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Abstract— Real-time autonomous driving requires a precise
knowledge of the state and the ground parameters, espe-
cially in dangerous situations. In this paper, an accurate yet
computationally efficient nonlinear multi-body vehicle model
is developed, featuring a detailed Pacejka tire model, and
a Moving Horizon Estimation (MHE) scheme is formulated.
To meet the real-time requirements, an efficient algorithm
based on the Real Time Iteration (RTI) scheme for the Direct
Multiple Shooting method is exported through automatic C
code generation. The exported plain C-code is tailored to the
model dynamics, resulting in computation times in the range of
a few milliseconds. In addition to state estimates, MHE provides
friction coefficient estimates, allowing the controller to adapt
to varying road conditions. Simulation results from an obstacle
avoidance scenario on a low friction road are presented.

Keywords : Moving Horizon Estimation, code generation,
autonomous driving, road friction estimation

I. INTRODUCTION

Increasing computational power, improvements in the op-
timization algorithms and theoretical studies on the stability
properties have been the major contributors to the success
of optimization-based techniques for control and estimation.
Thanks to those advances, the application of Model Predic-
tive Control (MPC) to the control of autonomous vehicles
has recently become attractive, as it allows one to deal with
constrained nonlinear systems in a natural way, and to control
the vehicle even in dangerous situations [10], [9], [6].

The design of such feedback control schemes typically
assumes that all the current process states and parameters
are known. While most of the parameters can be identified
offline in many real applications, particularly for detailed
models, the full state cannot be measured and some param-
eters might need to be estimated online. Popular estimation
techniques are the Kalman filter with its many extensions,
Moving Horizon Estimation (MHE), and Particle Filtering
(PF). The Kalman filter is an exact maximum likelihood
(ML) estimator for unconstrained, linear systems under the
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assumption of normally distributed state and measurement
noise [15], [11]. In the nonlinear case, a variety of extensions
of the Kalman filter have been proposed. Popular variants are
the Extended Kalman Filter (EKF) [11], [1], which relies on
a linearization of the nonlinear model at the current state,
or the Unscented Kalman Filter (UKF) [14], which samples
the nonlinear response at carefully chosen points instead of
linearizing at a single point.

Unlike the previously mentioned methods, Particle Filter-
ing (PF) does not need any assumption on the probability
distribution of the noise, but instead approximates the dis-
tribution via Monte Carlo sampling. The major drawback of
this last approach is the so called “curse of dimensionality”,
which bounds the application of such methods to relatively
small state spaces. Unlike Kalman filters, PF is an ML
estimator for arbitrary noise density functions, as it relies
on Monte Carlo sampling to approximate it [22].

MHE considers the evolution of a possibly nonlinear
model on a fixed time horizon, and minimizes the deviation
of the model from the last N measurements subject to
equality and inequality constraints [21]. For unconstrained,
linear systems and Gaussian noise, MHE can be made
equivalent to the Kalman filter. Kalman filters and MHE are
ML estimators only for normal noise distribution, and loose
this property when the actual distribution is different. Model
nonlinearities generally lead to an asymmetric and potentially
multi-modal probability distribution. By observing that MHE
is a deterministic approach, it can be argued that MHE
does not need to rely on any specific error distribution. The
probabilistic insight is nevertheless still very valuable for the
tuning of the weighting marices. Moreover, as constraints can
be added to the optimization problem in a very natural way,
MHE can handle constrained processes. For a survey on the
mentioned estimation methods, excellent overviews can be
found in [22], [3].

Several estimation methods have been successfully ap-
plied to mechanical systems. The comparison of different
techniques or the assessment of which technique is the best
suited for vehicle state and parameter estimation is beyond
the scope of this paper.

As ground vehicles exhibit highly nonlinear dynamics, it is
proposed to estimate the vehicle state and the road friction
coefficient by means of nonlinear MHE. General purpose
implementations of optimization-based estimation techniques
for nonlinear systems typically require computation times too
long for real-time applications. To tackle this issue, an auto-
generated algorithm based on the real time iteration scheme
(RTI) [4] for direct multiple shooting [2] is proposed.
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This paper is organized as follows. The vehicle model is
detailed in Section II. Section III presents the proposed MHE
scheme. Simulation results are presented in Section IV and
Section V provides conclusions and proposes future work
perspectives.

Contributions of the paper: an MHE algorithm is for-
mulated based on an accurate vehicle model taking the
most important dynamic effects into account. The proposed
observer is tested in simulations considering an icy road.
The proposed scheme provides friction coefficient estimates
under observability assumptions.

II. SYSTEM MODEL

In [10] a 6 degrees of freedom (DoF) vehicle model was
used for the obstacle avoidance problem. This model is ex-
tended in the following to account for some of the unmodeled
dynamics, namely wheel dynamics and load transfer. The
model proposed here is also used in [9]. The time dependent
dynamic system is then transformed into a track progress
dependent one in a similar fashion as presented for the
obstacle avoidance problem in [10].

The vehicle chassis is modeled as a rigid body, described
by its global position in the X-Y plane, its global orientation,
and the corresponding velocities in a local x-y-z frame. The
four wheels are modeled as independent bodies with only
spinning inertia. Roll, pitch and heave (vertical displacement)
motions of the car are neglected and a rigid suspension
model has been assumed; the effect of these motions on the
vehicle load transfer is however included, see Section II-D.
A car with front steering and rear wheel drive is considered.
The control inputs are the steering rate δ̇, the accelerating
engine torque T a and four braking torques T b

fl , T b
fr, T

b
rl , T

b
rr.

Throughout this paper, subscripts fl, fr, rl, rr denote quantities
corresponding to the front left, front right, rear left and
rear right wheel, respectively. For clarity of notation let
F := {f, r}, S := {l, r} and F × S = {fl, fr, rl, rr}.

A. Chassis Dynamics

Quantities are described in an orthonormal reference frame
in the vehicle’s center of gravity (CoG) with the z-direction
pointing upwards. The chassis dynamic equations used in
this paper are

mv̇x = mvyψ̇ + F xfr + F xfl + F xrr + F xrl + FD, (1a)

mv̇y = −mvxψ̇ + F yfr + F yfl + F yrr + F yrl , (1b)

Izψ̈ = a(F yfl + F yfr )− b(F
y
rl + F yrr ) (1c)

+ c(F xfr − F xfl + F xrr − F xrl ), (1d)

Ẋ = vx cosψ − vy sinψ, (1e)

Ẏ = vx sinψ + vy cosψ, (1f)

where m denotes the mass and Iz the moment of inertia of
the car. The distances of the tires from the vehicle’s CoG
are characterized by a, b and c, cf. Figure 1. Note the CoG
is assumed to be located halfway between the left and right
side of the car. The vehicle’s yaw angle ψ is obtained by
direct integration of ψ̇ as is the steering angle δ from input

Fig. 1. Tire forces and slip angles of the 4-wheel vehicle model in
inertial coordinates. The tires’ directions of movement are indicated by green
vectors.

δ̇. The drag force due to air resistance is denoted by FD,
while F x·· and F y·· denote the components of the tire contact
forces along the vehicle’s local x and y axis. For the rear
wheels it holds

F xr? = F lr?, F yr? = F cr? ∀ ? ∈ S,

while the forces on the front wheels are computed as

F xf? = F lf? cos δ − F cf? sin δ ∀ ? ∈ S,
F yf? = F lf? sin δ − F cf? cos δ ∀ ? ∈ S.

The forces F l·· and F c·· denote lateral and cornering forces,
respectively, for each tire. These forces are computed from
a Pacejka-type tire model, see Section II-B.

B. The Pacejka-type Tire Force Model

Pacejka’s so-called Magic Formula (cf. [19]) is a semi-
empirical tire model to calculate steady-state tire force and
moment characteristics. It includes a combined slip model
which couples the vertical load F z·· to the longitudinal force
F l·· and the cornering force F c··. In this paper the self-aligning
moment Mz

·· is neglected, as its impact on the dynamics
is only significant at slow speeds [19]. Longitudinal and
cornering forces are given by

F l�? = f lP(α�?, κ�?, µ, F
z
�?) ∀ � ? ∈ F × S,

F c�? = f cP (α�?, κ�?, µ, F
z
�?) ∀ � ? ∈ F × S,

where f lP(·) and f cP (·) denote longitudinal and cornering
components of Pacejka’s tire model.

For each tire �? ∈ F ×S the main parameters and inputs
to the model are the side slip angles α�?, defined as the angle
between the wheel’s orientation and the actual direction of
movement (cf. Figure 1), the slip ratio κ�? = ω�?Re−v�?

v�?
representing the longitudinal slip while accelerating and
braking, and the normal load F z�?. Here, v�? denotes the
wheel speed with respect to the ground, and ω�? denotes
the rotational speed of the weel, while Re is taken to be
the tire radius. The friction coefficient µ models the road
friction in the tire model. More details on the computation
of slip angles and Pacejka forces can be found in [17], [19],
[16]; the precise model implementation used for this paper,
including all parameters, can be found in [12].
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C. Wheel Dynamics

The wheels’ rotational velocities ω·· are computed from
a first order model in the accelerating torques T a

·· and the
braking torques T b

··, taking the wheel moment of inertia Iw

into account. Note that the consideration of wheel dynamics
enhances the predictive quality of the model but also ren-
ders the underlying ODE system stiff, making its solution
computationally significantly more challenging. The dynamic
equations are given by

ω̇�? =
1

Iw (T a
�? + T b

�? −ReF
l
�?), ∀ � ? ∈ F × S (2)

where Re is taken to be the tire radius and individual wheel
braking is considered. A differential model is included for the
total acceleration torque T a (w.l.o.g. assuming a rear-wheel
driven car), yielding

T a
f? = 0 ∀ ? ∈ S,

T a
r? = T a

(
1− ωr?

ωrl + ωrr

)
∀ ? ∈ S.

D. Vertical Forces

The vertical loads F z·· acting on each wheel are obtained
from the equilibrium of the main body w.r.t. the vertical
forces, and roll and pitch torques. For a height h between
the vehicle’s CoG and its projection onto the wheelbase
longitudinal and lateral load transfer, ∆̃z

lon and ∆̃z
lat, are given

by

2 ∆̃z
lon = (F xfl + F xfr + F xrl + F xrr )

h

a+ b
,

2 ∆̃z
lat = (F yfl + F yfr + F yrl + F yrr )

h

2 c
.

Note that this formulation of the load transfer implies an
algebraic loop through the tire model, which can be relaxed
by introducing a first order model with time constant τLT,
yielding

∆̇z
• =

1

τLT
(∆̃z
• −∆z

•) ∀ • ∈ {lon, lat}, (3)

where ∆z
• is added to the model as a state.

Denoting the rest normal loads by F̄ z·· , the vertical forces
F z·· are given by

F zfl = F̄ zfl −∆z
lon −∆z

lat,

F zfr = F̄ zfr −∆z
lon + ∆z

lat,

F zrl = F̄ zrl + ∆z
lon −∆z

lat,

F zrr = F̄ zrr + ∆z
lon + ∆z

lat.

Future work will aim at including the suspension in the
model, to improve the predictive qualities of the model. Note
that, in the presence of a suspension, no algebraic loop is
present.

Fig. 2. The curvilinear coordinate system. The dynamics are derived about
a curve defining the center-line of a track. The coordinate s defines the arc-
length along the track. The relative spatial coordinates ey and eψ are shown.

E. Spatial Reformulation of Dynamics

A model transformation from time-dependent vehicle dy-
namics to track-dependent (spatial) dynamics is proposed, in
a similar manner as presented in [9]. This allows a natural
formulation of obstacles and general road bounds under
varying vehicle speed.

The X-Y coordinates are projected on a curve σ, taken
e.g. as the center-line of a road. The ODE model is then
stated w.r.t. the independent variable s, the parametrization
of σ by its arc-length. The states X,Y, ψ are replaced by
ey :=

∥∥∥[X,Y ]
T − [Xσ, Yσ]

T
∥∥∥

2
and eψ := ψ − ψσ , where

[Xσ, Yσ]T and ψσ denote the position and orientation of
the current reference point on the path given by s. Figure
2 details the states in the new curvilinear coordinate system.
The full system of states ξ and control inputs ν for this
vehicle model are listed in Table I.

The spatial dynamics of the state vector ξ in relation to
the time dependent dynamics are

ξ′ :=
dξ

ds
=
dξ

dt

dt

ds
.

If ṡ 6= 0 is assumed at any time, by the inverse function
theorem dt

ds = 1
ṡ holds. The coordinate transformation is

therefore written as a division of the state vector ξ by ṡ. The
spatial dynamics thus read

ξ′ =
1

ṡ
ξ̇,

where ξ̇ is defined in Equations (1), (2), and (3). In the
following of the paper, the right-hand side function of the
system dynamics will be denoted as f(ξ, ν, µ), where ξ and
ν denote the state and control vector respectively.

If necessary, time information may be recovered by inte-
grating dt

ds along σ:

t(s) =

∫ s

s0

1

ṡ(τ)
dτ .
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State ξ Unit Description

vx m
s

Longitudinal velocity of vehicle

vy m
s

Lateral velocity of vehicle

ψ̇ rad
s

Vehicle’s yaw rate

eψ rad Yaw angle relative to path

ey m Deviation from center-line

δ rad Steering angle

ω··
rad
s

Rotational wheel speeds

∆z
· N Vertical load transfer

Control ν Unit Description

δ̇ rad Front steering rate

Ta Nm Engine torque

Tb·· Nm Brake torques

TABLE I
STATES AND CONTROL INPUTS OF THE SPATIAL VEHICLE MODEL.

Inertial coordinates may be recovered by a transformation
from the spatial coordinates to the global coordinates:

X = Xσ − ey sin(ψσ)

Y = Yσ + ey cos(ψσ)

ψ = ψσ + eψ .

F. Available Measurements

In this paper it is assumed that the vehicle is equipped
with a) a GPS providing position measurements, b) an
inertial measurement unit (IMU) providing accelerations and
rotational velocity, c) encoders providing the rotational speed
of the wheels and the steering angle and d) force sensors on
the suspensions providing vertical force measurements. All
measurements are summarized in Table II. In the following
all measurements are lumped together in the function y(ξ, µ).

G. Estimation problem

The observer is formulated as a MHE scheme using a
least squares (LSQ) function penalizing the deviation of the
process outputs from the measurements. The MHE is based
on repeatedly (k = 0, 1, . . .) solving the following dynamic
optimization problem:

min
ξ(·),ν(·),µ

∫ sk

sk−SE

(
‖y(ξ(τ), µ)− ȳ(τ)‖2Σy +

‖ν(τ)− ν̄(τ)‖2Σν
)
dτ,

s.t. ξ′ = f (ξ, ν, µ) , (4)

where sk is the current pseudo-time, SE the MHE estimation
horizon. Here ‖ · ‖{Σy,Σν} denotes the Euclidian norm with
diagonal positive-definite matrices Σy and Σν . Note that
the controls are also included in the dynamic optimization
problem, to account for the fact that the controls applied to
the system may differ from the controls computed by the
controller ν̄ due to actuator noise and inaccuracy.

Sensor Measurements Standard deviation

IMU Linear acceleration 0.1 m/s2

IMU Angular velocity 0.1 rad/s
GPS Position 0.1 m
Force sensor Vertical forces 5 · 103 N
Encoder Wheel rotational velocity 10−3 rad/s
Encoder Steering angle 10−2 rad

TABLE II
AVAILABLE MEASUREMENTS

III. NUMERICAL SOLUTION METHOD

The dynamic optimization problem (4) can be generalized
to the following form:

min
ξ(·),ν(·),p

‖ξ(sk − SE)− ξ̄(sk − SE)‖2Σξ +∫ sk

sk−SE

‖y(ξ(τ), ν(τ), p)− ȳ(τ)‖2Σydτ,

s.t. ξ′(s) = f (ξ(s), ν(s), p) , ∀s ∈ [sk − SE, SE],

h (ξ(s), ν(s), p) ≤ 0, ∀s ∈ [sk − SE, SE]. (5)

As in the previous formulation, the nonlinear right-hand
side of the model equations is defined as f (ξ(s), ν(s), p),
where ξ are the states, ν the control inputs and p the
model parameters to be estimated online. The output function
y(ξ(τ), ν(τ), p) is denoted here in a general form, depending
on the state, control inputs and parameters. The arrival cost
penalizes the deviation of the initial state ξ(sk−SE) from its
estimate ξ̄(sk − SE) with weighting matrix Σξ. Constraints
are summarized in the generic form h (ξ(s), ν(s), p).

A. Direct Multiple Shooting Method

To solve problem (4), it is proposed to use the direct
multiple shooting method, a “first discretize, then optimize”
approach, first introduced by Bock and Plitt [2]. The space
of feasible controls is reduced to a finite dimensional one,
defined on a time grid T = {tk ∈ R, k = 1, . . . , N | tk <
tj , ∀k < j}, and the system dynamics are integrated on each
time interval [tk, tk+1] independently. The path constraints
are also relaxed and only evaluated on the time grid T .

The discretized problem is a least-squares nonlinear pro-
gramming problem (NLP) and can be efficiently solved using
a sequential quadratic programming (SQP) approach with
Gauss-Newton approximation of the Hessian matrix. In order
to reduce the size of each quadratic programming problem
(QP), a condensing technique is used (cf. [18] for more
details).

B. Real Time Iteration Scheme with Shifting

The computational effort to solve problem (4) exactly
can be too demanding for real-time feedback control pur-
poses, especially for mechanical systems with fast-evolving
dynamics, as they require faster feedback. The real time
iteration (RTI) scheme overcomes this issue by computing
only a single Newton-type iteration. Feedback is obtained
already during the optimization process and optimality is
achieved while the process is alredy being controlled. The
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Fig. 3. Vehicle trajectory for a straight reference (thin line) and obstacles
(thick line). The MHE estimates are shown in circles. The estimated friction
coefficient is displayed in the bottom figure (thick line), together with the
actual friction coefficient (thin line).

RTI scheme also reduces the latency between the instant
when the measurements are available and the instant when
feedback is available by preparing the computations as much
as possible even before the measurements are available. See
[5], [4] for a detailed description of the RTI scheme.

Stability proofs for the RTI scheme assume a good initial
guess. Starting from the solution of the previous problem,
the state and control vectors are first shifted back in time
by eliminating the oldest element, then a new element is
introduced as guess for the most recent state and control.
The guess for the new controls is selected as the inputs sent
to the system, while the new state is taken to be the one
obtained by applying those inputs and integrating the system.
Note that, in the proposed framework, the initial guess for
the state is readily available from the controller prediction.
In the ideal case, without measurement noise and without
model mismatch, the proposed initial guess would directly
be the solution to problem (4). In the perturbed case, the
guess built on the controller prediction may not be optimal
due to noise and model mismatch, but it is always feasible.

C. Code Generation

Once the problem is defined, all dimensions are fixed, dy-
namic memory allocation can be avoided, and the problem-
specific structure can be exploited. Based on a symbolic
representation of the dynamic optimization problem, tai-
lored code can be automatically generated, which limits the
computations to the essential ones. Automatically generated
nonlinear MPC and MHE algorithms have been found to
significantly outperform their counterparts implemented in a
generic way on several examples [7].

The open-source ACADO Code Generaion tool [8] has
been used to export the algorithm into plain C code. The
core components of the generated code are: a) a simplified
representation of the model right-hand side and its first order
derivatives with respect to states and controls, b) a tailored
constant stepsize integration method, c) a multiple-shooting
discretization scheme, featuring a condensing algorithm and

0 20 40 60 80 100 120 140 160 180 200
−2

0

2

X [m]

∆
z ·
[N
]

0 20 40 60 80 100 120 140 160 180 200
−5

0

5
x 10

−3
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ω
··
[r
a
d
/
s]

0 20 40 60 80 100 120 140 160 180 200
−1

0

1

2
x 10

−4

X [m]

δ
[r
a
d
]

Fig. 4. Estimation error for the load transfer ∆z· , the rotational velocities
ω·· and the steering angle δ.

d) a Gauss-Newton method based on the RTI scheme.

D. MHE Tuning

A piecewise-constant parametrization of the process con-
trol input ν with N = 10 elements of uniform duration
Sc = SE/N is used. The chosen MHE estimation horizon
was set to SE = 10 m.

The system dynamics f are discretized over the shooting
intervals via the implicit Runge-Kutta integration method of
order 2 proposed in [20]. The MHE sampling time Ss = sk−
sk−1 was chosen equal to the length of the shooting intervals,
i.e. Ss = Sc. Matrix Σy was chosen diagonal. All elements of
Σy match the square of the inverse of the standard deviation
σi of the noise they correspond to, i.e. {Σy}i,i = (σi)

−2.
The standard deviation of the noise is given in Table II.

IV. SIMULATION RESULTS

The proposed MHE scheme has been tested in combina-
tion with the NMPC scheme proposed in [9]. All simulations
have been run using the code generation tool of ACADO [8],
[13], featuring all the aforementioned techniques for the ef-
ficient real-time solution of dynamic optimization problems.
The generated C code has been compiled in a MEX function
and all simulations have been run in Matlab.

In the considered scenario, no information is available
about the friction coefficient µ. The reference is a straight
trajectory, the vehicle is travelling at 10 m/s and has to avoid
obstacles which become visible only 20 m in advance [9].
In the proposed scenario, the correct friction coefficient is
not known a priori, thus the guess µ = 0.5 is chosen as first
initialization. After 80 m, the friction coefficient jumps from
the initial value µ = 0.3 to µ = 0.5.

The process measurement noise is summarized in Table II.
The trajectory resulting from the control scheme and the
estimates on the position are displayed in the top part of
Fig. 3. Even in the presence of measurement noise and
without prior knowledge of the friction coefficient, the ve-
hicle is able to avoid the obstacles. The friction coefficient
estimate is displayed in the bottom part of Fig. 3. It can be
noticed that the estimate is good when the vehicle is steering,
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Fig. 5. Estimation error for the distance from the reference ey and eψ ,
and the longitudinal and lateral velocities vx and vy .

while it becomes less accurate on straight trajectories. This
is due to the sensitivity of the estimate to the encoder noise
and to the loss of observability of the friction coefficient.
The simulation results suggest that the friction coefficient
is observable only when certain conditions are met. In
particular, when no torques are applied to the wheels and
the vehicle is not steering, no slip occurs and observability
of the friction coefficient is lost. Ongoing research is aimed
at finding ways to cope with this observability loss.

The state estimation error is displayed in Fig. 4 and 5.
It can be seen that the distance from the reference ey is
sensitive to the measurement noise, while the error for all
other state estimates is small.

Simulations have been run on a standard PC, powered by
an Intel i7 mobile CPU at 2.8GHz and 8GB RAM. Computa-
tional times are displayed in Fig. 6 and are consistently less
than 50 ms, thus allowing for a real-time implementation.
For each iteration, feedback times take about 10% of the
total computational time.

V. CONCLUSION & FURTHER DEVELOPMENTS

This paper proposes an estimation algorithm based on a
detailed vehicle model which includes wheel dynamics, a
Pacejka tire model and load transfer.

Even when dealing with the complexity of a highly non-
linear model, the proposed scheme achieves computational
times in the range of milliseconds, with feedback latencies
below 10 ms, while successfully estimating the system state
and parameters.

The friction coefficient estimation is an involved problem
and a more rigorous observability analysis is subject of
ongoing research.

The addition of a suspension model to the system dynam-
ics is envisaged to increase the descriptiveness of the model
and a parallel implementation of the algorithms to further
speedup the computations is being investigated.
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