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Distributed Proper Orthogonal Decomposition
for Large-Scale Networked Dynamical Systems
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Abstract— Recently, dynamical systems in engineering and
science problems become drastically larger and too complex.
One of the ways to solve the difficulty is to model systems with
hierarchical network structures. Proper orthogonal decompo-
sition (POD) is a model reduction method using available data
and its singular value decomposition. In this paper, we apply the
POD to a networked linear dynamical system and propose the
distributed POD which can specify the degree of approximate
of each subsystem and preserve the network structure. We
also characterize an upper bound of the approximation error
and give a criterion to determine the optimal degrees of
reduced-order subsystems. As an application to the distributed
POD, the /;-norm minimizing POD is also proposed for a
construction of a simple network structure which approximates
the behavior of the entire system appropriately. A numerical
example is provided to demonstrate the distributed and /;-norm
minimizing PODs and to show their efficiency.

I. INTRODUCTION

Recently, due to a performance improvement of com-
puters and the variety of social requirements, dynamical
systems in engineering, e.g. smart grids, sensor network,
formation control, Internet and economics, and science, e.g.
meteorological system, biological system, fluid dynamics
and chemical reaction, become increasingly larger and too
complex [11]. It is not necessarily desirable to deal with
each component of a system in a uniformed way, since there
exists a limitation in computational amount and available
information about the systems. Hence, if the system of our
interest is highly large-scale and complex, we should create
an innovation which reduces the amount within the range
which does not lose an accuracy.

One of the ways to solve these difficulties pointed out
in the last paragraph is to divide a large-scale system into
some hierarchical layers by corresponding to its physical
scale, and to give a comprehensive notion of a dynamical
system modeling [5]. For this purpose, hierarchical and
network structures can be an efficient solution to the dif-
ficulties [4][6][12][13][14]. The structures may enable us to
transform a large-scale system into a networked intercon-
nection of subsystems and to deal with them easier. The
figure 1 illustrates the notion of a dynamical system with
a hierarchical network structure, where circles and arrows
represent the states and their interactions, respectively.

Proper orthogonal decomposition (POD) can be an effi-
cient model reduction method for large-scale systems using
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Fig. 1.

A dynamical system with a hierarchical network structure

available data [10][9][1]. The method has been widely devel-
oped in analyzes of fluid dynamics so far. This method can be
considered as an application of singular value decomposition
(SVD) to a model reduction combined with a mathematical
model of a dynamical system. The method has two strong
points explained in the following. The first point is that the
method is applicable to dynamical systems with nonlineari-
ties and parameters contrary to the ordinary model reduction
methods. As the second point, the method can adapt to
parameter variations which ordinary reduction methods may
be difficult to catch up by using real-time snapshots of the
state variables. Although we recognize such merits, we could
not find an expansion of the method to networked dynamical
system to the best of authors’ knowledge so far.

Based on the above observations, we focus on network
structures and the POD for an efficient modeling of large-
scale systems and propose network POD as a new theoretical
framework of the model reduction. In addition, a difficulty
of large-scale networked dynamical system can be viewed
as a combination of high-dimensionality of subsystems and
complexity of a network structure. Hence, a model reduction
for such systems should be completed by simplifying the
network structure with a reduction of subsystems. We should
remark that similar directions has been also proposed by
Sandberg and Murray [12], Ishizaki et.al. [7] and etc so far.
However, a data based reduction method for such systems has
not been proposed to the best of the authors’ knowledge. In
addition, a network simplification of a dynamical networked
system has not also been considered so far.

In this paper, we apply the POD to a networked dynamical
system and propose the distributed POD which can specify
the degree of approximation of each subsystem and preserve
the network structure. The ¢;-norm minimizing POD is also
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proposed for a construction of a simple network structure,
which approximates the behavior of the entire system in an
appropriate sense.

We use the following notations throughout this paper. The
set of m x n real and n X n symmetric matrices are denoted
by R™*™ and RI*", respectively. We denote the matrix
(AT AS AT]" by col (A1, A, -+, Ay). We de-
fine diag(Ay, As,---,A,) as the ¢ x ¢ (block) diagonal
matrix with (block) diagonal elements {A;, Ag, -+, A, }.

II. PROPER ORTHOGONAL DECOMPOSITION

In this section, we introduce preliminaries for the model
reduction based on the proper orthogonal decomposition of
a continuous-time linear dynamical system [10][9][1].

Consider a continuous-time linear dynamical system X
described by the state-space equation

%x(t) Az(t) + Bu(t), (D
y(t) = Cz(t) + Du(t), (2)

where z € C*(R,R"), u € C*(R,R™), y € C*(R,RP)
are the state, input and output variables and A € R"*", B €
R C e RP*™ D € RP*™ are constant matrices. Using
the projection T = WW T, WTW =1I;,, W € Rk k<«
n, we would like to construct the reduced-order system »
by

%js(t) =WTAW(t) + W' Bu(t), (3)
y(t) = CWi(t) + Du(t), (4)

which minimizes the approximation error
T
/ o(t) = WW T a(t)|,dt st WTW =T (5)
0

where § € C*°(R,RP) and #(t) = W Tx(t) € C®(R,R¥)
evolves in k-dimensional space. The columns of W form
as orthonormal set, II is orthogonal and is called a Galerkin
projection. Then, z(t) is approximated as x(t) ~ WW Tz(t).

A Galerkin projection is constructed as follows [9] if
the continuous snapshots {x(t);¢t € [0,7]}. The Galerkin
projection is constructed as the first k& dominant eigenvectors
of the symmetric matrix R € R}*" defined by

R= /T 2Ot Tdt.

However, it contains an essential difficulty that the snapshots
in continuous-time are hard to obtain.

Due to the above difficulty, we would like to minimize the
following error in discrete-time defined by

N
i 2t = 1
kgo”x(tk) —WW T a(ty)|, . tn = kh,h = vl

st. WIW =1, (6)

instead of the error in (5). Then the Galerkin projection W
can be constructed as follows. Define the data matrix X €
R™*(N+1) of the state variable by

X = [x(to) =(t1) z(tn)],

which is constructed by the discrete snapshots z(tx) (k =
0,1,---,N) of the state variable. Consider the SVD of X
given by

X =5V, + UsXVy', (@)

where U; € R™*F, U, € RWV=F) T ¢ REXL VT ¢
RWV—K)XN gre orthogonal matrices and ¥; € RExE 3, €
RWV=k)x(N=k) are diagonal matrices defined by

21 = diag(017027"' ao-k)7
Yo :=diag (Ok11, 0842, - ,ON),
012022+ 20> 041> 20N,

respectively. Suppose that the singular values of X decays
rapidly and only k of them are significant !. By truncating
the series of the values at k, X is approximated by

X ~ U121V1T. (8)

The Galerkin projection W consists of the leading % left sin-
gular vectors of the data matrix X, thatis W =U; € Rnxk,
Thus, we obtain the state-space equation of the reduced order
system by by (3) and (4).

The connection between the POD based on continuous and
discrete snapshots can be explained as follows [9]. When the
sampled snapshots are sufficiently dense in [0, 7], i.e. the
sampling interval & as sufficiently small. The projection W
computed from the SVD (7) asymptotically minimizes the
error (5) in continuous-time.

III. PROBLEM FORMULATION

In this section, we formulate a networked dynamical
system which is dealt in this paper. Next, we give the
problem formulation of the distributed POD problem.

A. Networked Dynamical System

Networked dynamical system consists of L-tuple of sub-
systems in lower layer and network system in higher layer.
Each subsystem represents local dynamics of the hierarchical
network system. On the other hand, the network system
plays a role which communicates the internal information of
each subsystem. We give mathematical formulation of these
system in this subsection.

We give indices ¢ = 1,---,L for each subsystem and
define ith subsystem ;. Suppose that X3; is represented by
the state-space equation

Ai c Rm ><'rz,3’ Bi c Rm ><m1,’ Cz c Rpi xni’ Di c Rpix"”i are
constant matrices, and r; € C*°(R,R"™), u; € C*(R,R™),
x; € C®(R,R™), y; € C°(R,RP%) are the input variable,
the input variable from the network, the state variable, and
the output variable of X;, respectively.

'We can also determine the value of k to what extent we would like to
approximate X.
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Subsystems are interconnected with a network structure
in the upper layer via a contraction of state information. We
call the structure as network system. The network system X
is represented by a static equation

i (t) Mix Mo M| [zi(t)
us(t) M1 Mo Moy | |z2(t) 0
u(t) Mp, Mo Mp | [zp(t)

where M;; € R™*™ (4,5 = 1,2,---,L). In (11), the
matrix M € REE1 %7211 i called the network matrix.

The entire system > can be regarded as a feedback
interconnection of subsystems and network system. Then,
the ith subsystem is represented by

d L
al‘i(t) = Aﬂ}i(f) + ; Mi,jxj(t) + Bi’l“i(t), (12)

yi(t) = Cixi(t) + Dyri(t), (13)

Network
System
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Fig. 2. entire system as a feedback interconnection of subsystems and
network system

B. Problem Formulation

We first assume a ideal situation that the snapshots
{wi(t);t € [0, TT}

are available in continuous-time.

We formulate the distributed POD problem in the follow-
ing.

Problem 1: Consider the subsystems X; defined by state-
space equation (12) and (13) for ¢ = 1,---, L. Assume
that continuous-time snapshots in (15) are available. Let
the dimension k € Z, k > 0 of the entire system X be
given. Then, we find a reduced-order system by satisfying
the following requirements (i) and (ii).

(i) The Galerkin projection W; € R™*¥i to 3; minimizes
the approximation error

(14)

L T 9
Z/ |zi(t) = WW, 2 (t)||,dt— (15)
i=170

such that

L
WiW," = I, and Y k; = k. (16)
1=1

(i) The reduced network system o preserves the original
structure of X, i.e.

M;j =0n,xn; = M;; = Ok,xk,

for all 4,5 = 1,---,L, where M;; € RF*Fi s
the (¢, 7)th block of the reduced-order network matrix
corresponding to M, ;.

Remark 1: In actual situation, the continuous snapshots
are unavailable as we have pointed out in Section II. Hence,
the approximation error in (15) is going to be replaced by
the following error on discrete snapshots in Section IV-B.

L N )
Z i (tr) = WiW, i (t) |
i=1 k=0
1
Remark 2: The proposed reduction method is still ap-
plicable to the cases where subsystems >q,---,> are

nonlinear and the network system X is dynamical and/or
nonlinear. However, the main purpose of this paper is to
clarify the approximation errors of the distributed and ¢;-
norm minimizing PODs, and to give a policy for the di-
mension selection of reduced-order subsystems and network
simplification. Hence, we restrict our attention to linear
subsystems and static network system. It remains a future
work to generalize the characterization of approximation
error and dimension selection to nonlinear subsystems and
dynamic network system.

IV. DISTRIBUTED PROPER ORTHOGONAL
DECOMPOSITION

In this section, we propose the distributed POD as a
solution to the problem shown in the last section. We first
consider an ideal situation that continuous snapshots are
available for the POD and give a theoretical bound for the
approximation error. This leads a criterion for the selection
of optimal dimension of reduced-order subsystems. Based on
the error bound, we derive an algorithm for the distributed
POD using the discrete snapshots.

A. Distributed POD

Using the snapshots in (14), we define the symmetric
matrix R; € R}**"™ by

T
R; = / xi ()i (t) T dt. (18)
0
The SVD of R; in (18) is given by
R =U; 11Uy + Ui o8 2U), (19)

where U;; € Rmixki | Uio € R7i*(ni—ki) are orthogo-
nal matrices and ¥;; € RF>%i js the diagonal matrix
whose diagonal elements are the large singular values of
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R, ¥ € R(i—ki)x(ni—ki) pag sufficiently small singular
values. Thus, the Galerkin projection W; is computed as

Wi =Uia (20)

based on the above truncation in an appropriate dimension.

By using W; in (20), the state variable #; € C*°(R, R¥¢)
of the reduced-order subsystem 3; is given by #;(t) =
W, 2;(t). Then, ; is described by the state-space equation

&i(t) =W, AWidi(t) + Wi > M, ;Wi (t)
J#i
+ WiTBﬂ’i (t)
yi(t) =Wia;(t) + Diry(t)

21
(22)

Then, we have the network matrix of reduced-order network
system g

J\:41,1 J\:f1,2 ]\:41,L

. Moy Mo Ms 1

M = ) ) ) ) (23)
ML 1 ML,Q ML L

s s

where Mi,j € RFxki (4,5 =1,2,--- L) is defined by

M;j = W," M; jW;.

We have the following error bounds for the distributed
POD by an analogous discussion to the derivation of The-
orem 3.1 in Chaturantabut and Sorensen [2]. The proof is
omitted due to a space limitation.

Theorem I: Let \; ; e R (i=1,---,L; j=1,---,n)
be singular values of R; in (18) such that

il 2 2 Xiky 2 ikl 2 2 iy 24)

Then, the error bound in (15) for the distributed POD is
characterized by the inequality

where ¢, (T') is defined by

[ H (e 1) (a£0)
wm={5 " V2T

L
a = ,LL(M) + Z ||Wi—r||2 /\max (Az) )
i=1
(M) :=max {p € R | p: eigenvalue of 2 (M +MT) }.

We give a criterion for choosing a dimension k; of

reduced-order subsystem 3; in the remainder of this sub-
section.

B. Algorithm for Distributed POD

As we have pointed out in Section III-B, the continuous
snapshots are unavailable in the actual setting. For this
reason, we replace the approximation error in (15) with the
error in (17).

Let the discrete snapshots

{zi(to), wi(t1),- -

be given. Construct the data matrix X; € R™
1,2,---, L of discrete snapshots of ¥; by

Xi = [xi(to) =i(t1) zi(tn)]

where t; := kh and h := ﬁT. The SVD of X; in (26) is
given by

s wi(tv—1)}

X (N+1) i =

(26)

Xi = U121V, + Uip%i2Vih, (27)

where Ui71 € Rniin, Ui72 S RniX(Niki), ‘/le € Rkixni,
Vg € RW=k)XN are orthogonal matrices and ¥, ; €
RF:*ki is the diagonal matrix whose diagonal elements are
the large singular values of R;, X; 2 € R(i—ki)x(ni—ki) pag
sufficiently small singular values. Then, the singular value
A;i; and the Galerkin projection W; are approximated as
Aij = o} ; and W; = U, 1, where o, ; is the singular value
of X; with 051 >+ 2> 048, 2 Ojp41 2+ = Oip,-

We summarize the algorithm for the distributed POD based
on the SVD on discrete snapshots and Theorem 1.

Algorithm 1:

Step 1: Compute the SVD (27) for the data matrix X;
(i =1,2,---,L). Compare the singular values of
among the X;’s. Then, specify the dimension k;
satisfying (16) based on the error bound (25).
Step 2: Compute the Galerkin projection W; € RF:*N
by (27) fori =1,2,--- , L.
Step 3: Construct the reduced-order subsystem 3P by
(10) and (11) for ¢ =1,2,--- , L.
Step 4:  Compute the network matrix M € R¥*¥ of the
reduced-order network system g by (23).
Remark 3: As we have explained Section II. if the sam-
pling interval h is sufficiently small and the sampled snap-
shots are sufficiently dense. the projection W; minimizes the
continuous-time approximation error in (15).

V. /1-NORM MINIMIZING POD

In Section IV, we have considered a model reduction
of each subsystem with a reduction of the network system
simultaneously. However, it can be considered that, cor-
responding to our interests and requirements, the reduced
network system should be minimal which can explain the
entire behavior of the original system as simple as possible
from the viewpoint of both tractability and computational
amount. Such view point has also been proposed in the
identification of a genetic network [8]. We propose the /-
norm minimizing POD in this section for this purpose as a
possible evolution of the distributed POD. This is formulated
as a slight modification of Problem 1 in the following.
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Problem 2: Consider the subsystems Y; defined by state-
space equation (12) and (13) for ¢ = 1,---, L. Assume
that continuous-time snapshots in (15) are available. Let the
dimension k£ € Z, k > 0 of the entire system X and ¢ € R,
€ > 0 for the truncation be given. Then, we find a reduced-
order system by satisfying the requirements (i) and (ii) in
Problem 1 and the following requirements (iii).

(iii) The network matrix M € R**¥ of the reduced-order
network system 3o has the elements satisfying

mi_’j <eg, VZ,]:L ,k,
where 7i; ; denotes the (i, 7)th element of M.

A. {yi-norm Relaxation

In this paper, a simplification of a network structure
should be defined as getting more sparse network matrix
as possible. Such a sparsity can be expressed as minimizing
the ¢g-norm [3] of the network matrix 2 However, f-norm
optimization is known as NP-hard problem. Hence, we relax
the problem to the optimization of ¢;-norm. For this purpose,
we introduce the notion of ¢;-norm as a preliminary notion.

Consider the constant matrix M € RY*L given by

mi1 Mi2 mi,L

ma1 M22 ma L IxL
M = eC ,

mri1 Mmr2 mr,L

m; j GR(i,jZl,Z,-”,L).

Then, the /1norm of M is defined by the summation of the
magnitude of all elements as

L L
1My =D Imagl-
i=1 j=1

If we can find the network matrix which minimizes the ¢;-
norm via the POD, we can get accordingly sparse network
matrix which is not possibly the most sparse. As we can
easily see, there exists a freedom of orthogonal matrices in
the state variable, equivalently the network matrix, in the
reduced order system. Hence, thanks to this freedom, we can
reconstruct the reduced network matrix which minimizes the
£1-norm. We show the procedure for the construction.

B. {1-Norm Minimizing POD

Let the network matrix M € RF*F of the reduced-
order network system f)o in (23) be given. Then, we can
construct the simplified network matrix Msimple € RFxk by
the following strategies.

We first consider the ¢;-norm optimization

Tope = argmin||TT MT, (28)
such that
T :=diag (T1,1,T2,1,-- ,Tr 1),
TTT — I, Ti,l c Rkixki (Z — 1’2, e ’[/)7

2In fact, £o-norm is not defined as a norm, since it does not satisfy the
principle of norm.

where T € R¥*¥ is a block diagonal similarity transfor-
mation matrix. This problem can be solved efficiently as a
convex optimization problem. The optimal network matrix
Mopt is defined as follows by using the solution to the above
optimization.

Mope = T

opt M Topt- (29)

We have shown a construction of the network matrix min-
imizing the ¢;-norm and corresponding subsystems. Then, it
may not affect the entire behavior so much if we truncate
the sufficient small element for a given criteria. We explain
this idea mathematically.

We set ¢ > (0 as a criterion for the truncation. If the
element is smaller than or equal to ¢ after a normalization,
we can think of that the influence between subsystems is
small. Let ,,;,; € R (i, = 1,2,--- ,k) be the (i,7)th
element of Msimple. This procedure is done by

|77 4

—— < = ’I’hsﬂ‘,j =0. 30)
[ Mopt |1
On the other hand, if the inequality
774,51 ) .
—— > = Ms 55 = My j. 31
Hhﬂmdh

holds, we remain the element. We define Mt,uncmed €
R**% as the constant matrix which consists of the truncated
elements of Mopt due to (30). Thus, we can construct
the simplified network matrix Msimple of the reduced-order
network system f]o. Then, the reduced-order subsystem fli
is expressed as

&i(t) =T, W, AW Ty, (t) + T,V W, M, W, Ty5(t)
JF#i
+ T,"W," Biri(t)

(32)
(33)

where #; € C>®(R, R¥) is defined by #; = T, W, z;(t).

It remains a future work to derive an error bound for ¢;-
norm minimizing POD, which corresponds to Theorem 1 for
the distributed POD.

Using Theorem 1, (29) and Mopt = Msimpchthmncamd,
we have the approximation error bound for the ¢;-norm
minimizing POD.

Theorem 2: Let \;; e R (i=1,---,L; j=1,---,n)
be singular values of R; in (18) such that (24). Then, the
error bound in (15) for the ¢;-norm minimizing POD is
characterized by the inequality

L /T‘
i=1"0
g

S (1 + TC;L(T)CVQ) Z >\i,j7
=1j=k;i+1

2
zi(t) — Wi (T;W;) a:n-(zf)H2 dt

(34)

<.
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!
where ¢ ”

1) = {

(T) is defined by

7 (e® —1)(b#£0)
2t (b=0)"

L
bi= p(M) + ke + Y | LW ||, Amax (Ai)
i=1

C. Algorithm for £1-Norm Minimizing POD

We summarize the ¢;-norm minimizing POD based on the
discussions in Section V-B.

Algorithm 2:

Step 0: Set the criterion € € R, € > 0 for the trunca-
tion (30).

Step 1: We apply the distributed POD to the original
system Y. and compute the reduced-order system by
by (10) and (11) and the network matrix M in (23)
by Algorithm 1.

Step 2: For M in Step 1, we solve the ¢; norm mini-
mization problem and compute the optimal network
matrix M,p; by (28) and (29).

Step 3: For Mopt in Step 2, we consider the trunca-
tion (30) and (31). By using this truncation, con-
struct the simplified network matrix Msimplc.

VI. NUMERICAL EXAMPLE

In this section, we show an efficiency of the distributed
and network simplifying PODs by applying them to a linear
networked dynamical system.

We consider a 200th-order linear networked dynamical
system defined by subsystems X; (i =1,---, L) with

g(xi,r;) = diag (h(@20(—1)41, M(Ta0(i—1)+2: - -+ » B(2204)))
h(xj) = —0.25$j,
n =200, n;, =40, L=5

and network system >y with
M :=c¢M and 0 = 0.7,

where M is a constant matrix generated by substi-
tuting m; ; 1 and m;, —1 randomly to
the 2.47% of the elements. This formulation implies
that the subsystem X; consists of the state variables
(T20(i—1)+1> T20(i—1)42, = »T20i). In addition, we set the
initial condition z;(0) (¢ = 1,---,L) as uniformly dis-
tributed pseudo random values in [0,1.25] and no input
is add, ie. r;(t) = 0 for all 4 = 1,---,L. Based on
the criterion (25), the dimensions of subsystems after the
reduction are selected as k2 = 6 and k; = 5 (i # 2) and the
criteria for the truncation is given by € = 0.0116.

The simulation result of original system, distributed POD,
{1-norm optimization, and ¢;-norm minimizing POD after
simplification are illustrated by the following 3-dimensional
(3-D) plots. We can see that the results by proposed methods
approximates the original system with an appropriate accu-
racy.

More details can be observed by showing the simulations
of the magnitude of errors. Then, we see that both distributed

Distributed POD

Original

[Figure
Upper left
Upper right
Lower left
Lower right

[System ]
Original system

Distributed POD

Distributed POD with ¢;-norm optimization
¢1-norm minimizing POD after simplification

Fig. 3. 3-D plots of original system and reduced systems by each reduction
methods.

POD and ¢;-norm optimization approximates >4 which is
the subsystem of our interest. However, the network simpli-
fying POD does not necessarily approximates >, so good,
but approximates the behavior of the entire system with a
reasonable accuracy.

We also observe the preservation and simplification of
the network structure. The results are illustrated as follow.
The nonzero (i,j)th elements of the network matrices of
original system and each method are plotted by blue circles,
where the vertical and horizontal axes correspond to rows and
columns of each matrix. Then, distributed POD preserves a
network structure appropriately. Moreover, £1-norm minimiz-
ing POD simplifies the network structure with preserving the
behavior of the entire system appropriately. The number of
nonzero elements is 988 in the original system, however this
was reduced to 96 by the network simplifying POD.

VII. CONCLUSIONS

In this paper, we have proposed the distributed POD which
can specify the degree of approximate of each subsystem
and preserve the network structure. In addition, ¢;-norm
minimizing POD is proposed for constructing a simple
network structure. We have seen that proposed reduction
methods works well in a linear network dynamical system by
a numerical example, however we could not have obtained
a good approximation in the nonlinear case. This difficulty
should be resolved in our future work.

The authors greatly appreciate Professor Shinji Hara of
the University of Tokyo for his valuable comments and
suggestions. This work was supported by Grant-in-Aids for
Young Scientists (B) 22760313 and 25820177 of Japan
Society for the Promotion of Science.
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Fig. 4. Snapshots of errors at ¢ = 0,0.2,0.4,0.6,0.8,1.0
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