in the local coordinate frame
and the tire-ground interaction parameters, as well as to filter
the raw measurements against sensor noise.
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State Unit Description

X m Global X position of vehicle’s CoG

Y m Global Y position of vehicle’s CoG

ψ rad Global Vehicle orientation

vx m
s

Total longitudinal velocity of vehicle

vy m
s

Total lateral velocity of vehicle

ωz rad
s

Vehicle’s yaw rate

δ rad Steering angle

Parameter Unit Description

Cl
rad
s

Longitudinal tire stiffness

Cc
m
s

Cornering tire stiffness

Control Range Unit Description

ωδ [−0.8, 0.8] rad
s

Front steering angle

vw [0.01, 10] m
s

Driving speed of rear wheels

TABLE II
STATES, PARAMETERS, AND CONTROL INPUTS OF THE TRACTOR MODEL.

C. Tire – Ground Interaction

Since we assume a rear-wheel driven vehicle the longitu-
dinal tire forces are computed as

F lf = 0,

F lr = Cl · κ = Cl
vw − vx

vx
,

where vw is the driving speed of the rear wheels and Cl
is the longitudinal tire stiffness, which can be seen as a
linearization of a Pacejka-type tire model, cf. [4]; see [23]
for details on tire modeling. Note that κ is typically referred
to as the slip ratio.

The cornering tire forces are as well computed from a
linearized tire model:

F c
f = −Cf · tanαf,

F c
r = −Cr · tanαr,

where the side slip angles α· are computed as

tanαf =
(vy + lf · ωz) · cos δ − vx · sin δ
(vy + lf · ωz) sin δ + vx · cos δ

,

tanαr =
−lr · ωz + vy

vx
,

and the front and rear cornering stiffnesses are denoted
by Cf and Cr, respectively. Experimental validation showed
that under the targeted operating conditions the cornering
stiffness is mostly influenced by the soil characteristics. We
therefore assume a constant ratio between the front and
rear cornering stiffness to increase observability. It holds
Cr := Cc and Cf := Cc/r, where r was identified to be
approximately 3 for the considered hardware setup.

We choose a linearized tire model over a full Pacejka
model for two reasons. Firstly, the latter one is a semi-

empirical model and thus requires several parameters char-
acterizing the tire which are simply not available for the
considered tractor’s tires. This includes parameters which
do not get much excitation in the tractor’s typical operating
conditions and thus cannot be estimated well online either.
Secondly, the Pacejka tire model is developed analyzing tire-
road interactions [23]. Basic assumptions, most importantly
the force generation by tire deformation on a rigid driving
surface, typically do not hold in off-road driving. To the best
of our knowledge it is not clear how well a Pacejka-type
model reflects offroad driving characteristics.

[19] on the other hand proposes a tire-soil interaction
model for offroad vehicles that only considers ground defor-
mation. We however assume that a tractor’s driving behavior
will express characteristics from both tire and soil defor-
mation. Since it is typically operated at moderate speeds
we believe a tire force linearization sufficiently covers all
appearing effects.

Even though we present a time-dependent vehicle model in
this paper, it should be noted that for a practical application
on commercial agricultural vehicles a spacial reformulation
of the vehicle dynamics is desirable in a similar fashion as
presented in [10].

III. ALGORITHMIC SOLUTION FRAMEWORK

A. MHE Problem Formulation

We summarize differential states of the dynamic system
1 by ξ : R → Rnx , control inputs by ν : R → Rnu and
parameters by p ∈ Rnp .

The dynamic system is then given by

ξ̇(t) = f( ξ(t), ν(t), p ), t ∈ T := [t0, tf ]. (4)

The observed system quantities y(t) are summarized in-
troducing a (possibly nonlinear) measurement function h. It
holds

y(t) = h( ξ(t), ν(t), p ), t ∈ T . (5)

New observations ỹtk ≈ y(tk) are assumed to arrive at
discrete time points tk. At each sampling time the MHE
only takes a sequence of N consecutive, typically equidistant
observations, w.l.o.g. called t0 < t1 < . . . < tN =: tf ,
explicitly into account. These observations naturally define
a receding time window T = [t0, tf ] for the MHE, which
is shifted forward at each sampling time. We accordingly
summarize the finite horizon estimation problem to be solved
repeatedly online as

min
ξ(·),p,
ν(·)

∥∥∥∥ ξ(t0)−ξ̄t0
p−p̄ t0

∥∥∥∥2
P t0

+

N∑
k=1

∥∥∥ỹtk−h(ξ(tk), ν(tk), p)
∥∥∥2
V tk

s.t. ξ(t) = f
(
ξ(t), ν(t), p

)
∀t ∈ T ,

ξl(t) ≤ ξ(t) ≤ ξu(t) ∀t ∈ T , (6)

νl(t) ≤ ν(t) ≤ νu(t) ∀t ∈ T ,
pl ≤ p ≤ pu.
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The objective function strives to minimize the deviation of
the process output from the observed measurements, summa-
rizing knowledge about states and parameters from observa-
tions before t0 in a regularizing arrival cost that is com-
puted independently, see Section IV. The norm ‖a‖{A} :=
aTAa denotes the Euclidean norm. Symmetric positive semi-
definite matrices are given by P t0 ∈ R(nx+np)×(nx+np)

and V tk ∈ Rny×ny , respectively. Note that V tk may vary
over the MHE horizon; more details on the choice of the
weighting matrices will be given in Section IV. Functions
ξl(·), νl(·), pl(·) denote (possibly time varying) lower bounds
on states, controls and parameters, while ξu(·), νu(·), pu(·)
denote the corresponding upper bounds.

B. Multiple Shooting Discretization

The time grid induced by {t0, . . . , tN} is used as a
multiple shooting discretization grid for the dynamic op-
timization problem 6, as proposed in [2]. On each time
interval [ti, ti+1], 0 ≤ i < N , given an initial guess ξ0i ,
an initial value problem (IVP) is solved to obtain ξ(ti+1).
We choose constant base functions for control discretization
on the shooting intervals in this paper. Additionally, state
and control bounds are relaxed to the sampling time grid.
Note that the analogon of this procedure for optimal control
problems is known as Direct Multiple Shooting, see [3].

After discretization, we obtain a least-squares nonlinear
programming (NLP) problem, which is solved by applying
the generalized Gauss-Newton method. For an efficient nu-
merical computation, the proposed solution algorithm relies
heavily on structure exploitation, most importantly on a
condensing technique for dimensionality reduction (cf. [20]).

C. The Real-Time Iteration Scheme for MHE

In an MHE context estimation problem 6 needs to be
solved repeatedly for a sliding time window T . A new state
observation ỹtf is added, while ỹt0 is aggregated into the
arrival cost; all intermediate observations are merely shifted.

This similarity of subsequent problems can be exploited
for efficiency by the so called Real-Time Iteration (RTI)
scheme. Originally proposed for nonlinear MPC in [5] it
has recently been adapted for nonlinear MHE problems
[17], [18]. Building on Bock’s Multiple Shooting method
the RTI scheme performs only one Gauss-Newton iteration
per sampling time, thus permitting real-time execution even
for fast sampling times. Moreover, even before obtaining the
most current observation ỹtf , the next estimation problem
is prepared in the so-called preparation phase. This includes
integration and sensitivity generation (typically the computa-
tionally most expensive part) as well as the condesing step.
Once ỹtf becomes available, only a condensed QP, typically
similar to the one solved in the previous iteration, needs to be
solved to obtain the full current state and parameter estimate
[ ξ(tf ), p ]. Exploiting the QP similarity by the so-called
parametric active set strategy (cf. [8]), the time delay between
the availability of the process observation and the estimation
result typically is very short, both in relation to the sampling
time and even more in relation to a conventional multiple

shooting based estimation approach. More details on the RTI
scheme can be found in [5]; theoretical properties, including
a proof of contractivity, are shown in [6] in the context of
nonlinear MPC; more details on the specific implementation
used in this paper are found in [9].

D. Code Generation

In order to provide sufficiently fast feedback for the
real-time implementation of the proposed MPC problem,
we make use of automatic source code generation [22],
[21], [12]. We use an implementation for auto-generation
of nonlinear MPC algorithms, the ACADO Code Generation
tool [12]. This open source software for automatic control
has recently been extended to support code generation for
MHE problems [9]. It exports plain and self-contained C
code based on a symbolic representation of the estimation
problem, removing all redundant computations. Exploiting
sparsity patterns and fixing dimensions, the exported code
uses static references only, making it well suited for fast
application on vehicle embedded hardware.

IV. CHOICE OF WEIGHTING MATRICES

In the presence of model-plant mismatch and sensor noise
the measurements ỹtk can in general not be fitted exactly by
the underlying system (4,5). To achieve a stable estimation
performance weighting matrices P t0 and V tk need to be
chosen with particular care.

A well established approach is to choose V tk with respect
to the sensor uncertainties, characterized by their standard
deviation R(tk), as V tk :=

(
R(tk)T R(tk)

)−1
, and to choose

P t0 with respect to the observed state range and parameter
variation, characterized by their standard deviations Qx(t0)
and Qp(t0), as P t0 = (diag[Qx(t0), Qp(t0)])

−1. Under the
assumption that (a) the sensor noise is a normal distributed
random variable with covariance R(tk)T R(tk) around the
true system output y(tk), and (b) the initial system state
ξ(t0) and the parameters p are normal distributed with
uncorrelated covariances Qξ(t0)T Qξ(t0) and Qp(t0)T Qp(t0)
around ξ̄t0 and p̄t0 , it has been shown that the solution of
(6) is the Maximum Likelihood (ML) estimator [18], even
in the presence of active constraints, cf. [26].

Note that this choice of weighting matrices particularly
implies that obviously wrong or missing measurements are
simply ignored, as a sensor uncertainty of ∞ means a zero
weight in the corresponding V tk matrix.

We choose to update the arrival cost information ξ̄t0 , p̄ t0
and P t0 summarizing knowledge of and confidence in the
past measurements using so-called smoothed EKF updates
[18], [25] based on sensitivity information computed during
MHE preparation phase. This is motivated by the observation
that the classical EKF is equivalent to MHE on a horizon of
length one with smoothed EKF-updates [25], [17].

V. EXPERIMENTAL RESULTS

We demonstrate the capabilities of the proposed estimation
approach in an offroad driving scenario of the tractor pre-
sented in Section II-A. The trajectory driven by the tractor
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can be seen from Figure 3. The speed controller reference
value of the tractor was constantly set to 6 km/h and the
steering input was defined offline. All computations were
performed within NI LabVIEW. The actual MHE module
was run as compiled exported C-code called through Lab-
VIEW’s DLL-Interface.

In accordance with Section IV weighting matrices V tk

were chosen in corresponding to sensor a standard deviation
matrix R = diag[0.02, 0.02, 0.01745, 0.05, 0.18, 0.1745].
The arrival cost matrix P 0 was chosen with respect to
an initial state and parameter uncertainty matrices Qξ =
diag[10, 10, 3.14, 1.5, 0.3, 0.5, 0.4] and Qp = diag[1, 0.7].
The smooting matrices for the smoothed EKF were chosen
as Wξ = diag[5, 5, 0.1745, 0.2, 0.2, 0.2, 0.09] and Wp =
diag[0.1, 0.1].

An estimation horizon of 20 intervals with a total length
of 4 s at a sampling time of 200 ms is used. Integration
of the dynamic system and the corresponding variational
differential equations is done by a implicit Runge-Kutta
integrator of order 2 (see [24]) on a grid of 80 integrator
steps. To ensure a stable observer performance, 5 RTI-
type iterations were performed per sampling time. Still, the
proposed approach was observed to be well real-time feasible
for the chosen sampling time of 200 ms with total execution
times of the auto-generated code lying clearly below 5 ms.

Figures 3 and 4 show the estimation results. Position,
orientation and steering angle are recovered well by the
estimation scheme. A constant cornering stiffness parameter
different from the arbitrarily chosen initialisation point was
found when observable. Note that on straight parts this
value drops off slightly due to unobservability arising from
non-excitation. A longitudinal stiffness parameter could as
well be found oscillating about a constant value of roughly
5300 N.

We observed that the estimation results from the arrival
cost alone (which corresponds to a pure EKF) exhibited a
significantly worse estimation performance, likely due to the
short estimation horizon. Drawing a general conclusion from
this is however impossible, since the estimation performance
is influenced strongly by the EKF tuning.

VI. CONCLUSIONS

In this paper we presented a nonlinear MHE scheme
for the combined state and parameter estimation of au-
tonomously driving agricultural vehicles. A simplified model
covering the most important dynamic effects of driving in
varying terrain conditions is described. Estimation results on
real-world data for an autonomously driving tractor were
shown to yield an accurate and stable estimation perfor-
mance. Closed loop simulations including a nonlinear MPC
controller based on the same model as presented in Section
II are subject of ongoing research.
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Fig. 3. State and parameter estimation from a U-turn scenario (I).
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