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Abstract— In this paper we propose a Maximum a Posteriori
(MAP) approach for estimating a random sparse parameter
vector in the presence of nonlinearities of unknown parameters.
In this Bayesian approach, the a priori probability distribution
for the parameter vector is utilised as a mechanism to promote
sparsity. We solve this identification problem by using a
generalized Expectation Maximization algorithm in a MAP
framework.

I. INTRODUCTION

System identification considering sparsity has attracted
increasing attention in the last decades, see e.g. [1], [2], [18],
[20]–[22] and the references therein. In particular, real-world
applications can be found in wireless communication systems
(e.g. underwater acoustic channels [10], digital television
channels [16], and residential ultrawideband channels [15]).

From a system identification perspective, sparsity can be
promoted in different ways. For example, in [12], sparsity
is promoted by generating a pool of possible models, and
then performing model selection. On the other hand, one
of the most used approaches is the Lasso algorithm [21],
where an `1-norm regularization is used to obtain estimates
with coefficients that are exactly zero in a linear regres-
sion. However, the Lasso algorithm is not applicable to
the model presented in this work, since it is restricted to
linear systems only, where the parameter vector defining
the linear regression is the only unknown and there are no
hidden variables. In contrast, the approach taken by the
Lasso (applying the `1−norm regularization) can still be
considered, but the solution cannot be obtained by applying
the Lasso algorithm. In our case, we deal with a class
of systems that does not satisfy the requirements of the
traditional sparse estimation techniques (see e.g. [2], [4],
[21]), and that includes applications such as the identification
of communication channels (see e.g. [6] and [7]).

In this paper, we propose the utilization of a Bayesian
approach for sparse parameter estimation, that can be re-
lated to the `1-norm regularization. Because we consider
the presence of hidden variables, we use the Expectation-
Maximization (EM) algorithm. This algorithm is extended
from its classical formulation to a general MAP formu-
lation, by defining an augmented auxiliary function. This
augmented auxiliary function is based on the utilization
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of mixtures for representing the a priori distribution of
the sparse parameters. In particular, we use variance-mean
Gaussian mixtures (VMGM) [18], which can represent a
wide range of distributions. This representation is inserted
into the generalized EM algorithm. In addition, we consider
the concentration of the cost function in the maximization
step of the EM algorithm, to numerically optimize a reduced
number of parameters.

Numerical examples presented here show that the estima-
tion of a sparse parameter vector is improved when an a
priori distribution is considered. In addition, we provide a
method to estimate the parameter defining the prior distri-
bution of the estimates.

The remainder of the paper is as follows. In § II we
describe the problem of interest. In § III we describe the
Maximum a posteriori approach (MAP) to this problem
considering sparsity. In § IV we present the modified EM
algorithm for MAP estimation. In § V we carry out examples,
considering a particular case for the model treated in this
work. Finally, in § VI we present our conclusions.

II. PROBLEM FORMULATION

Consider the general system model as follows:

y = Mh+η , (1)

where y ∈ RN , M ∈ RN×p, η ∼N (0,σ2IN), IN ∈ RN×N is
the identity matrix of order N, h ∈ Rp is a sparse random
vector, with a priori distribution given by p(h).

A particular case of the system model in (1) is as follows:

y = f (ε)A(x,u)h+η , (2)

where f :Rnε →RN×na . In addition, A(x,u)∈Rna×p satisfies
the following property

A(x,u)h=B1(h)x+B2(h)u+c=(A1(x)+A2(u))h+c, (3)

where A1, A2, B1, and B2 are known functions of x and
u, c is a known constant, u ∈ Rnu is a deterministic vector,
and x ∈ Rnx is (in general) an unknown random vector x∼
p(x|β ).

The problem of interest consists of estimating the parame-
ter γ = [hT vec(β )T ε σ ]T , subject to the structure given in (2)
and (3), and where vec(P) stacks the columns of the matrix
P on top of one another.

III. MAP ESTIMATION

Maximum a Posteriori estimation is a common
optimization-based technique for parameter estimation
of a posterior distribution, assuming that the parameters
are random variables. In this approach, the distribution
parameters are estimated so as to maximize the posterior
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probability of the random parameters given the observed
sample values. In particular, the a priori (or prior)
probability density function (pdf) plays a key role in
the parameter estimation procedure when the number of
measurement points is limited.

The MAP estimator is obtained as

γ̂MAP = argmax
γ

p(γ|y), (4)

where p(γ|y) is the posterior distribution of the parameters γ

given the observed data y (measurements). In general, Bayes’
rule is applied in MAP estimation, in order to optimize an
equivalent expression to p(γ|y). In this sense, we have that

p(γ|y) = p(y|γ)p(γ)
p(y)

, (5)

where p(y|γ) is the likelihood function, and p(γ) is the prior
pdf for γ . Since the marginal pdf of the measurements, p(y),
does not depend on γ , its role in the posterior distribution is
simply a normalization factor. Thus, it is possible to obtain
the MAP estimator as

γ̂MAP = argmax
γ

p(y|γ)p(γ), (6)

= argmax
γ

`(γ)+ log p(γ), (7)

where `(γ) is the log-likelihood function, and log p(γ) is the
log-prior function of γ .

A. Regularization and MAP estimation
When facing a sparse estimation problem, one of the

key issues is the selection of a mechanism that promotes
sparsity. In general, the approaches found in the literature
deal with a regularized problem. The most common approach
corresponds to including an `1-norm term of the parameter
vector in the form of α||γ||1, α > 0, and can be expressed
as:

γ̂Reg = argmax
γ

`(γ)−α||γ||1. (8)

On the other hand, some other approaches have also explored
different types of regularization for sparse parameter estima-
tion (see e.g [24] and [25]).

From a Bayesian point of view, the regularization term
in (8) can be related to an a priori pdf1. Hence, a MAP
estimation problem can also be understood as a regularized
Maximum Likelihood (ML) estimation problem. In this
sense, it is possible to consider that

log p(γ) =−α||γ||1 +ξ ⇔ p(γ) ∝ e−α||γ||1 , (9)

where ξ is a constant term. Given the relationship in (9),
it is possible to define an a priori pdf for γ that promotes
sparsity.

B. Laplace pdf
In our problem of interest, a Laplace pdf (see e.g. [11])

can be utilized for promoting sparsity (see e.g. [17] and the
references therein). The Laplace pdf for an uncorrelated zero-
mean vector is given by

p(γ) =
(

1
2τ

)p

e−‖γ‖1/τ , (10)

1Notice the evident similarity between (7) and (8)

where p is the length of the sparse parameter vector γ , and
τ ∈ R+. At this stage, we will assume that τ is known.
However, as we will explore later, this condition is not
strictly necessary.

In this paper, we consider solving a sparse MAP estima-
tion problem considering a Laplace prior for the parameter
vector, considering also hidden variables and the utilization
of the EM algorithm. In the following section, we depart
from the classical formulation of the EM algorithm for
MAP estimation, presenting an alternative formulation that
encompasses hidden variables in the a priori pdf.

IV. THE EM ALGORITHM FOR MAP ESTIMATION

The EM algorithm is an iterative method that generates
a succession of estimates γ̂

(i) = (ĥ(i)
,vec(β̂

(i)
) , ε̂(i) ,σ (i)),

i = 1,2, . . . , of the parameters γ , which converges to a local
maximum of the log-likelihood function. The EM algorithm
consists, basically, of an iterative two-step procedure: (i) an
expectation step (E-step), and (ii) a maximization step (M-
step). In our case, we develop an augmented EM algorithm
to solve the MAP estimation problem presented in this paper.

The EM algorithm can be modified in a simply manner to
include the extra term arising from the prior distribution of
the parameters in MAP estimation.

A. The EM algorithm for ML estimation
In ML estimation, the parameter estimation procedure is

based on maximizing the likelihood function, or equivalently
the log-likelihood function, `(γ). In the presence of hidden
variables, the EM algorithm becomes a powerful tool for
obtaining the ML estimates.

If we denote by z the hidden variables, then the EM
algorithm for ML estimation is defined by (see e.g. [8], [14])

`(γ) =
∫

`(γ)p(z|y, γ̂(i))dz

=
∫

log p(z,y|γ)p(z|y, γ̂(i))dz−
∫

log p(z|y,γ)p(z|y, γ̂(i))dz

= QML(γ, γ̂
(i))−HML(γ, γ̂

(i)), (11)

where QML(γ, γ̂
(i)) and HML(γ, γ̂

(i)) are the auxiliary func-
tions arising from ML. Then, the ML estimate can be
obtained iteratively as

γ
(i+1) = argmax

γ
QML(γ, γ̂

(i).) (12)

B. The EM algorithm for MAP estimation: classical formu-
lation

Given the expressions in (7) and (11), the log-posterior
function can be expressed as

log p(γ|y)=QML(γ, γ̂
(i))−HML(γ, γ̂

(i))+log p(γ)−log p(y),
(13)

since the marginal pdf’s p(γ) and p(y) do not depend on
the hidden variable z. Hence, the EM algorithm for MAP
estimation is given by (see e.g. [14]):
E-step:

QMAP(γ, γ̂
(i)) = E[ log p(z,y|γ)|y, γ̂(i) ]+ log p(γ), (14)

M-step:
γ̂
(i+1) = argmax

γ
QMAP(γ, γ̂

(i)). (15)
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In the next section, we will see how we can modify the
EM algorithm for MAP estimation. One of the benefits of the
proposed method is that, in general, a quadratic term of the
parameters is obtained for the E-step. Also, the proposed
method can be understood as a generalization of several
methods of different nature found in the literature, see [5]
and the references therein.

C. The EM algorithm combined with Infinite Mixtures

In general, it is possible to express a pdf as a marginal pdf,
coming from a joint pdf of two or more variables (vectors).
In this sense, we represent the marginal pdf as an infinite
mixture, where there is an underlying process that generates
the desired pdf for the parameters. In general, a mixture is
given by (see e.g. [9]):

p(γ) =
∫

p(γ|λ )p(λ )dλ , (16)

where γ ∈ Rp and λ ∈ Rr. If the conditional pdf p(γ|λ ) is
Gaussian, then the mixture is called variance-mean Gaussian
mixture (VMGM) (see e.g. [18]), normal variance-mean
mixture (NVMM, see e.g. [3]), or normal scale mixture (see
e.g. [23]).

In (16), it is possible to consider the variable λ as a hidden
variable. First, considering the variable of interest to be γ ,
the log-prior can be expressed as

log p(γ) = log p(γ,λ )− log p(λ |γ). (17)

Second, in the same manner as it was done with the log-
likelihood function, both sides of (17) can be integrated with
respect to p(λ |γ̂(i)) to obtain:

log p(γ) =
∫

log p(γ,λ )p(λ |γ̂(i))dλ−∫
log p(λ |γ)p(λ |γ̂(i))dλ

= Qprior(γ, γ̂
(i))−Hprior(γ, γ̂

(i)), (18)

where

Qprior(γ, γ̂
(i)) =

∫
log p(γ,λ )p(λ |γ̂(i))dλ , (19)

Hprior(γ, γ̂
(i)) =

∫
log p(λ |γ)p(λ |γ̂(i))dλ . (20)

The function Hprior(γ, γ̂
(i)) has the same properties that

HML(γ, γ̂
(i)) has in the log-likelihood function. That is, for

any γ , using Jensen’s inequality, we have:

Hprior(γ, γ̂
(i))−Hprior(γ̂

(i), γ̂(i)) =∫
log p(λ |γ)p(λ |γ̂(i))dλ −

∫
log p(λ |γ̂(i))p(λ |γ̂(i))dλ

=
∫

log
p(λ |γ)

p(λ |γ̂(i))
p(λ |γ̂(i))dλ

≤ log
∫ p(λ |γ)

p(λ |γ̂(i))
p(λ |γ̂(i))dz

= log
∫

p(z|y,γ)dz

= 0. (21)

Thus, from (14), we can re-write the E-step as:

QMAP(γ, γ̂
(i)) = QML(γ, γ̂

(i))+Qprior(γ, γ̂
(i)), (22)

where Qprior(γ, γ̂
(i)) is the function corresponding to the a

priori distribution.
Since the M-step in (15) involves the maximization of

the function QMAP(γ, γ̂
(i)) with respect to the parameter γ ,

in the following sections we calculate the expressions for
Qprior(γ, γ̂

(i)), QML(γ, γ̂
(i)), and their derivatives.

D. Measurement noise variance estimation and
reparametrization

Recalling the relationship between MAP estimation and
regularized ML estimation, in an optimization problem such
as (4), with a model like in (2) and (3), a good estimate
σ̂ is crucial. Thus, it is important to take into account the
measurement noise variance or (equivalently) the standard
deviation, σ , in the definition of the problem itself when
the measurement noise variance is unknown (see e.g. [19]).
If not, the optimization problem may be non-convex and
exhibit numerical problems. To make it convex, we can use
the procedure suggested in [19]. That is, we introduce the
following change of variables:

ϕ = h/σ , ρ = σ
−1. (23)

We therefore define a new parameter to be estimated: θ =
[ϕT vec(β )T ε ρ]T and the modified auxiliary function for
MAP estimation is given by:

QMAP(θ , θ̂
(i)
) = QML(θ , θ̂

(i)
)+Qprior(θ , θ̂

(i)
), (24)

and the M-step is defined by

θ̂
(i+1)

= argmax
θ

QMAP(θ , θ̂
(i)
). (25)

For the reminder of the paper, we will consider that the
parameter vector is now given by θ .

E. Evaluation of Qprior(θ , θ̂
(i)
) and its derivative

Lemma 1: When p(θ |λ ) is a Gaussian distribution (θ |λ ∼
N (µθ (λ ),Σθ (λ ))), we have:

∂Qprior

∂θ
= E

λ |θ̂ (i) [−Σ
−1
θ
(λ )]θ +E

λ |θ̂ (i) [Σ
−1
θ
(λ )µθ (λ )].

(26)
Proof: To calculate ∂Qprior

∂θ
, we notice that

∂

∂θ
log p(θ ,λ ) = ∂

∂θ
log p(θ |λ ). Then, we have:

∂Qprior

∂θ
=
∫

∂

∂θ
log p(θ |λ )p(λ |θ̂ (i)

)dλ

=
∫
[−Σ

−1
θ
(λ )(θ −µθ (λ ))]p(λ |θ̂

(i)
)dλ (27)

=
∫
−Σ
−1
θ
(λ )p(λ |θ̂ (i)

)dλθ

+
∫

µθ (λ ))p(λ |θ̂ (i)
)dλ .

= E
λ |θ̂ (i) [−Σ

−1
θ
(λ )]θ +E

λ |θ̂ (i) [Σ
−1
θ
(λ )µθ (λ )].

(28)
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The expected values in (26) can be computed in different
ways. In particular, we consider the following aspects:
(i) Since p(θ |λ ) is assumed Gaussian, p(θ) satisfies the

following relations:

∂ p(θ)
∂θ

=
∫
[−Σ

−1
θ
(λ )(θ −µθ (λ ))]p(θ |λ )p(λ )dλ

(29)
On the other hand, using Bayes theorem, we have that

p(θ |λ )p(λ ) = p(λ |θ)p(θ)⇒ p(λ ) =
p(λ |θ)p(θ)

p(θ |λ )
Then, we can replace p(λ ) in (29) to obtain

∂ p(θ)
∂θ

=
∫
[−Σ

−1
θ
(λ )(θ −µθ (λ ))]p(θ |λ )×

p(λ |θ)p(θ)
p(θ |λ )

dλ

=
∫
[−Σ

−1
θ
(λ )(θ −µθ (λ ))]p(λ |θ)p(θ)dλ .

(30)

Finally, we have that

1
p(θ)

∂ p(θ)
∂θ

=
∫
[−Σ

−1
θ
(λ )(θ −µθ (λ ))]p(λ |θ)dλ

= Eλ |θ [−Σ
−1
θ
(λ )(θ −µθ (λ ))]. (31)

Note that the expression in (31) is equal to d log p(θ)
dθ

.
(ii) The function log p(θ) is known, which implies that

d log p(θ)
dθ

can be obtained directly. Therefore, evaluating

both (31) and d log p(θ)
dθ

on θ = θ̂
(i)

, we have:

d log p(θ)
dθ

∣∣∣∣
θ̂
(i)
= E

λ |θ̂ (i) [−Σ
−1
θ
(λ )]θ̂

(i)
+

E
λ |θ̂ (i) [Σ

−1
θ
(λ )µθ (λ ))]. (32)

(iii) We notice that the expected values in (32) are the
same required to compute the M-step. We also notice
that we obtain a system of linear equations in (32),
where the unknowns are given by the expected values.
This linear system may or may not have closed form
solution, depending on the number of unknowns and the
number of equations. Therefore, the solution of this lin-
ear system of equations can be obtained by computing
some expectations, analytically or numerically, enough
to yield a system with the same number of unknowns
and equations. This can be done, because p(λ |θ̂ (i)

) is a
known pdf. Then, the expected values can be computed
either in closed form (when possible) or using Monte
Carlo techniques (e.g. Metropolis-Hastings algorithm,
Gibbs sampler, etc., see e,g, [13]).

A particular case is when log p(θ) can be expressed as a
function of θ (or equivalently of the “individual” terms of
θ , θ j, j = 1,2, ...) as

log p(θ) =
p

∑
j=1

g
(

θ j

τ

)
, (33)

If we consider the relationship given by MAP estimation and
regularization, common regularization terms can be obtained

assuming Gaussian mixtures for the prior distribution. For
instance, in Ridge regression, the function g corresponds to
g(θ j/τ) = (θ j/τ)2, and for Lasso, g(θ j/τ) = |θ j/τ|. Notice
that in the regularization framework, τ represents the factor
that controls the strength of the regularization..

Remark 1: The resulting algorithm for the derivative of
the auxiliary function Qprior(θ , θ̂

(i)
) can be summarized as:

∂Qprior(θ , θ̂
(i)
)

∂θ j
=

1

θ
(i)
j

ġ(θ j)
∣∣
θ j=θ̂

(i)
j

θ j. (34)

5

Lemma 2: if the mixture is obtained with θ j|λ j ∼
N (0,τ2λ j), then

∂Qprior(θ , θ̂
(i)
)

∂θ
=− 1

τ2 Eθ , (35)

where E = diag
(
E

λ1|θ̂
(i)
1
{λ−1

1 }, ..., EλL|θ̂
(i)
L
{λ−1

L }
)

, and

E
λ j |θ̂

(i)
j
{λ−1

j }=−τ sign(θ̂ (i)
j )/θ̂

(i)
j .

Proof: Using (34) and that ġ(θ j)
∣∣
θ j=θ̂

(i)
j
= sign(θ̂ (i)

j )/τ

for a Laplace pdf, then we can obtain the expression in (35).

F. Evaluation of QML(θ , θ̂
(i)
) and its derivative

The E-step of the EM algorithm given in (14) can be
expressed as

QML(θ , θ̂
(i)
) = E{log[p(y,x)]|y, θ̂ (i)}

= E{log[p(y|x)]|y, θ̂ (i)}+E{log[p(x)]|y, θ̂ (i)}

= Ky−
1
2
E{(y−M(ε)h)T

Σ
−1
y ×

(y−M(ε)h)|y, θ̂ (i)}+E{log[p(x)]|y, θ̂ (i)} (36)

where M(ε) is a (matrix) function of the parameter ε ,
and Ky = −0.5NC log(2π)+NC log(ρ). Here, we have that
in E{log[p(x|β )]|y, θ̂ (i)}, p(x|β ) can in general be any
distribution. Hence, our algorithm is not restricted to any
particular p(x|β ).

When we take derivatives of QML(θ , θ̂
(i)
) with respect to

ϕ , ρ , and β we obtain:

∂QML

∂ϕ
=−[−ρE{M(ε)|y, θ̂ (i)}T y+ (37)

E{M(ε)T M(ε)|y, θ̂ (i)}ϕ],
∂QML

∂ρ
=

N
ρ
− [ρyT y−ϕ

T ,E{M(ε)|y, θ̂ (i)}T y (38)

∂QML

∂β
= E{ 1

p(x|β )
∂ p(x|β )

∂β
|y, θ̂ (i)}. (39)

If we assume that x|β ∼N (0,β I), and using the property
in (3), then the expectations on the right hand side of (37),
(38), and (39) can be readily calculated by applying Kalman
filtering to the model in (2).
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Remark 2: Since we are interested in promoting sparsity
in h (or equivalently in ϕ), it is possible to combine (37),
and (35), obtaining ϕ = ϕ(ε), that is,

ϕ = [E{M(ε)T M(ε)|y, θ̂ (i)}+ E
τ2 ]
−1×ρE{M(ε)|y, θ̂ (i)}T y.

(40)
That is, we only optimize with respect to a reduced number
of parameters (β , ε , and ρ). The solution to (37), (38),
and (39) can be obtained by using generalized EM (GEM)
algorithms, applying a similar procedure to the one used in
[8].

G. Combination of QML(θ , θ̂
(i)
) and Qprior(θ , θ̂

(i)
)

The solution to the MAP estimation problem (considering
the reparametrization) presented in this paper can be sum-
marized in the following steps:

EM algorithm promoting sparsity, with τ known:

(i) Start with γ̂
(i) = [ĥ(i)

,vec(β̂
(i)
), ε̂(i), σ̂ (i)], and form the

new parameter vector θ̂
(i)

= [ϕ̂(i),vec(β̂
(i)
), ε̂(i), ρ̂(i)]

where ϕ̂(i) = ĥ(i)
/σ̂ (i), and ρ̂(i) = 1/σ̂ (i),

(ii) with the values for θ̂ (i), equal (39) to zero and optimize
for β , obtaining β̂

(i+1)
,

(iii) with the values for ϕ̂(i), β̂ (i+1), ε̂(i) ρ̂(i) from (i) and
(ii), optimize for ε after replacing (40) in (22),

(iv) with the estimate ε̂(i+1) obtained from (iii), replace in
(40) and obtain a new estimate ϕ̂(i+1),

(v) with the new estimates ϕ̂(i+1), β̂ (i+1), ε̂(i+1) previously
obtained, find σ̂ (i+1) from making zero the right-hand
side of (39), and solving a quadratic equation,

(vi) set i→ i+1, and go back to (ii) until convergence.

H. Estimation of τ

So far, the proposed algorithm solves the MAP estimation
problem assuming τ known, or at least for a good estimate
of it. Its knowledge is important for accurate estimates of the
sparse parameter h, and having an a priori knowledge of this
parameter is not always possible. It is known that this value
controls the strength of the regularization, hence its value is
of importance to estimate other parameters of interest in the
system.

The reparametrization introduced in §IV-D also affects the
a priori distribution for h in (10), which can be now re-
written as:

p(h|σ) =

(
1

2τσ

)m

exp
{
−||h||1

τσ

}
. (41)

Lemma 3: Using (41), an estimate τ̂ is given by

τ̂
(i+1) =

E||h||1/σ |y,τ̂(i)
{
||h||1

σ

}
p

. (42)

Proof: We define an auxiliary function Q(τ,τ(i)) =

p log(τ−1/2σ)−τ−1E||h||1/σ |y,τ̂(i)
{
||h||1

σ

}
, take the derivative

with respect to τ−1, and then equal to zero.
In general, obtaining E||h||1/σ |y,τ̂(i)

{
||h||1

σ

}
is computational

expensive, requiring, in addition, many observations y. To

circumvent this problem, we propose the following approx-
imation:

τ̂ ≈ ||ĥML||1
p σ̂ML

, (43)

where we have considered perfect knowledge of the input
signals x and u, and ĥML and σ̂ML are the estimates using
ML, i.e. without the prior pdf for h. For the sake of com-
parison, we have carried out several simulations regarding
the estimation of τ . We have noticed that, in our problem
of interest, the estimator proposed in this paper outperforms
the estimator obtained using the Empirical Bayes approach.

The solution to the MAP estimation problem presented
in this paper (considering the reparametrization) can be
summarized in the following additional steps:

EM algorithm promoting sparsity, with τ unknown:

(i) find τ̂ by using no regularization term, and calculate τ̂

as in (43). Alternatively, empirical Bayes can be used.
However, a larger number of measurements are needed
to obtain a good estimate,

(ii) given that we now have an estimation for τ , we can
apply same procedure as described in §IV-G.

V. NUMERICAL EXAMPLE

In this section, we consider two numerical examples that
are inspired in communication systems. We consider the
model given in (2) and (3). The nature of communication sys-
tems leads to having a partial knowledge of the transmitted
signal. That is, only a reduced number of samples of the input
signal is known. In the class of systems presented in this
paper, this corresponds to u = 0 and having a few samples
from x. Following a set-up of communication systems, we
have the following conditions for the simulation:
• We consider a reduced number of measurements points,
i.e. N = 64,
• For simplicity, the distribution of the input signal x
(N (0,I)) is assumed known.
• We consider h = [h0 h1 . . . hp−1]

T ∈ Rp with p ∈ N. In
particular, we consider p= 40,

• f (ε) =

[
cos
(
diag

(
εk
N

))
0

0 sin
(
diag

(
εk
N

))], with

k = 0,1, . . . ,(N−1)/2,
• A(x,u) = H̃x, where H̃ is a circulant matrix composed by
h,
• η ∼ N (0,σ2IN) is additive white Gaussian noise
(AWGN). We consider 2 cases: (i) when σ2 is known, and
(ii) when σ2 is unknown.

A. Example 1: τ known

In our first example, we consider that τ is known. There-
fore, we focus on the estimation of γ = [hT , ε]T .

In Table I, our simulations compare both, the MAP esti-
mate (with a Laplace prior pdf) and the ML estimate. We
observe that we obtain better estimates of h when we include
the prior distribution. This is somehow expected, since we
are estimating the parameter h considering more information.
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TABLE I
MSE PERFORMANCE FOR MAP AND ML ESTIMATION. KNOWN NOISE

VARIANCE σ2
η .

Approach number of known Number of EM MSEsamples of x iterations

ML 64 50 2.92×10−4

40 200 2.8×10−3

MAP 64 50 3.16×10−4

40 200 2.9×10−3

TABLE II
MSE PERFORMANCE FOR MAP AND ML ESTIMATION. UNKNOWN

NOISE VARIANCE σ2 .

Approach number of known Number of EM MSEsamples of x iterations

ML 100% 200 2.94×10−4

62.5% 400 8.21×10−3

MAP 100% 200 3.27×10−4

62.5% 400 4.41×10−3

B. Example 2: τ unknown
In this section, we consider the same estimation problem

§ V-A, but considering now that τ needs to be estimated
using (43). For the estimation of τ , we obtain τ̂ ≈ 0.455. The
vector of parameters to be estimated is then γ = [hT , ε, σ ]T .
The application of the algorithm gives the results in Table
II. As we can observe, there is little difference in the MSE
compared to Table I.

VI. CONCLUSIONS

We have shown a general sparse parameter estimation
method, based on the utilization of mixtures for represent-
ing the a priori distribution of the sparse parameters. In
particular, we have used Gaussian variance-mean mixtures,
which can represent a wide range of distributions. This
representation was inserted in the generalized EM algorithm.
As a result, an auxiliary function QMAP was developed
for the a priori distribution. In terms of the a priori, this
generates an E-step that is quadratic with respect to the
parameters, and, hence, simple to optimize. A great emphasis
was put on sparse parameter estimation, which was promoted
via a Laplace distribution. We have given expressions to
estimate all the parameter involved for a particular class of
sparse systems. This class is important in, for example, the
estimation of communication channels. In particular, we have
concentrated the cost function and then numerically optimize
the M-step.

The numerical example illustrates the benefits of using the
proposed Bayesian approach over the ML approach. In fact,
we have seen that including the prior pdf yields a lower MSE
for the estimated sparse parameter, compared with the ML
estimate. In addition, we estimate the parameter defining the
prior distribution of the estimates (τ), showing no different
conclusions in terms of accuracy for the estimation of the
sparse parameter h.
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[12] E.G. Larsson and Y. Selén. Linear regression with a sparse parameter
vector. IEEE Trans. Signal Process., 55(2):451–460, 2007.

[13] J.S. Liu. Monte Carlo strategies in scientific computing. Springer,
New York, 2004.

[14] G.J. Mclachlan and T. Krishnan. The EM algorithm and Extensions.
John Wiley & Sons, Inc., 2nd edition, 2008.

[15] A. F. Molisch. Ultrawideband propagation channels – Theory, mea-
surement, and modeling. IEEE Trans. Veh. Technol., 54(5):1528–1545,
2005.
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