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A Sum-of-Squares Approach to the Analysis of Zeno Stability in
Polynomial Hybrid Systems

Chaitanya Murti and Matthew Peet

Abstract— Hybrid dynamical systems can exhibit many
unique phenomena, such as Zeno behavior. Zeno behavior is the
occurrence of infinite discrete transitions in finite time. Zeno
behavior has been likened to a form of finite-time asymptotic
stability, and corresponding Lyapunov theorems have been
developed. In this paper, we propose a method to construct
Lyapunov functions to prove Zeno stability of compact sets
in cyclic hybrid systems with parametric uncertainties in the
vector fields, domains and guard sets, and reset maps utilizing
sum-of-squares programming. This technique can easily be ap-
plied to cyclic hybrid systems without parametric uncertainties
as well. Examples illustrating the use of the proposed technique
are also provided.

I. INTRODUCTION

Hybrid systems are dynamical systems with trajectories that
exhibit both continuous flows and discrete transitions. As
such, a variety of man-made systems can be modeled using
the hybrid systems framework. Some exampleks are electri-
cal systems with switching [1], communication networks [2],
embedded systems [3], and air traffic control [4].

Recent research into hybrid systems has yielded results on
stability of equilibria [5] and observability and controllability
[6]. Several Lyapunov-based techniques for the analysis of
hybrid systems, including the use of multiple Lyapunov func-
tions [7], the construction of piecewise-quadratic Lyapunov
functions [8], and the utilization of Lyapunov techniques
for robust stability analysis [9] have also been presented.
More recently, a means to assess stability of hybrid systems
by constructing higher-order polynomial Lyapunov functions
using sum-of-squares techniques was presented in [10], and
a method to perform robust stability analysis using sum of
squares techniques was provided in [11]. However, there are
still behaviors of hybrid systems that require further study.
Among these phenomena are chattering and zeno behavior.

Zeno behavior is the occurrence of infinite transitions
between discrete states in a finite period of time. Trajectories
exhibiting this behavior are called Zeno executions, and con-
verge to a set of points known as a Zeno equilibrium. Hybrid
systems exhibiting Zeno behavior are described in detail in,
for example, [12]. Zeno behavior can cause simulations to
halt or fail, since infinitely many transitions would need to be
simulated, as noted in, e.g., [12]. This problem was addressed
in [13] and [14], which describe methods to regularize hybrid
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systems to ensure that trajectories continue after the Zeno
equilibrium. Sufficient conditions for Zeno behavior in first
quadrant hybrid systems were given in [15], and further
sufficient conditions for systems with nonlinear vector fields
based on constant approximations were given in [16]. More
recently, necessary and sufficient Lyapunov conditions for
the existence of isolated Zeno equilibria were first given in
[17]. These results were extended in [18], where the concept
of Zeno stability was described as an extension of finite-
time asymptotic stability. Moreover, [18] provided Lyapunov
conditions for Zeno stability of compact sets. The results
in [18] were also shown to be equivalent to the theorem
presented in [17]. The results of [17] were also exended by
Ames and Lamperski to non-isolated Zeno equilibria in [19].
In a similar vein, a Lyapunov characterization of Filippov
solutions was provided in [20].

In this paper, we use sum-of-squares programming to
construct Lyapunov functions which prove Zeno stability
of compact sets, based on the results of [17] and [18].
Moreover, the method presented in this paper allows for the
verification of Zeno stability for polynomial hybrid systems
with nonlinear polynomial vector fields and transitions. We
also present a method to verify Zeno stability for systems
with parametric uncertainties.

The outline of the paper is as follows: in Section II,
definitions of sum-of-squares polynomials, hybrid systems
and their executions, and Zeno executions and equilibria are
presented. Section II also details Lyapunov conditions for
Zeno stability as described in [17]. In Section III, we present
a method to construct Lyapunov functions to prove Zeno sta-
bility of hybrid systems with parametric uncertainties using
Sum-of-Squares optimization, and in Section IV, illustrative
examples are provided.

II. PRELIMINARIES

In this section, we provide a brief introduction to Sum-
of-Squares polynomials and definitions for hybrid systems,
their executions, and Zeno behavior.

A. Sum of Squares Polynomials
We use R[x] to denote the ring of polynomials generated

by variables x = (x1,..,x,).

Definition 1. (Sum of Squares Polynomial) A polynomial
p(x) : R" — R is said to be Sum of Squares (SOS) if there
exist polynomials f;(x) : R” — R such that

p(x) = Y (fi(x)?

i
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We use p € X, C R[x] to denote that p is SOS.
The following result gives a polynomial-time complexity
test to determine whether a polynomial is SOS.

Theorem 1. For a polynomial, p of degree 2d, p € ¥, if and
only if there exists a positive semidefinite matrix Q, such that

p(x) = Z(x)" 0Z(x)
where Z(x) is the vector of monomials of degree d or less

Therefore, checking whether a polynomial is SOS is equiv-
alent to checking the existence of a positive-semidefinite
matrix Q under some affine constraints, which can be solved
with semidefinite programming. Thus, while checking poly-
nomial positivity is NP-hard, checking whether a polynomial
is SOS is decidable in polynomial time.

In this paper, Positivstellensatz results from algebraic
geometry are used extensively to create constraints that can
be implemented using sum of squares programming. We use
the Positivstellensatz to construct Lyapunov functions which
are positive on bounded sets (see section IV).

For further details and proofs, we refer to [21] and [22].

B. Hybrid Systems

In this section, we define hybrid systems and their exe-
cutions. We use similar notation to that given in [23] and,
more recently, [17].

Definition 2. (Hybrid System) A hybrid system H is a
tuple H = (Q,E,D, F,G,R) where
¢ (Q is a finite collection of discrete states or indices
e EC QxQis a collection of edges, where for any edge
e =(q,q') we use the functions s and 7 to denote the start
and end, so that for e = (¢,¢'), s(e) =g and 1(e) = ¢
o D={Dy},cq is a collection of Domains, where for each
g€, D, CR"
o F ={f;}4e0 is a collection of vector fields, where for
eachgeQ, f, : Dy, — R"
e G ={G.}eck is a collection of guard sets, where for
each e = (¢,4') €E, G, C D,
e R={0.}eck is a collection of Reset Maps, where for
each e = (q,4') €E, ¢ : G, — Dy.

Definition 3. (Cyclic hybrid system) A cyclic hybrid
system H. is a hybrid system where for each domain
g € Q, we can associate a unique edge e(q) = (¢,¢i) € E
such that s(e(q)) = ¢ and such that for any g € Q, g =
t(e(t(e(---t(e(t(e(q)))))))). That is, the set of edges forms a
directed graph.

Definition 4. (Hybrid System Execution) Consider the tuple
x=(,T,p,C) where
e I C N is index of intervals
o T ={T;}ier are a set of open time intervals associated
with points in time 7; as 7; = (7, T+1) C R’} where
Tiv1 = (Tig1, Tig2)
e p:I— QO maps each interval to a domain,
o C ={ci(t)}ics is a set of continuously differentiable
functions. We say x is an execution of the hybrid system

H = (Q,E,D,F,G,R) with initial condition (go,xp) if
c1(0) =xo and p(1) = qo.

o ¢i(t) = fp(i)(ci(t)) fort € T; and for all i € I; ¢;(t) € D)y
fort €T and forall i € 1; C,'(T,'+1) S G(p(i),p(i+1)) for all
iel; cip (‘L}+1) = ¢(p(i),p(i+1))(ci(fi)) foralliel.

C. Zeno Stability in Hybrid Dynamical Systems

We now present definitions of Zeno executions, equilibria,
and stability, along with necessary and sufficient conditions
for Zeno stability as presented in [17] and [18].

Definition 5. (Zeno Execution) We say an execution
x = (I,T,p,C) starting from (go,x0) of a hybrid System
=(Q,E,D,F,G,R) is Zeno if

1) I=N

2) limj_yeo T; < o0

Definition 6. (Zeno Equilibrium) A set z = {z;},c0 is a
Zeno equilibrium of a Hybrid System H = (Q,E,D,F,G,R)
if it satisfies
1) For each edge e = (¢,4') € E, z, € G, and §,(z,) = 2.
2) fq(zg) #0 for all g € Q.
Note that for any z € {z4}4c0. Where {z;}4c0 is a Zeno
equilibrium of a cyclic hybrid system H,,

(pi10---00p---¢;)(z) =z

Next, we define Zeno stability:

Definition 7. (Zeno Stability) Let H = (Q,E,D,F,G,R)
be a hybrid system, and let z = {z;}4c0 be a compact set.
The set z is Zeno stable if, for each g € O, there exist
neighborhoods Z,, where z, € Z,, such that for any initial
condition xo € UycpZy, the execution x = (1,7, p,C), with
¢o(to) = xo is Zeno, and converges to z.

Note that this definition of Zeno stability is consistent with
the stability definitions provided in [18]. We now reiterate the
Lyapunov conditions for the stability of Zeno equilibria in
cyclic hybrid systems presented in [17], which are as follows:

Theorem 2. (Lamperski and Ames) Consider a cyclic
hybrid system H = (Q,E,D,F,G,R), with an isolated Zeno
equilibrium {z4}q4co. Let {W;}4co be a collection of open
neighborhoods of {z4}4e. Suppose there exist continuously
differentiable functions Vy : R" — R and B, : R" — R, and
non-negative constants {rq}gc0, Yo and Yy, where ry € [0,1],
and ry < 1 for some q and such that

V,(x) >0 forallxeW,\z5,q€Q (D
Vy(z4) =0, forallqeQ ()
VVqT (X)fy(x) <0 forallxeW,;,q€Q 3
By (x) >0 forallxeW,, q€Q )
VBl (x)fy(x) <O forall xeW, q€Q (5)
Vi (Rigq) () < rgVy(x), (6)
forall e=(q,q') €E and x € G.NW,
By(Rip (@) < (Va(Rig) () a)

for all e=(q,q') €E and x € G,NW,,.
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Then {z4}qcq is Zeno stable.

As noted in [18], the conditions above are equivalent to
those given in [18, Proposition 5.2]. Thus, satisfying EC1-
C2 is also sufficient to prove asymptotic Zeno stability of a
compact set. This in turn allows us to relax the restriction
Ta(zq) #0.

To simplify notation, we will use the sufficient conditions
of Theorem 3 as follows. Note that our subsequent analysis
can be easily applied directly to the conditions of Theorem
2 and in our numerical examples we have tested both sets of
conditions and they yield similar results.

Theorem 3. Let H = (Q,E,D,F,G,R) be a cyclic hybrid
system, and let z = {z4}4co be a compact set. Let {W, C
Dy} qco. be a collection of neighborhoods of the {z4}qco.
Suppose that there exist continuously differentiable functions
Vg : Wy — R, and positive constants {ry}q4co and Y, where
rg € (0,1], and ry < 1 for some q and such that

Vy(x) >0 forall x e W)\z4,q € Q (8)
Vy(zq) =0, forallgeQ )
VVqT(x)fq(x) <—y forallxeW, q€Q (10)
rqVq(x) > Vg (9e(x)) (1)

for all e=(q,q') €E and x € G,NW,.

then z is Zeno stable.

Proof:

We show that if for each g € Q, we can find a V, such that
(8)-(11) are satisfied, then the same V;, also satisfies (1)-(7).
From inspection, it is clear that if V,, satisfies (8)-(11), then
(1)-(3) and (6) are satisfied. Second, choose B, =V, for each
g € Q. From inspection, it is clear that V, also satisfies (4)
and (5). Last, if y, =% =1, we get V, <V,, where the
equality holds. From this, we see that for each g € Q, V,
also satisfies (7). Thus, the theorem is proved. U

III. USING SUM-OF-SQUARES PROGRAMMING TO PROVE
ZENO STABILITY

Theorem 3 provides sufficient conditions for Zeno stability
in cyclic hybrid systems. We now show that these conditions
can be enforced using SOS, even for systems with parametric
uncertainties. First, define the vector of parametric uncertain-
ties P to lie within a semialgebraic set

P:={peR:p(p)>0,k=1,2,...K;}. (12)

We then present the following assumption:

Assumption 1. For the purposes of this paper, we consider
hybrid systems with polynomial vector fields and resets,
and semialgebraic domains and guard sets, with parametric
uncertainties in the each of the above. Let P be defined
as in (12). We implicitly assume that associated with every
hybrid system is a set of polynomials g,;(x, p), hex(x, p) for
ge€Q,ecE, i=k=1,--- K, and k=1,--- ,N, for some
Ky,Ny, >0, and p € P.

In this framework, the domains of the hybrid system H are
defined as

Dy={xeR" : gu(x,p) >0, k=1,2,---  K;} (13)

where g € R[x,p|, K, €N, and p € P. The guard sets are
defined as

Ge={xeR" : hep(x,p) =0, hep(x,p) >0, k=1,2,--- ,N;}

(14)
where each A, € Rlx, p], N; € N, and p € P. Lastly, for each
e=(q,q') € E, the reset map ¢, is given by the vector-valued
polynomial function

¢e = [¢e,1(x7p)a e 7¢€,n(x7p)]T

where ¢, j € R[x,p] for j=1,---,n, and p € P.

Let H = (Q,E,D,F,G,R) be a cyclic hybrid system, and
let z={z4}4c0 be a compact set. Let {W, },co be a collection
of neighborhoods of {z,},c0. We consider W, of the form

5)

W, = {x cR": qu(x) >0,k = 1727-"’Kq}

where each wg(x) € R[x].

Consider Feasibility Problem 1:

Feasibility Problem 1:
For hybrid system H = (Q,E,D,F,G,R), find
o gk, Cgks igk, € Ly p, fork=1,2,...,K;,, p€ Pand g € Q;
o bk, dyis jgk € i p, fork=1,2,....K,, p€ P, and g € Q.
o Mgk ﬁqk’ qu c Zx,p, fork=1,2,...,Ki, pEP, and g€ Q.
e mey €EXypforecE, peP,andl=1,2,...,N,
o V4, meo €R[x,p] forecE, pe P, and g € Q.
o Constants o,y >0, {rg}4e0 € (0,1] such that r, <1 for

some g € Q.
such that
Kgw K,
Vq - chTx — Z AgkWak — Z bquqk
k=1 k=1
K
=Y NPk €Zxp forall g€ Q (16)
k=1
Vy(zg,p) =0 forall ge Q (17)
Kaw K,

- VVqqu —Y- Z CakWak — Z ququ
k=1 k=1

K
— Y BuPa €Zp forallgeQ  (18)

K=l
N, Ko
rqvq - Vq’ (¢e> - me,Ohe,O - Z meAlhe,l - Z iqkqu
=1 k=1
Kq K
- Z jquqk - Z quﬁqk €Xvp for all e= (%q/) €L.
k=1 k=1

19)

Theorem 4. Consider a cyclic hybrid system H =
(Q,E,D,F,G,R), and let z = {z4}4ep be a compact set. If
Feasibility Problem 2 has a solution, then z is Zeno stable
for all p e P.
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Proof:

To prove the theorem we show that if V,, ¢ € Q are
elements of a solution of Feasibility Problem 1, then for
each g € Q, the same V, also satisfy (8)-(11) of Theorem 3
for all p € P. That is, we show that if the V,, satisfy (16)-(19),
then the same V,, also satisfies (8)-(11) for all p € P.

First, we observe that (17) directly implies (9) for p € P.
Next, from (16), we know that

qu Kq

Vo.p) = Y e (5, p)woi(6) + Y bt (x, p)ggi (v, p) + 0 x4
k=1 k=1
K,

+ Z Nk, (xvp)ﬁqk(p)
k1=1

Since ag(x,p), bg(x,p), and Ny (x,p) are SOS, and thus,
always nonnegative, by the Positivstellensatz and the defini-
tions of W,, P, and D,, we have that V,(x) > ox!x for all
x €W, C D, and all p € P. Thus, (16) implies (8) is satisfied.
Similarly, from (19),

Kyw
- VVqT<x7P>fq(x7P> - }/Z Z ch(-xap)qu(x)+
k=1
Ky K|
Z qu<x>p)qu(x7p) - Z ﬁqlqﬁqk-
k=1 k=1

Since ¢y (x, p) and dy(x, p) are always nonnegative, by the
definition of P, D, and W,, VV,(x)T f,(x,p) < —y for x €
{xeR": gu(x,p) 20, wyr(x,p) >0} =Dy;NW, and p € P,
which implies (10) is satisfied. Next, from (19) we have that
for all e =(q,q') € O,

rqVe(x,p) =V (9e(x,p), p) = meo(x, p)heo(x,p)
N‘I K‘I
+ Z Mgy (X, p)hes(x, p) + Z igk (X, P)War (x)
=1 k=1
Ky K
+ Y Jak(x,p)gar(x, p) + Y, Cor(x, p) i (p).-
k=1 k=1

First note that %, o(x) = 0 and hence m, o(x, p)heo(x,p) =0
on G,. Since m,; € Xy, we have m,;(x)he;(x) >0 on G,.
Similarly jo(x, p)gqr(x, p) > 0 on Dy and igi(x, p)wgr(x) >0
on W,. It follows that r,V,(x) — Vy(¢.(x)) > 0 when x €
G.NW,NDy for all pe P e=(q,q) € E. Thus, we have
shown that (19) implies (11).

Thus we conclude that the solution elements V, of Feasibility
Problem 1 satisfy the conditions (8)-(11) of Theorem 4. Thus
by Theorem 3 we conclude Zeno stability of z for all p € P.
(]

Remark: For systems without parametric uncertainty, we
simply take the set of uncertain parameters to be empty.
Thus, all elements of Feasibility Problem 1 become depen-
dent only on x, and all pg, Mg, Py and Ly are 0. A
similar theorem for Zeno stability of hybrid systems without
parametric uncertainty is stated explicitly in [24].

IV. EXAMPLES

In this section, we provide some examples that illustrate
the application of the given technique. We demonstrate Zeno
stability in hybrid systems with polynomial vector fields
and semialgebraic domains and guard sets, and parametric
uncertainties.

Example 1.

In this first example, we analyze Zeno stability of a hybrid
system without time-invariant parametric uncertainties.
Consider the hybrid system H = (Q,E,D,F,G,R), where

° Q: {1,2,3}
e E= {(172)7(273)7(371)}
e D:={D;,Dy,D3} where
1
D, :{xeRz:xl >0,x2+§x1 >0}
1 1
Dzz{xeRz:xz—Exl ZO,xz—i—Exl <0}
1
D3:{x€R2:x1 <O,xz+5x1 >0};
F={fi1,f2,f3}, where
x= fi1(x) = (x2, —5x; —x)T
1
x=folx) = (—x%—S, 2x§ — 2x%>
= f3(x) = (x%—!—xl. —3x1);
o« G .= {G127G23,G31} where

1
Gy = {XERZZXZ SO,EXI +.x2:0}

1
Goz = {XERZZ)CzSO,le—XQZO}
G311 = {xeRz:xz>0,x1:0};

o R={¢12(x),923(x), 931 (x)} where each ¢;;(x) =x.
We note that this hybrid system is cyclic, as the pair (Q,FE)
forms a directed cycle, with vertices Q and edges E. A phase
portrait of the system is given below in Figure 1.
Results:
We wish to analyze Zeno stability for z = {z;,z2,23}, where
71 =22 =23 = [0,0]7. To solve Feasibility Problem 1, we
consider each

W, :=B2ND,

where B? := {x € R?: |x| < 1}.

We then search for 3 degree 8 polynomials to solve
Feasibility Problem 1. Since we are able to solve Feasibility
Problem 1 with such polynomials, we show using Theorem 4
that z = [0,0]7 is Zeno stable for H.

Example 2.
Consider the hybrid system H = (Q,E,D,F,G,R) with
uncertain parameter p € (C,o0) where
« 0={1,2}
« E={(1,2),(2,1)
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Fig. 1. Hybrid System in Example 1. Dashed line indicates Gj,, dash-
dotted line indicates G»3 and dotted line indicates Gs3;
e D={Dy,D,} where

D, = {XERZ 1x1+x2 >0, px; —xp > 0}
D2 = Rz\Dl

F={f1,f>} where
—0.1
flz( 0 )
. —Xz—x3
fz—( X ! >

o G={Gy q,,Gypq, Where

Ggqp =%2—px1=0
Gyrgy = X ER? 1 x +x2 =0}

R = {¢12(x),$21(x)} where each ¢;;(x) = x.

In this example, the uncertain parameter affects the switch-
ing rule. Provided below are simulations with 3 different
fixed values of p. First, we consider the case when p =1, in
Figure 2.

We see from inspection that the origin is Zeno stable.
Furthermore, if we consider Figure 3, we see that even if we
increase p (thereby increasing the slope of G»;), we notice
that the system remains Zeno stable.

However, when we reduce the value of p, we notice that
the system exhibits different asymptotic behavior. First, we
see that if p < —0.1, the system will no longer exhibit Zeno
stability. Indeed, in that circumstance, the system would not
display any form of stable behavior. This is because the
trajectories in D1 would never reach the guard set (since the
direction of the vector field would be parallel to the guard
set). But even if p € (—0.1,1), we notice that the system
asymptotically converges to limit cycles, as seen in Figure 4.

Results:

We wish to analyze Zeno stability of z = {z;,22} = (0,0).

Fig. 2. Trajectories of Hybrid System in Example 2 with p=1. Dotted line
indicates G, and dash-dotted line indicates Gy

Fig. 3. Trajectories of Hybrid System in Example 2 with p=4. Dotted line
indicates G, and dash-dotted line indicates Gy

For our computational analysis, we first divide D, into D5
and Dj;,where

Dy :={xe€ R? ix1+x2 > 0,—px; +x >0}
Dy :={x¢€ R?:x;4x < 0}.

We then search for a common Lyapunov function for both
Dy; and Dy;. The set of uncertain parameters is given by
the inequality P:={p € R: p:= p—C > 0}, where C is
determined a priori. The goal is to find a lower bound on
C such that z is Zeno stable. We use W =W, UW, = {x €
R?: x}4+x3 < 5}. We then search for Lyapunov functions of
varying degrees for different values of C. We note that as
we increase the degree of V| and V,, we are able to obtain a
tighter lower bound on C. These results are given below in
table 1.

Degree of V|,V, | Lower bound on C
8 2.11
10 1.87
12 1.73
TABLE I

LOWER BOUND ON C FOR WHICH z IS ZENO STABLE OBTAINED FOR
DIFFERENT DEGREES OF V| AND V;
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Fig. 4. Trajectories of Hybrid System in Example 2 with p=0.4. Dotted
line indicates G, and dash-dotted line indicates Gy

We were unable to find a feasible V| and V; of degree less
than 8. Unfortunately, we were unable to search for poly-
nomials of degree greater than 12 owing to computational
limitations.

V. CONCLUSIONS

In this paper, we present a Lyapunov based method
for determining Zeno stability of compact sets in hybrid
dynamical systems. The method presented makes use of
the sum-of-squares decomposition, thus enabling the con-
struction of higher-order Lyapunov functions. As such, the
theorem presented can be used to certify Zeno stability in
systems with nonlinear vector fields and reset maps, and
time-invariant parametric uncertainties. The result can easily
be simplified to certify Zeno stability for hybrid systems
without parametric uncertainties as well. Examples of hybrid
systems with polynomial domains, guard sets, vector fields
and reset maps illustrating the use of the proposed method
are also provided. We also provide an example of a nonlinear
polynomial hybrid system with an uncertain parameter in the
guard set.
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