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Abstract— In this paper, a systematic procedure for designing
robust attitude controllers for unmanned helicopters, based on
mixed H2/H∞ methodologies, is presented. Firstly, a family of
linearized models describing the near-hover flight dynamics
is derived which can be compactly formulated as a nominal
plant perturbed by norm bound uncertainties on the system,
control and wind matrices. It is then shown that a single robust
controller can be designed guaranteeing stability, robustness
and gust disturbance rejection for the whole near-hover flight
envelope. Performance analysis and simulation results show that
the proposed attitude control strategy can also satisfy the han-
dling qualities defined in ADS-33E specification requirements.
Finally, the attitude controller is used as a module in a total
control scheme offering position tracking capabilities which
is implemented in a real embedded system. The efficacy of
the total control structure is proved by Hardware-In-the-Loop
simulations on an accurate nonlinear helicopter model.

I. INTRODUCTION

The research community has shown a growing interest
in Unmanned Air Helicopters (UAH), due to their ap-
plicability in dynamic and unknown environments. Major
applications of UAHs are search and rescue, surveillance and
remote inspection [1]. The capabilities of hovering, vertical
takeoff/landing (VTOL), autorotationing, taking off(landing)
from(to) every desired area and their high maneuverability
(pirouette and slalom) make helicopters an attractive choice.

However, those advantages come at the expense of a rather
complicated autopilot. The combination of (i) multivariable
nonlinear dynamics, (ii) couplings between all states, (iii)
rotor dynamics and aerodynamics that can not be directly
measured or easily estimated (iv) the presence of wind
disturbances and (v) uncertainties in aerodynamic coeffi-
cients, complicate the control design procedure. Moreover
helicopters are underactuated systems since the available
control input signals are fewer than the degrees of freedom
to be controlled. This makes common inverse-dynamics
approaches or feedback linearization techniques inapplicable.
Thus UAHs constitute an interesting and difficult testbed for
the design of sophisticated control algorithms.

Several approaches have been proposed using either non-
linear techniques, usually based on low order/simplified
nonlinear helicopter models [2][3][4], or linear techniques
due to the easiness of implementation on common embedded
systems [5][6].

Nevertheless, various H∞ approaches for the design of
UAH controllers have been reported and implemented. See
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for example [7] and the references therein. The authors in
[1] proposed the design of two robust dynamic controllers
to track a predefined trajectory and handle exogenous distur-
bances (wind) that occur through flight. Similarly the authors
in [8] proposed the design of two controllers combining H∞

loop shaping and static output feedback techniques that can
produce reduced order controllers. In all these approaches,
the system is decomposed in order to design separate con-
trollers for attitude stabilization and position trajectory track-
ing. Along the same lines, in [9], state feedback techniques
and H∞ are combined.

The aerospace industry on the other hand has adopted
handling qualities specification standards (ADS-33E) which
can be used as performance design guidelines [10]. In ADS-
33E, a number of command response-types are defined.
We focus on Attitude Command Attitude Holding (ACAH)
which is properly quantified so that it can be used as an
experimental “a posteriori” performance evaluator.

Our aim in this work is to design and implement a
single robust attitude stabilizing controller for a variety of
near hover flight modes, based on mixed H2/H∞ concepts
[11],[12],[13],[14]. Apart from stability, various performance
specifications such as reference tracking, rejection of wind
gust disturbances, actuators constraints and robustness to
modeling uncertainties can be handled by a single controller
designed via the proposed approach.

The first step is to linearize the nonlinear model around
several trim points for a certain range of velocities near
hover. Using interval arithmetics [15], this set of linearized
plants can be formulated as a nominal linear plant with norm
bounded uncertainties (NBU) that is used for the control
design [9]. The next step is to formulate all three design
(performance) objectives as H2 or H∞ optimization problems
expressed as a set of Linear Matrix Inequalities (LMI). If this
set of LMIs is feasible, a dynamic output feedback controller
(DynOF) is derived and tested against a set of ADS-33E
requirements.

Finally, a reduced order controller with tracking capabili-
ties is designed based on a combination of loop shaping and
static output feedback control methods [8]. This total position
tracker is discretized, implemented in a modern embedded
system and tested over a hardware-in-the-loop (HIL) testbed
which uses the accurate fully nonlinear dynamics of a small-
sized helicopter.

The paper is organized as follows: Section II presents the
nonlinear helicopter model used for linearization and simu-
lation along with the necessary steps leading to a nominal
linear system perturbed by norm bound uncertainties. The
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systematic methodology of designing the proposed attitude
controller is illustrated in Section III. Performance analysis is
shown in Section IV. In Section V the total position tracking
controller is presented along with the HIL implementation.
Conclusion remarks and future plans are given in Section VI.

The notation diag [X1, . . . ,Xn] signifies a diagonal matrix
with matrices X1, . . . ,Xn on the diagonal, while In is the n×n
identity matrix.

II. SYSTEM MODELLING
A. Nonlinear Model

The well studied 6-DOF nonlinear model of a miniature
helicopter given in [1] is enhanced with servo dynamics,
swashplate kinematics and additional flapping derivatives
due to translational velocities based on [2] to provide a
complete model for this research. The benefit coming from
this added complexity is the improved understanding of the
helicopter response, gained via extensive simulations. This
is an important first step before the actual experimental
implementation.

The UAH is modeled as a 6-DOF rigid-body using
Newton-Euler equations:

V̇b =−ωb×Vb +Fb/m

ω̇b = J−1 (Mb−ωb× Jωb)
(1)

where, Vb = [ ub vb wb ]T are the translational velocities
in body frame (Fig.1), ωb = [ p q r ]T are the rotational
velocities, m is the helicopter mass, J is a diagonal matrix of
moments of inertia in each axis, while Fb and Mb represent
the total vectors of forces and moments acting on body
frame, respectively. The differential kinematics equations
are:

Ṗe = R(Φ)Ṗn = R(Φ)Vb

Φ̇ = S−1(Φ)ωb
(2)

where Pe = [ xe ye ze ]T is the vector of helicopter position in
the inertial frame, Ṗn = [ ẋn ẏn żn ]T =Vb , Φ = [ φ θ ψ ]T

are euler angles and R(Φ) and S(Φ) are the rotational and
lumped transformation matrices, respectively[6]. Note that
for the computation of forces (Fb) and moments (Mb) the
wind effects are taken into account [1].
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Fig. 1. Helicopter states

To complete the model we need to introduce the longitu-
dinal and lateral flapping angles as,bs, the intermediate state

r f b of the embedded yaw controller, the intermediate states
of main and tail servo dynamics s∗0,s

∗
1,s
∗
2,s
∗
tail , the angles of

the three servos s0,s1,s2, the yaw rate command sr and the
main rotor speed command sΩ. The range of the two last
signals is normalized to (-1,1) and (0,1) respectively.

Combining (1),(2) the full nonlinear Helicopter model,
writes as:
ẋ f = f f (x f ,u f )

x f =
[

xe ye ze ub vb wb p q r φ θ ψ as bs r f b s∗0 s∗1 s∗2 s∗tail
]T

u f = [ s0 s1 s2 sr sΩ ]T

(3)

B. Linear modeling via interval arithmetics

The linearization of system (3) pre-assumes some realistic
simplifying assumptions, common in the relevant literature,
which are: (i) the servo dynamics is neglected, (ii) the main
rotor speed is constant through the flight and (iii) thera are
exists a linear relationship between main servos and collec-
tive (δcol), longitudinal (δlon) and lateral (δlat ) pitch angles
of the main rotor (δ = [ δcol δlon δlat ]

T = Kδ
s [ s0 s1 s2 ]T ).

Therefore, the modified helicopter dynamics now becomes:

ẋ = f (x,u)

x =
[

xn yn zn ub vb wb p q r φ θ ψ as bs r f b
]T

u = [ δcol δlon δlat sr ]T
(4)

Noticing that in (4) the state vector x includes Pn rather
than Pe, can proceed with linearization around a desired
equilibrium. Thus, using the helicopter parameters appearing
in [1] we formulate an extensive set of 462 different ”pairs”
of equilibrium states xeq and equilibrium inputs ueq each of
which satisfies:

ẋ = 0
⋂ ∣∣∣∣√u2

b + v2
b +w2

b

∣∣∣∣≤V nh
air

where the maximum near hover airspeed velocity (V nh
air ) for

this helicopter is equal to 2.38m/s.
For all these trim points, using the analytic expressions

of stability (system) derivatives, control derivatives and the
elements of wind matrix, a family of linearized plants can be
computed and represented in the form of an interval system
[15]:

ẋ = Ax+Bu+EVw
y =Cx (5)

where Vw = [ uw vw ww ] is the wind velocity vector acting
on body frame and the interval matrices A,B,E, satisfying
the following elementwise inequalities (See [15] for defini-
tions and notations):

A =
[
A−, Ā

]
=
{

A;A− 6 A 6 Ā
}

B =
[
B−, B̄

]
=
{

B;B− 6 B 6 B̄
}

E =
[
E− , Ē

]
=
{

E;E− 6 E 6 Ē
} (6)

Let us define the nominal (0) system, control and wind
matrices and their skew counterparts (sk) as:
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A0 =
1
2 (Ā+A−), Ask =

1
2 (Ā−A−)

B0 =
1
2 (B̄+B−), Bsk =

1
2 (B̄−B−)

E0 =
1
2 (Ē +E−), Esk =

1
2 (Ē−E−)

Using standard interval arithmetics [15] [9],one can
represent the interval system (5) as an norm bound uncertain
(NBU) system in the form :

ẋ = (A0 +MA∆ANA)x+(B0 +MB∆BNB)u+
+(E0 +ME∆ENE)Vw
y =Cx

(7)

where the pairs (MA,NA), (MB,NB) and (ME ,NE ) are derived
from the skew matrices Ask, Bsk and Esk respectively, and
∆A, ∆B, ∆E are diagonal uncertain matrices of appropriate
dimensions whose elements satisfy |δii| ≤ 1.

The resulting uncertain plant, reflecting the whole family
of linearized plants for the selected range of different veloc-
ities, has the same state and input vector as the nonlinear
model (4), while the standard output/measurement vector of
the helicopter is:

y = [ xn yn zn ub vb wb p q r φ θ ψ ]T

III. ATTITUDE CONTROL DESIGN

An essential step in the control design is the decomposition
of the system into rotational (Inner) and translational (Outer)
subsystems. This approach (typical in the UAV Helicopter
literature [6], [1], [9]) helps to overcome the underactuation
of the system and enables the setup of different performance
specifications for each subsystem. This decomposition sug-
gests an appropriate control structure as shown in Fig.2.
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Fig. 2. Block Diagram of Composite Control Structure

A. Inner Subsystem
The decomposition of full order uncertain plant (7) into

its inner and outer subsystems yields :[
ẋin
ẋout

]
=

[
Ain +Min

A ∆in
A Nin

A Dout
Din Aout +Mout

A ∆out
A Nout

A

][
xin
xout

]
...+

[
Bin +Min

B ∆in
B Nin

B Fout
Fin Bout +Mout

B ∆out
B Nout

B

][
uin
uout

]
...+

[
Ein +Min

E ∆in
E Nin

E
Eout +Mout

E ∆out
E Nout

E

][
Vw

]
(8)

where, xin =
[

p q r φ θ ψ as bs r f b
]T is the state vector

of inner dynamics, xout = [ xn yn zn ub vb wb ]T is the state
vector of outer dynamics and uin = [ δlon δlat sr ]T , uout =
δcol are the corresponding input vectors.

Assuming that in (8) xout and uout act as constant unknown
disturbances to be handled, the control design will be based
on the following simplified inner attitude subsystem:

ẋin = (Ain +Min
A ∆in

A Nin
A )xin +(Bin +Min

B ∆in
B Nin

B )uin+
+(Ein +Min

E ∆in
E Nin

E )Vw
yi

c =Cc
inxin, yi

m =Cm
inxin

(9)

where yi
c = [ φ θ ψ ]T is the output to be controlled and

yi
m = [ p q r ]T is a vector of additional output measurements

and Cc
in,C

m
in are appropriate output matrices.

B. Mixed H2/H∞ Control Design

The mixed H2/H∞ approach provides a unifying frame-
work for the design of a single dynamic output feedback
controller which can simultaneously satisfy the design ob-
jectives of internal stability, reference tracking, disturbance
rejection and uncertainty handling [12], [13].

All design objectives can be expressed as optimization
problems on appropriately defined transfer functions in the
generalized plant shown in Fig.3 . The input signals to the
generalized plant are the reference trajectory r(t), the wind
velocities Vw(t) and the perturbation signal w∆ while z, z∆

represent signals to be regulated. The W1, W2, W3 weighting
filters incorporate the designer’s frequency domain demands
on the closed-loop system. More specifically:

• W1(s) shapes the output sensitivity function and hence
sets bounds on the tracking error e = r − yc while
maintaining the effects of the exogenous disturbances
below a certain bound. The signal r consists the three
attitude commands φr,θr and ψr.

• W2(s) shapes the control signals so that they conform
with actuators’ constraints.

• W3(s) guards the system against unmodeled high-
frequency dynamics and maximizes the robustness of
the controller with respect to multiplicative model un-
certainties.

The reference tracking objective will be expressed as
a minimization of the H2 norm of the transfer function
Tzr. The wind disturbance rejection will be expressed as
a minimization of the H∞ norm of the transfer function
TzVw , while the uncertainty handling (robustness) requirement
can be expressed as a constraint on the H∞ norm of the
transfer function Tz∆w∆

. Putting all these objectives together
the design of mixed H2/H∞ procedure can be formulated as:
among all internally stabilizing controllers K(s) choose the
one that:

minimizes (γ2 + γ∞)
subject to:
‖Tzr‖2 ≤ γ2, ‖TzVw‖∞

≤ γ∞,
∥∥Tz∆w∆

∥∥
∞
≤ 1

(10)
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Fig. 3. Block Diagram of Closed-Loop Generalized Plant

The above multi-objective optimization can be cast into
LMI formulation given in [16].

The NBU of the inner-subsystem (9) has to be transformed
into an upper-LFT uncertainty block as shown in Fig.3. The
inner subsystem now writes as:

ẋin = Ainxin +Binuin +EinVw +Mw∆

yi
c =Cc

inxin, yi
m =Cm

inxin
z∆ = Nxxin +Nuuin +NwVw
w∆ = ∆z∆

(11)

where

M = diag(Min
A ,Min

B ,Min
E ), Nx = diag(Nin

A ,O,O)
Nu = diag(O,Nin

B ,O), Nw = diag(O,O,Nin
E )

and ∆ = diag(∆in
A ,∆

in
B ,∆

in
E ) where O zero matrices of appro-

priate dimensions.

C. Performance Specifications

The next crucial step in the attitude controller design is
the selection of appropriate weighting functions that reflect
the specifications below:
• The closed loop system can track step commands.
• The closed loop system must be robustly stable over the

entire near hover flight envelope.
• The closed loop response has rise time less than 1sec,

settling time less than 1.5sec , overshoot less than 5%
and 0.1% steady-state error.

• The controller rejects 99% of exogenous disturbances.
• The control signal must respect the constrains of servo

dynamics in order to avoid saturation.
• Comply with Level 1 requirements for ACAH mode.
As shown in Fig.3 the additional output measurements yi

m
are exploited by feeding them directly into the controller.
The only demand made on these signals is that they are kept
bounded. After few trials, the filter W1(s) is chosen as:

W1 = diag
[ 37s+0.137

s+0.001 , 72s+1.112
6s+0.001 , 30s+0.12

1.5s+0.001 ,0.01,0.01,0.01
]

In order to protect the servo actuators from saturation,
the following selection is made: W2 = diag [1, 1, 1 ], while
W3 = diag [0.1, 0.1, 0.1].

It was also found practically necessary to constrain the
closed-loop system poles in a prespecified region of the left
hand complex plane. This pole region, which can also be

expressed as an LMI, was selected as a disk centered at
(−15+ j0) with radius R = 15 [12].

Finally, the minimization problem (10) is solved using
LMI Toolbox. The set of LMIs was found feasible and a
DynOF controller K f (s) of order 12 was computed, achieving
γ∞ = 1.012.

IV. PERFORMANCE ANALYSIS

Several simulations are carried out to derive the attitude
responses due to tracking commands and wind disturbances
for verifying the performance of the proposed full order con-
troller K f (s). The robust performance of the single controller
was demonstrated by applying it on nominal plant and the
two extreme perturbed plants derived by setting ∆ =+I and
∆ =−I. In all simulation results a stochastic wind signal of
maximum aptitude 4m/s was employed [8].

In figure 4, the responses of the three closed-loop systems
to separate step commands of 0.2 rad (10.45 deg) in φr,θr,ψr,
respectively are shown. The blue color lines represent the
responses of the nominal plant, while the green (+∆) and red
(−∆) lines represent the responses of the plants perturbed
by ∆ = +I and ∆ = −I, respectively. For each figure the
controlled output signal is drawn in solid line,while its rate
is drawn in dashed line (- -). The rest output signals are
drawn in dashed dot lines (-.).
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Fig. 4. Closed-loop response to φd command and wind disturbances

The controller achieves the specified settling and rise time,
with near zero overshoots in all axis in the whole flight
envelope. As it is expected the wind affects mostly the
yaw channel but it is remaining within the desired bounds.
Although not explicitly specified, our controller demonstrates
a remarkable decoupling effect in the attitude dynamics. A
summary of results is given in Table I.

Using the concept symmetric MIMO gain (GM), it is
revealed that using the proposed single controller, the closed-
loop systems can tolerate 25% gain variations at inputs
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TABLE I
STEP RESPONSE CHARACTERISTICS

Nominal Perturbed Perturbed
Axis Plant Plant (+∆) Plant (−∆)

Roll
Overshoot 0.06% 0.06% 0.06%
Settling/Rise 1.37s/ 0.75s 1.37s/ 0.75s 1.37s/ 0.75s

Pitch
Overshoot 0.59% 0.60% 0.59%
Settling/Rise 1.37s/ 0.76s 1.40s/ 0.77s 1.40s/ 0.77s

Yaw
Overshoot 0.03% 0% 0%
Settling/Rise 0.82s/ 0.45s 0.83s/ 0.45s 0.85s/ 0.45s

TABLE II
HANDLING QUALITIES RESULTS

Nominal Perturbed Perturbed
HQ Axis Plant Plant(+∆) Plant(−∆)

(ωBW ,τp) Roll (3.06, 0.0063) (3.25, 0.0057) (2.91, 0.0069)
Pitch (1.8, 0.0371) (1.82, 0.0372) (2.91, 0.0370)

ωCF (rad/s) Roll 3.92 3.94 3.90
Pitch 4.45 4.51 4.37

∆p(q,r)
∆φ(θ ,ψ)

(1/s)
Roll 4.93 4.90 4.97
Pitch 3.36 3.18 3.59
Yaw 4.04 4.01 4.00

(actuators points), 20%gain variations at outputs (sensor
points) and 126ms inputs time delays.

In order to assess our controller’s compliance with the
Level 1 requirements defined in ADS-33E, frequency do-
main responses are computed. We mainly focuses in three
specifications: (i) the ratio of phase delay τp to bandwidth
ωBW , (ii) crossover frequency ωCF and (iii) quickness ratio
∆p(q,r)/∆φ(θ ,ψ). For a complete presentation of those terms
see [10],[7],[1]. The results are shown in Table II.

V. HARDWARE IN THE LOOP SIMULATION

The final stage of any control design procedure is to be
implemented and evaluated on a real platform. Neverthe-
less, hardware-in-the-loop (HIL) simulations are an essential
intermediate step, especially in helicopter control design,
to avoid disastrous effects due to malfunctions. Based on
[17], among the various HIL schemes available, we choose
scheme 6 (full simulation) in which the actuators, helicopter
dynamics and sensors are simulated in a desktop PC and
connected with the helicopter embedded system running all
the necessary processes (control, navigation, sensor fusion,
communication, e.t.c).

Our helicopter embedded system is a PC/104 having a
dual-core Intel Atom N450@1.66GHz with Debian Squeeze
Linux OS installed. The controller is implemented in the
embedded system as a client module communicating with
the multiplexor (server) as shown in Fig.5. The full nonlinear
model (3) incorporating wind disturbances is simulated in
MATLAB/SIMULINK R© environment running on a desktop
PC. Finally, the two systems are connected through an
ethernet bus.

In order to verify the efficacy of the proposed attitude
controller in ”real” flight conditions, a total control structure
with position tracking capabilities has to be constructed.
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Fig. 5. HIL framework reprentation

For this purpose, a reduced order controller is designed
combining of loop shaping and static output feedback control
methods feeding back the total state vector of inner-closed
subsystem (total system and K f (s) states) shown in Fig.2 [8].
Afterwards, the inverse transformation matrix (2) is used to
transform the position error to body frame, while the inverse
matrix of Kδ

s is used to transform the controller outputs
(normalized inputs δ ) to servo commands. Finally the total
control structure is discretized (sampling time 10ms) and
implemented in the embedded system.

To examine all possible couplings between the states of
helicopter we use a multi-section trajectory inspired by real
flights [1]. The helicopter starts from point (0,0,-20) in a
hover condition at 20meters height and perform the below
trajectories:
• Section 1 (S1) : The helicopter moves forward acceler-

ating to V nh
air and decelerating back to hover condition

at point (15.87,0,-20). (Overall Time: 10sec)
• Section 2 (S2) : The helicopter makes a hover turn of

90 degrees. (Overall Time: 5sec)
• Section 3 (S3) : The helicopter makes a vertical-

longitudinal flight up to point (15.87,10,-30) (Overall
Time: 10sec)

• Section 4 (S4) : The helicopter makes a hover turn of
90 degrees. (Overall Time: 5sec)

• Section 5 (S5) : The helicopter makes a slalom for 15m
with maximum 2.5m side movement. (Overall Time:
15sec)

• Section 6 (S6) : The helicopter makes a combination
of forward flight and turn of 90 degrees up to point
(-4.13,10,-30). (Overall Time: 5sec)

• Section 7 (S7) : The helicopter makes a combination
of decent flight and turn of 90 degrees up to point (-
4.13,10,-20). (Overall Time: 10sec)

• Section 8 (S8) : The helicopter hovers. (Overall Time:
5sec)

In all sections (exept S1) the helicopter has fixed airspeed
velocity up to V nh

air . In the duration of flight a stochastic signal
for the wind velocities is applied (V max

w = 4m/s). The full
response of helicopter is shown in Fig.6 and in more details
in Fig.7.

Despite the fact that the full order attitude controller has
12 states and position controller has 3 states, the overall
procedure from receiving the requested data and send back
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the servo commands requires a remarkable average time
of 61µs (max: 154µs). Note that all the other processes
(shown in Fig.5) are also running within the duration of HIL
simulations.

Fig. 6. Nonlinear helicopter model response with disturbances via HIL
(3D)
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Fig. 7. Nonlinear helicopter model response (xe,ye,ze,ψ) with disturbances
via HIL (time scaled)

From the presented results, we can draw the conclusion
that the proposed composite controller structure can success-
fully drive the helicopter along such a demanding trajectory
and wind disturbances. Despite the fact that the position
controller is designed to track step commands and reduce the
wind disturbances, in all trajectory-sections the maximum
error is less than 3 meters. Those errors mainly appear
either when the helicopter tries to maintain its position while
changing its orientation (S2 ,S4, S6) or at the steep transition
between sections. The constant error gap in S3 and S5 lies
in the design of position controller as mentioned before.

VI. CONCLUSIONS

A systematic methodology for designing a robust mixed
H2/H∞ attitude controller for a UAH in near hover flight
was studied in this paper. As shown in the performance

analysis, the proposed controller successfully passes all the
demanding specifications guaranteeing stability, reference
tracking, robustness and wind disturbance rejection through
the whole near-hover flight envelope. HIL simulations shows
two promising results - (i) combining the proposed approach
with a simple position controller the helicopter can suc-
cessfully track a demanding trajectory and (ii) a modern
embedded system can easily handle full order multivariable
controllers in a remarkable amount of time. This allows
the possibility for designing more complex controllers. Our
future work will focus on maximizing the range of flight en-
velope that can be handled by the proposed composite control
structure and validating the efficiency of the controller in real
flights using our under-construction platform.
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